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Resumen

Titulo: Estudio de skyrmiones magnéticos en materiales antiferromagnéticos de red cuadrada.

Autores: David Leonardo Ramos Salamanca

Palabras Clave: Skyrmiones magnéticos, Skyrmiones antiferromagnéticos, Simulaciones de Monte Carlo

Descripcion: Los skyrmiones magnéticos son texturas de espin similares a particulas que se forman en materiales
magnéticos quirales. La topologia no trivial de los skyrmiones les otorga una gran estabilidad y los convierte en
candidatos prometedores para ser la base de nuevos dispositivos 16gicos y de almacenamiento de informacién. Los
skyrmiones magnéticos se han observado en muchos materiales ferromagnéticos y se ha predicho que existen en
materiales antiferromagnéticos, pero ain no se han observado. Recientemente, ha habido un gran interés en los
skyrmions antiferromagnéticos, ya que se han encontrado mds adecuados para aplicaciones de almacenamiento de
datos. Esto ha resultado en un esfuerzo por determinar las condiciones bajo las cuales se pueden formar skyrmiones
antiferromagnéticos.

En esta tesis, nos centramos primero en el estudio analitico del tamafio de skyrmiones ferromagnéticos aislados basa-
dos en un modelo continuo. Reproducimos el trabajo seminal de Belavin y Polyakov sobre skyrmions ferromagnéticos
y mostramos c6mo, para un conjunto particular de modelos solubles, las interacciones comunes presentes en los mate-
riales ferromagnéticos quirales establecen una escala de tamafio 6ptima para los skyrmions de Belavin-Polyakov, que
de otro modo no tendrian escala. Luego estudiamos numéricamente la escala de tamafio de skyrmions aislados que
difieren ligeramente de los modelos analiticamente solubles para el ferromagnético de plano fécil Fey7Co3Si. Por
ultimo, presentamos un nuevo ansatz para perfiles demagnetizacidon de skyrmiones aislados que reproduce el compor-
tamiento de las soluciones numéricas.

Posteriormente, centramos nuestra atencién en los materiales antiferromagnéticos. Estudiamos numéricamente skyrmiones
aislados en materiales antiferromagnéticos quirales con anisotropia de eje facil en presencia de un campo magnético.
Encontramos que hay una regién del espacio de fase donde las soluciones aisladas de skyrmion tienen un tamafio finito

y una energia mas baja que la fase antiferromagnética. Ademads, observamos que los campos magnéticos aumentan la
estabilidad de los skyrmiones antiferromagnéticos aislados. Ademds, utilizando simulaciones de Monte Carlo, con-
firmamos que existe una regién del espacio de fase donde los skyrmiones antiferromagnéticos son configuraciones
estables a temperaturas finitas incluso en ausencia de un campo magnético. Finalmente, observamos que los campos
magnéticos aumentan el tamafio de los skyrmions antiferromagnéticos.

Trabajo de investigacion

Facultad Ciencias. Escuela de Fisica.
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Abstract

Title: Study of magnetic skyrmions in square lattice antiferromagnets.

Author: David Leonardo Ramos Salamanca

Keywords: Magnetic skyrmions, Antiferromagnetic skyrmions, Monte Carlo simulations

Descripton: Magnetic skyrmions are particle-like spin textures that form in chiral magnets. The non-trivial topology
of skyrmions grants them great stability and makes them promising candidates to be the base of new information
storage and logic devices. Magnetic skyrmions have been observed in many ferromagnetic materials and they have
been predicted to exist in antiferromagnets but they have not been observed yet. Recently, there has been great interest
in antiferromagnetic skyrmions as they have been found more suitable for applications in data storage. This has
resulted in an effort to determine the conditions under which antiferromagnetic skyrmions can form.

In this thesis, we first focus on the analytical study of the size of isolated ferromagnetic skyrmions based on a con-
tinuum model. We reproduce Belavin and Polyakov’s seminal work on ferromagnetic skyrmions and show how, for
a particular set of analytically solvable models, common interactions present in chiral magnets set an optimal size
scale for the otherwise scale-free Belavin-Polyakov skyrmions. We then numerically study the size scale of iso-
lated skyrmions that differ slightly from the analytically solvable models for the easy-plane ferromagnet Feg 7Cog 3Si.
Lastly, we introduce a new ansatz for skyrmion profiles that reproduces the behavior of the numerical solutions equally
as well as another commonly used isolated skyrmion profile.

Subsequently, we center our attention on antiferromagnets. We numerically study isolated skyrmions on chiral anti-
ferromagnets with easy-axis anisotropy in the presence of a magnetic field. We find there is a region of phase space
where isolated skyrmion solutions have a non-vanishing size and lower energy than the antiferromagnetic phase. Ad-
ditionally, we observe that magnetic fields increase the stability of isolated antiferromagnetic skyrmions. Furthermore,
using Monte Carlo simulations, we confirm that there is a region of phase space where antiferromagnetic skyrmions are
stable configurations at finite temperatures even in the absence of a magnetic field. Finally, we observe that magnetic
fields increase the size of antiferromagnetic skyrmions.

Master’s thesis

Facultad Ciencias. Escuela de Fisica.
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Introduction

Skyrmions originated as localized solutions to non-linear field theories (solitons) that, due
to their non-trivial topology, had particle-like behavior. These topologically stable solitons were
introduced by T. H. R. Skyrme in the 1960s to model baryons in the atomic nucleus Manton and
Sutcliffe (2004). Since then, the term skyrmion has been used to identify localized and topologi-
cally non-trivial quasi-particles that have emerged in different fields of physics.

In magnetic materials, skyrmions were first predicted by Belavin and Polyakov in 1975
Belavin and Polyakov (1975) as possible metastable states of ferromagnets described by the clas-
sical isotropic Heisenberg energy functional. Later at the end of the 1980s and for more than a
decade, Bogdanov and collaborators established that chiral interactions (interactions that are not
symmetric under spatial inversion), present in non-centrosymmetric materials, can lead to thermo-
dynamically stable skyrmions Bogdanov and Yablonskii (1989); Bogdanov and Hubert (1994);
Bogdanov (1995); Bogdanov and Hubert (1999); Bogdanov and RoBler (2001); RoBler et al.
(2006). These chiral interactions are known as Dzyaloshinskii-Moriya interactions (DMI) and
tend to align spins perpendicular to each other Dzyaloshinsky (1958); Moriya (1960), in contrast
to the Heisenberg exchange interaction which favors parallel spins.

Magnetic skyrmions were observed for the first time in the bulk of the chiral magnet MnSi
(see Figure 2), where they could detect skyrmion spin lattices in a small region of the phase diagram
known as the A-phase Muhlbauer et al. (2009). Soon after, skyrmions lattices were observed in

a thin film of Fe( 5Co( 5Si crystal, where it was identified that skyrmions can be stabilized more
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easily in thin films Yu et al. (2010). After these initial observations, skyrmion lattices have been

generated in many different ferromagnetic materials Everschor-Sitte et al. (2018) .

ARERERERRRRNNRRRINEE

Figure 1. Magnetization distribution in an isolated skyrmion configuration. The magnetic moments
rotate perpendicular to the radial direction when moving from the center to the outside. Figure
taken from Kezsmarki et al. (2015).

From a theoretical perspective, the properties of ferromagnetic skyrmions have been studied
extensively. Analytical approximations and numerical simulations have been shown to correctly
predict the properties of isolated ferromagnetic skyrmions and ferromagnetic skyrmion lattices Na-
gaosa and Tokura (2013); Leonov et al. (2016); Wang et al. (2018); Gébel et al. (2021). Nonethe-
less, ferromagnetic skyrmions have remained an interesting topic for theoretical research, more
recently thanks to the discovery of a family of exact solutions to models of easy-plane chiral fer-
romagnets Schroers (2019); Walton (2020); Hill et al. (2021); Ross et al. (2021).

Since their experimental observation, magnetic skyrmions have been considered candi-
dates to act as the information carrier in future racetrack memories, due to their great stability

against thermal fluctuations Zhou (2019). However, due to the existence of a skyrmion Hall effect,
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skyrmions in ferromagnets exhibit unwanted behavior when moved by a spin-polarized current and
can be therefore problematic for applications in data storage devices Gobel et al. (2021). Because
of this, different spin textures have been proposed to avoid these shortcomings. Among these,
antiferromagnetic skyrmions: skyrmions on a two-sublattice (bipartite) material in which the spins
of one sublattice are reversed, are regarded as more suitable for applications in data storage due to

the cancellation of the skyrmion Hall effect that occurs in these materials.
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Figure 2. Skyrmion lattice like the one found in MnSi. Figure taken from Gobel (2020).

Nevertheless, there are some obstacles in creating and detecting antiferromagnetic skyrmions.
Conventional techniques to generate skyrmions like spin torques or magnetic fields are not appli-
cable to antiferromagnetic materials because they would need to be applied on each sublattice with
opposite signs, which is hard to accomplish at scales of the lattice constant. To circumvent this,
it has been proposed to couple the antiferromagnetic material with a collinear antiferromagnetic
layer, whose magnetization can act as a staggered magnetic field Gobel et al. (2017). With re-

gards to detection, antiferromagnetic skyrmions cannot be detected by traditional techniques due
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to the local compensation of both the magnetization and the topological charge. New detection
techniques are being explored to detect the topological spin Hall effect that might arise in antifer-
romagnetic skyrmions.

Because of these technical challenges, antiferromagnetic skyrmions have not been experi-
mentally discovered yet. It is therefore of interest to explore the possibility of finding antiferromag-
netic materials that can host antiferromagnetic skyrmions that do not requiere staggered magnetic
fields.

There have been several approaches to determine the conditions under which antiferromag-
netic skyrmions can form in thin films. In the triangular lattice, Rosales et al. Rosales et al. (2015)
found using Monte Carlo simulations that a magnetic field induces a three-sublattice skyrmion
crystal and it has subsequently been shown that single-ion anisotropies enhance the stability of
this phase Mohylna et al. (2021). In the square lattice, Kessman et al. Keesman et al. (2016)
showed using Monte Carlo simulations that skyrmion lattices don’t form in this geometry but
that isolated skyrmions can form in small finite-sized systems. Further works on micromanage-
ment simulations of chiral antiferromagnets have confirmed Zhang et al. (2016); Bessarab et al.
(2019a); Potkina et al. (2020) the stabilization of isolated antiferromagnetic skyrmions in small
systems. Additionally, they have found that magnetic fields increase the stability of antiferromag-
netic skyrmions. Despite this, a full phase diagram that includes temperature dependence showing
where antiferromagnetic skyrmions can form has not been presented.

This thesis will be divided into two big themes: the analytical analysis of skyrmion solutions

in chiral ferromagnets and the simulation of chiral antiferromagnets with the purpose of finding
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stable skyrmion phases. In Chapter 1 we will introduce the continuous and discrete theoretical
models of chiral magnets that will be used throughout the thesis, as well as the necessary numerical
methods needed to calculate the ground states for these models. In Chapter 2 we will focus on
the analytical analysis of isolated ferromagnetic skyrmions in the continuum approximation. We
reproduce the original work in magnetic skyrmions by Bleavin and Polyakov. We then study
the size of skyrmions on chiral ferromagnets using a variational method and turn to numerical
solutions to complete the analysis. Furthermore, we propose a new trial function for skyrmion
profiles and evaluate how well it approximates the numerical solutions. In Chapter 3, we will
focus on the simulation of chiral antiferromagnets. We study the stability of isolated skyrmions
using a continuum model. Then we use Monte Carlo simulations to construct the phase diagram of
the discrete model of a chiral ferromagnet in the square lattice. We explore the effects of magnetic
fields and temperature on the different phases that we found. In the concluding Chapter 4, we

summarize the obtained results and put forward possible extensions of the work presented here.
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1. Theoretical and numerical methods

Magnetic materials are materials that have a net magnetic moment at the atomic level. A full
description of a magnetic material is a many-body quantum mechanical problem but a full quantum
mechanical treatment is computationally challenging. Since the phenomena we are interested in
can be observed on a classical level, we can ignore quantum fluctuations and model this many-
body system classically. In this chapter, we will introduce the discrete and continuum classical
spin models which are used in this thesis to describe magnetic materials. Since the Hamiltonian
of a magnetic material consists of multiple magnetic interaction terms which give rise to rich and
complex physical phenomena, there are in general no exact analytical solutions available. For
this reason, approximate analytical or numerical methods are essential to study these systems.
We present a detailed description of the numerical methods we used to study both discrete and
continuum classical spin systems.
1.1. Discrete model

A discrete classical spin model (commonly referred to as a classical Heisenberg model)
assumes each ion i in a magnetic material carries a net magnetic moment represented by a three-
dimensional unit vector S; = ;/||1;]| where i, is the atomic magnetic moment at site i. Given our
interest in systems where magnetic skyrmions can be stabilized, in this thesis, we will consider the
following Hamiltonian

jf:%xc‘*’%MI‘*‘%nis‘{‘%elm (1)
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where %, is the Heisenberg exchange interaction, .#py is the Dzyalonshinskii-Moriya interac-
tion, .#%,nis is the uniaxial anisotropy and elq is the interaction with an external magnetic field.
In the following, we will give a short explanation of each term.

Exchange interaction. The exchange interaction is a short-range quantum effect
introduced by Heisenberg to explain the long-range ordering of atomic magnetic moments in fer-
romagnetic materials Lévy (2000). In the classical limit, the energy due to the exchange interaction

of all the magnetic moments is given by

%er—ZJijSi'Sj, ()

(i.j)
where ) ; i represents the sum over nearest-neighbor magnetic moments, J;; is the interaction
strength between two neighboring magnetic moments S; and S, and - denotes the standard dot
product. For J;; > 0 the ferromagnetic state (all magnetic moments are parallel) is favored while
for J;; < O the antiferromagnetic state (neighboring magnetic moments are anti-parallel) is favored.

It is common to write the exchange energy in matrix form as

Ji 0 0
Hixe =— Y. Si3iiS; with Jij=| ¢ Ji 0| (3)
(i)

where its symmetric nature is highlighted.
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Dzyalonshinskii-Moriya interaction. The Dzyalonshinskii-Moriya interaction is
an antisymmetrical interaction present in some non-centrosymmetric magnets and interfacially

asymmetric multilayers that in the classical Heisenberg model can be written as Jiang et al. (2017b)
Homr = Y Dij- (Si xS)), “4)
(i.j)

where D;; is the Dzyaloshinskii-Moriya vector corresponding to the interaction of two neighbor-
ing magnetic moments S; and S;, which is dictated by the symmetry of the material or stack of
materials; and x denotes the standard cross product. This interaction, in contrast to Heisenbergs’
exchange interaction, favors the perpendicular alignment of neighboring magnetic moments and
has been shown effective at stabilizing skyrmion structures.

In a similar fashion to the exchange energy, the DMI energy can be written in matrix form
as
0 Dj -Dj

oML = — Z S,‘@USJ‘ with Qij = _Dz'j 0 D)'Cj , 5)
{i.J) ’ ’

Yy
D; | —ij 0
where its antisymmetric nature is hlghhghted

Uniaxial anisotropy. In magnetic materials, the magnetization can have one or

many preferred axes, commonly known as easy axes. The contribution of this on-site effect to
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the energy is given by

%nis = _KZ(Si"A/)zy (6)

where K is the magnitude of the anisotropy (easy-axis for K > 0 and easy-plane for K < 0) and V
is the easy or hard axis.

Interaction with an external field. The energy describing the classical interaction
of the moments with a uniform external magnetic field (sometimes called Zeeman energy) is given
by

Hield = _ZBi -S;, @)

where B; = ||u;||b; and b; is the magnetic field at site i.
1.1.1. Numerical methods for discrete models. To calculate equilibrium quanti-
ties like the magnetization or magnetic susceptibility, the standard analytical procedure consists in

calculating the partition function of our model, given in the canonical ensemble by Joyce (1967)

N dQ;
Z:/Ql.../QNH in exp{—BA7}, (8)

where dQ; is the element of solid angle in the direction S;. With Z, all thermodynamic quantities
can be found by taking derivatives with respect to the parameters of the system. Nevertheless,
the high dimensional integral appearing in Z can only be solved exactly in some special cases.
Alternatively, approximations like the mean-field approximation, or computational methods like

the Monte Carlo method have to be used.
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In this thesis, we will use Monte Carlo methods to simulate discrete systems and calculate
equilibrium quantities. In Monte Carlo simulations, the goal is to avoid calculating thermodynamic
quantities via the partition function but rather to compute averages directly using a procedure
known as importance sampling. The idea behind importance sampling is to choose a subset of
states at random from a probability distribution g(u ), where u is the state of the system, in such a
way that we include the important areas in the phase space of the system.

Suppose we want to find the expectation value of a physical quantity Q, in the canonical

ensemble this is given by

0= . | 11 N,Nl 0 plw), ©)

where p() = £ exp{—B(1)}. We can introduce importance sampling (if g(1t) # 0 V)

in the following manner

_ o4 aw) _ / ,P)
N /91 /QN,H Am Q(u)p(u)q(u B < q(u) >q' {10

This way, if we choose g(u) = p(u) we have (Q) = (Q), and a sample of states {11, ..., Uy } drawn

from g() can be used to estimate (Q) by

1
M !

||M§

(Q) ~ Q(ui)- (11

This approach allows us to compute expectation values using a small number of states,
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namely, the most likely states according to the canonical distribution.

1.1.1.1. Metropolis-Hastings algorithm. The remaining part of the method con-
sists in finding a way to pick a sample of states whose distribution is the canonical distribu-
tion. There exists different algorithms that accomplish this, the most widely known being the
Metropolis-Hastings algorithm. To sample from the canonical distribution, the Metropolis-Hastings
algorithm starts by initializing the system in some state (,,. Then repeating the following steps until

convergence Kroese et al. (2011):
1. Generate a new configuration v.
2. Calculate the energy difference between the two states AE.
3. Generate a random number r € [0, 1].

4. Choose the new state of the system according to

v ifr<min (e*ﬁAE, 1)
HMn+1 =

Un otherwise.

\

This group of steps constitutes a Monte Carlo step. This algorithm always accepts changes
if the new configuration lowers the total energy of the system. Additionally, when a new config-
uration has higher energy it still has a chance of being accepted, with a probability given by the

Boltzmann factor of the energy difference.
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In each iteration of the process, the generation of a new configuration is done following an
update algorithm. For a three-dimensional spin variable, the most widely used update algorithm
consists in choosing a random orientation for the spin in such a way that the distribution of spins
over the unit sphere is uniform. One way of doing this Newman and Barkema (1999) is to choose

two uniformly distributed numbers ry,r, € [0, 1], calculate the angle coordinates according to

¢ =2mr;, 6=cos '(2r,—1) (12)

and then transform this to Cartesian coordinates using the fact that

S = (sinB cos ¢,sin O sinP,cos O). (13)

This update algorithm takes into account that the element of solid angle depends on the polar angle
0: dQ = sin 0d0d ¢, making the distribution of 8 non-uniform.
Figure 3 presents a comparison between the sampling of orientations on the unit sphere fol-
lowing the presented algorithm and other algorithms that do not sample the unit sphere uniformly.
1.1.1.2. Parallel tempering. Hamiltonians with continuous spin variables and many
interactions like the one we are considering (Eq. (1)) have complex energy landscapes with multi-
ple local minima. These local minima are separated by energy barriers which, at low temperatures,
can trap the system in metastable states. To overcome these energy barriers and ensure a global

energy minimum is reached, we complement the Metropolis-Hastings algorithm with the parallel
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(a) (b) (©

Figure 3. Comparison between non-uniform and uniform sampling of 40.000 points over the unit
sphere, color represents point density. (a) Sampling done by choosing a uniform distribution for
the spherical angles ¢ € [0,27] and 6 € [0, ], and transforming Cartesian coordinates. (b) Sam-
pling done by choosing the Cartesian coordinates between [—1.0, 1.0] at random and normalizing.
(c) Sampling done by choosing the angular variables according to 12 and transforming Cartesian
coordinates.

tempering algorithm.

The parallel tempering algorithm consists in simulating multiple replicas of the same system
at different temperatures {7p, 71, ..., Ty—1 } and making an exchange between neighboring replicas
after some number of Metropolis-Hastings Monte Carlo steps. This exchange induces a random
walk of the replicas along temperature space, allowing replicas at low temperatures to move to a
high-temperature region, where energy barriers can be easily overcome, and back to low tempera-
tures.

The replica exchange between two neighboring replicas with temperatures 7;,, T, is done

by repeating the following steps Hukushima and Nemoto (1996):
1. Calculate the quantity A = (B, — Bm)(Em — Ep).

2. Generate a random number p € [0, 1]
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3. Exchange replicas if p < min (e’A, 1).

The performance of the parallel tempering algorithm is heavily influenced by the choice of temper-
atures {7y, T1,...,Ty—1}. To optimize our choice of temperatures, we follow the recursive method
presented in reference Berg (2004). We start by choosing a wide, evenly spaced set of inverse
temperatures {B?,B7,...,B5_,} and, after certain amount of Monte Carlo steps, obtaining a new

set of inverse temperatures that optimize the number of accepted exchanges according to

=By and BTN =B +al (B - By)  for i=1.,N—1, (14
where
al' = /lmaf-”’m with (15)
with
Zi‘v_] azpt7m(ﬁlm - i’zl)
and a‘f " is the acceptance rate of the exchange between replicas i — 1 and i. This is carried out

recursively until the acceptance rate between replicas is between 0.3 —0.9.
After the simulation reaches equilibrium, an extra amount of Monte Carlo steps are per-
formed to calculate statistical averages of the desired physical quantities using the estimator (11).
1.1.2. Classifying phases. To identify the phase of the equilibrium spin configura-
tion, we define two useful quantities: the static spin structure factor and the skyrmion number of

the configuration.
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Figure 4. Real space spin configurations, topological charge and spin structure factor for different
multiple-q structures for a ferromagnetic Heisenberg model in the square lattice. These three pieces
of information are key when constructing magnetic phase diagrams. (a) Ferromagnetic phase. (b)
Spiral phase. (c) Skyrmion phase. Simulations reproduced from Gémez Albarracin and Rosales

(2022).
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1.1.2.1. Spin structure factor. The static spin structure factor is the Fourier trans-

form of the two-point correlation function and can be calculated as
1 —iq-r;|2
S(a) = (| XS 9T,
i

where N is the total number of spins and () represents the average over different Monte Carlo
configurations. In the presence of a magnetic field or materials with single-ion anisotropy, it is
convenient to calculate the structure factor in the parallel and perpendicular directions to the pre-

ferred axis (assumed here as the z-axis) separately

1 _—
Si(a) = (I Sie ") (17)

1 —iq-r; —iqr;
Si(a) = (L Sfe m P + Y sje " ]?). (18)

Peaks in the spin structure factor will correspond to the propagation vectors q appearing in the

Fourier expansion of the spin distribution
Si =Y Sque M. (19)
q

Because S; is real, each propagation vector appears in pairs +q in the Fourier expansion, except
for q = 0. Due to the periodicity of the lattice, the propagation vectors are periodical in reciprocal

space and we can restrict the calculation of the spin structure factors to the first Brillouin zone.
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The amount of independent peaks in the spin structure factor (amount of independent prop-
agation vectors present in expansion (19)) is used to classify the magnetic structure: one inde-
pendent peak represents a single-q structure, two independent peaks a double-q structure and, so
on. The specific structure will depend on the type of lattice, in Figure 4 we show the real space
spin configuration and the spin structure factor for different ferromagnetic multi-q structures in the
square lattice.

1.1.2.2. Skyrmion number. For skyrmions in the continuous picture, the winding
number (also called topological charge) of a magnetization configuration m(r) is given by Gobel

et al. (2021)

1 dm(r) Jm(r) B
Q_E/m(r)[ 3 <3y ]dxdy_o,il,iz,... (20)

allowing only integer topological charges for the different types of skyrmions.
Expression (20) can be adapted to the discrete atomistic model. This was done by Berg and
Liischer in Berg and Liischer (1981). In the square lattice, the topological charge density ¢; defined

in a unit cell of the lattice is given by Bottcher et al. (2018)

A= Aglz)sign[xi(lz)] +A§34)Sign[li(34)]7 2

1

where Agab) = ||(Sa —Si) x (Sp—S;)||/2 is the the area of the surface spanned by the spins in the

(ab)

elementary triangle S;, S, and Sp; ;" =S; - (Sa xSp) and Sy, Sy, S3, S4 are S;’s nearest-neighbor

spins (see Figure 5).
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I:
A “uAZA(db)
a

S

Figure 5. 1llustration of the quantities involved in the calculation of the topological charge in the
square lattice (Eq. 21).

The total topological charge of the lattice is found by summing over all sites in the lattice

1.2. Continuum model

For ferromagnetic materials, if we assume the magnetic moments in the material vary in
a length scale that is large compared with inter-atomic distances, we can approximate the spin
configuration by a continuous magnetization field m(r) which takes the value of the spin S; on
the position of the lattice site r;. The Hamiltonian then becomes an energy functional of the

magnetization (see Appendix 1 for a derivation from the discrete model)

Flm] = /R [7(um)* + Zm-(V x m) — H m — M,Bms) dx, 23)

where Z is the DMI strength, % is the magnitude of a single-ion anisotropy (easy-axis for % > 0

and easy-plane for .# < 0), M; is the saturation magnetization and B is the magnitude of an
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external magnetic field applied in the x3 direction.

For antiferromagnetic materials (J;; < 0 in Equation (2)) energy functional (23) is slightly
changed. Neighboring magnetic moments tend to be anti-parallel and it is natural to describe the
system as a bipartite lattice. In a bipartite lattice (like the square or honeycomb lattices) the sites
can be divided into two sublattices where sites in one sublattice only interact with sites in the other
sublattice. If we label the sublattices of a square lattice as a and b, we can map an antiferromagnetic
configuration into a ferromagnetic configuration by inverting the direction in one of the sublattices

b b :
S; — —8; (see Figure 6).

St > S

B SN N
oL el el
oL el ey
A N N N
A N N N
A N N N
A N " N

g
g
8

s ¢ 5 4 § 5§ 4

Figure 6. Mapping between antiferromagnetic and ferromagnetic systems allowed by the bipartite
nature of the square lattice.

If we change the Hamiltonian parameters as J;; — —J;; and D;; — —Dj;, it can be shown Keesman

et al. (2016) that the continuum energy functional becomes

(M;B)°
32A

Fap[m] = /R3 {/(%m)z-i—@m- (Vxm)—2m}+ (m3—1)|d>x. (24)

In the following, we will only consider the ferromagnetic energy functional (23) as an example,

but the procedure for the antiferromagnetic energy functional (24) is analogous.
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Expanding the magnetization as
m(xj,xz) = (cos@sin6,sin¢ sinH,cos ), (25)

and considering axisymmetric spin configurations & = 6(p) in a thin film, we can put energy

functional 23 in the standard form Leonov et al. (2016)

FIO(p)] :2n/0°° [/ ((%)zﬁ'i?#) ny (Z—z+ Sinz(ie)>

(26)
+ . sin? @ + M,B(1 — cos 9)] pdp.
The Euler-Lagrange equation associated with energy functional (26) equation reads
7 (2272 %% Sigfze)) + @Shﬁ o_ %Sin(je) — M,Bsin(6) =0, 27)
and isolated skyrmion solutions to Eq. (27) satisfy boundary conditions
0(0)=m and 0 (o) =0. (28)

1.2.1. Numerical methods for continuum models. There are no known analytical
solutions to Eq. (27) subject to boundary conditions (28) for arbitrary values of ¢, 9, ", M;

and B. Consequently, numerical approximations are necessary.
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We start by introducing the dimensionless variables

p H B
L k="-, h=2" 29
Po Ko Hy 29)
where
L kw2 w2 (30)
po_ @7 0_/7 0_/MS‘

In terms of which the energy functional and Euler-Lagrange equation takes the form

o [ [((f0) o) (0

+ksin® 0 +h(1 —cos 9)] rdr.

€1y

and

sin(20)

k — hsin(6) = 0. (32)

a? T rar T T ;

(d26 1d6 sin(26)>+sin26

Next, we map the semi-infinite domain r € [0,c0) to a finite domain x € (0,1] introducing the

change of variables

r =

1—x o 5,,d6
— =2 —. 33
NE — ar * 33)

Inserting (33) into (31) and (32) results in
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= [ o2 () + e

+ <—2x3/ 2‘;—? + Q(Tﬁ\/}) sin(29)> (34)
+ksin? @ 4 h(1 —cos 9)1 de
2x2
and )
4;@% A (%_Tlﬁ)g_ﬁsinze .
+ 1_—\/)\_6/;sin26 —ksinO(1 —cosB) —hsin® =0,

with boundary conditions

O(x=0)=0 and O(x=1)=m. (36)

To find solutions 6(x) to Eq. (35) subject to boundary conditions (36), instead of using finite-
element methods, we can treat this as a minimization problem. Expanding the magnetization pro-
file as a Fourier series we use the Fourier coefficients as parameters to minimize energy functional
34 using a Monte Carlo-type method.

We make the Fourier expansion of the magnetization profile as

0(x) =mx+ nfx cpsin(nmx), 37)

n=1

which satisfies boundary conditions (36). Minimization of (34) was done by initializing the first

sixty Fourier coefficients (nmax = 60) to zero and repeating the following steps until convergence
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1. Assign ¢; randomly between [—, 7].

2. Calculate the new energy by numerically integrating (34).

3. If the energy is lowered and 0 < 0(x) < & for every x € [0, 1], accept the change. Else, revert

the change.

4. Repeat for all coefficients.

After the algorithm has converged to a set of Fourier coefficients, its energy is stored and the
resulting optimal magnetization profile is recovered using Equation 37. One of the main features of
the magnetization profile we are interested in is the size of the isolated skyrmion. We characterize
the skyrmion size by the radius of the skyrmion profile which we define as the distance R at which
the spins are laying in the xy plane:

R=r(6=m/2). (38)

1.3. Summary

We have presented the theoretical and numerical tools upon which the following chapters
will be built on. In Section 1.1 we introduced the classical Heisenberg model we will use to model
square lattice chiral antiferromagnets in Chapter 3. In Section 1.1.1 we explained the Metropolis-
Hastings Monte Carlo method along with the parallel tempering algorithm, which was our method
of choice to find the ground state and study the thermodynamic quantities of the classical Heisen-
berg model. We used the implementation of the library SpinMC.jl Buessen (2021) as the starting

point due to its flexibility, then we added the optimization of the temperatures for the parallel tem-



STUDY OF MAGNETIC SKYRMIONS IN SQUARE LATTICE ANTIFERROMAGNETS 31

pering algorithm and the calculation of the quantities necessary for phase identification. In Section
1.2 we introduced the continuum version of the classical Heisenberg model for both ferromag-
nets and antiferromagnets that we will use in Chapters 2 and 3, respectively. In Section 1.2.1 we
put forward a stochastic method to solve the non-linear ordinary differential equation that governs

isolated skyrmion profiles in chiral magnets.
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2. Isolated ferromagnetic skyrmions

Ferromagnetic skyrmions were the first kind of magnetic skyrmions to be theoretically pre-
dicted and experimentally observed. As such, many of their properties have been studied in detail.
In this chapter, we discuss known theoretical facts about isolated ferromagnetic skyrmions which
have been found to be useful to describe the properties of isolated skyrmions observed in experi-
ments Leonov et al. (2016); Wang et al. (2018). First, we reproduce the first theoretical prediction
of magnetic skyrmions by Belavin and Polyakov as a tool to introduce the topological features
of magnetic skyrmions. Next, we explore skyrmions solutions in easy plane chiral ferromagnets
where it has been shown skyrmions equal to those predicted by Belavin and Polyakov exist for
a certain choice of physical parameters. We compute numerical skyrmion solutions that differ
slightly from this special choice of parameters and study the dependence of their size on the mag-
netic field applied. Finally, we propose a new skyrmion profile ansatz by adding a cut-off to the
Belavin-Polyakov skyrmion solution and evaluate how well can it fit the numerical solutions ob-
tained previously.
2.1. Belavin-Polyakov skyrmions

At low temperatures and large scales, the interaction of the spins of an isotropic two-

dimensional FM can be described in the continuum limit by the energy functional

Fim(rioxo)] = [ 7 @umpPd= [ 7Y @Gum)- @i (1=12), (39
u
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where A is the exchange constant of the material and m(xy,x;) is a unit vector that represents the
magnetization field.

Energy functional (39) has a global minimum for m = const which is the trivial ferro-
magnetic configuration. Nonetheless, Belavin and Polyakov demonstrated Belavin and Polyakov
(1975) the existence of non-trivial local minima of (39) with particle-like properties. In the follow-
ing, we will go through the derivation of these non-trivial configurations.

First, we will present the topological arguments that lead to the possibility of such configu-

rations. Expressing the magnetization field in terms of spherical coordinates as

m(x;,xy) = (cos@sin6,sin¢ sinH,cos ), (40)

which are the coordinates of a point in a 2-sphere, we can see that m is a map R? — S2. Fur-
thermore, for the energy of the configuration to be finite, m has to be constant at spatial infinity,
say

m(x;,x;) = (1,0,0)  as  p=/xI+x3 > . 41)

This allows us to view spatial infinity as one point and our x,y plane becomes topologically equiv-
alent to a sphere (via a stereographic projection). Therefore, the magnetization vector defines a
map m : 52 — 2.

In topology, two maps are homotopy equivalent if they can be continuously deformed into
each other. Accordingly, we can classify maps by homotopy classes: collections of maps that are

homotopy equivalent to each other. For S — S? maps, the homotopy classes can be uniquely
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characterized by an integer Q known as the topological charge of the map, defined as
- Jum x ym)dx = — oim x dym|d*x = 0,41,42 42
Q—g/Rzm-euV( /,Ll'llX vm) X_E/Rzm-[lmx zm] x=0, , e ( )

This means the space of field configurations satisfying condition (41) are divided into topological
sectors characterized by the topological charge Q. To find minima of (39) in a given topological

sector we use the following identity Polyakov (1987)
1 2
3 /}R (dum=Eeuym x dym)”d’x = /}R (Gum)*d*xF /R m-gyy(dumx dym)d’x,  (43)

which allows us to calculate the energy of a spin configuration in terms of the topological charge
(42) as

Fm(xy,x)] =487 _ Q0+ %/RZ (dym =+ gyym x 3vm)2d2)€, (44)

where to keep the energy positive, the + sign (— sign) is to be taken if Q > 0 (Q < 0). Equation
(44) tells us that a magnetization field in a given topological sector minimizes the energy functional

with energy

F[m(xla)CZ)] - 87I/|Q|, (45)

if it satisfies

a'um - :Fsluvm X avm. (46)

To solve the system of equations (46) (assuming the negative sign, corresponding to Q > 0) it is
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useful to introduce a complex variable and a complex field w such that

. 0
7= x1 +ixy, w= mitimy cot —e'?. “47)
1+ms3 2

In terms of these, we can find that (46) reduces to
o-w =0, (48)

where 9, = 1 (9 —id),0: = 5 (9 +id,) are the complex-valued partial derivatives. Equation
(48) is equivalent to the Cauchy-Riemann equations for the real and imaginary parts of w and has

holomorphic functions w(z) as solutions. Isolated skyrmion solutions have the form

w(z) = (Z_Z°>Q, (49)

where 7z is a complex number that indicates the position of the center of the skyrmion profile, Ry
is a complex number whose magnitude and phase represent the size and helicity of the skyrmion
respectively.

Given z9, Rp and Q we can find m in (x x») coordinates using the inverse relations

w+w 1L w—w 1—|w|?
= — m = - ——-= ms3 = .
w2 T2 G w2 T T+ w2

m (50)

In Figure 7 we show an example of two isolated Belavin-Polyakov skyrmions with different helic-
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ities.

In this continuum approximation, a transition between spin configurations in different topo-
logical sectors would involve making a discontinuous change in the magnetization field (because
they’re not homotopy equivalent) which requires an infinite change in energy. Because of this,
skyrmion configurations are said to be topologically protected.

A key feature of the Belavin-Polyakov skyrmion (49) is that the size Ry is a free parameter
because the energy of the configuration depends only on the topological charge Q. This is a direct

consequence of the scale-invariance of energy functional (39).
(a)
1.0

0.5

—0.5

—1.0

Figure 7. Projection of m on the plane for two isolated Belavin-Polyakov Skyrmions with different
chirality. (a) z0=0,Rp=1,Q=1and (b) z0 =0, Ry = /2, Q = 1. The color map represents
the x3-axis component of the magnetization.
2.2. Skyrmions in chiral ferromagnets

Due to their meta-stable nature, Belavin-Polyakov skyrmions don’t form in common FMs.
However, Bogdanov and Yablonskii Bogdanov and Yablonskii (1989) predicted that Dzyaloshinskii-

Moriya (DM) interactions, present in chiral magnets and asymmetric multilayers of magnetic ma-

terials Cliang et al. (2017a), could stabilize magnetic skyrmions. A prediction that was confirmed
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by the experimental observation of a skyrmion lattice in the chiral ferromagnet MnSi Muhlbauer

et al. (2009). Chiral FMs are commonly modeled with the energy functional
Flm] = /3 [/(&Lm)z +9m- (V_g xm)+ .7 m3 — MBmj) dx, (51
R

where D is the DMI strength, K is the magnitude of a single-ion anisotropy (easy-axis for K > 0
and easy-plane for K < 0), M; is the saturation magnetization, B is the magnitude of an external

magnetic field applied in the x3 direction and V_ is defined as

cos ad| +sinao,

Voa= —sinod; +cosady, | (52)

denoting a family of DMIs characterized by the parameter o € [0,27).

2.2.1. Finding the optimal size. As opposed to Belavin-Polyakov skyrmions, we
can expect skyrmion solutions that minimize (51) to have an optimal size because the addition
of new interaction terms makes the energy functional no longer scale-invariant. To find the opti-
mal size, we can use the Belavin-Polyakov solution (49) as a trial function and minimize energy
functional (51) with respect to the free parameter Ry.

As introduced in Section 1.2, considering axisymmetric spin configurations 6(p) and o =0
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brings energy functional (51) to the well-known form

F6(p)] :zﬂ/om [/ <<%)2+5i2#> +@(%+ Sin2(;9)>

+ . sin” 0 + MB(1 — cos 9)] pdp.

(53)

Using a Belavin-Polyakov skyrmion with Q =1, zo = 0 and Ry € R as our trial function, written

in these coordinates as

Ogp(p) = 2arctan (%) , (54)

we can plug (54) into (53) and after integrating up to a radial distance R which we then make go

to infinity, we get

F 2 , R*>+R3
E:4/—2@R0—2%R0+(MSB+2%)1%grgoln( R , (55)

which diverges unless M;B = —2.¢, requiring .2 < 0. If this condition holds, the optimal

skyrmion size (satisfying jTFO =0) is given by
Ry=——2. (56)

Furthermore, it has been shown Doring and Melcher (2017) that a Belavin-Polyakov skyrmion

with double this optimal size

9
0(p) = 2arctan (_Ji/_p) : (57)
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turns out to be an exact solution to the Euler-Lagrange equation associated with (26) and the
relation M B = —2.%  is known as the solvable line.

We find then that the variational principle allowed us to find the condition under which our
trial function is an exact solution to the Euler-Langrange equation of the system and gave us the
correct solution (up to a factor of 2).

Condition M;B = —2K can be met in materials with an easy-plane anisotropy (K < 0), thus

the solvable line should be accessible in real materials by fine-tuning the external magnetic field to

(58)

2.2.2. Optimal size outside the solvable line. Outside the solvable line (MB #

—2.%"), Belavin-Polyakov skyrmions produce an infinite amount of energy and we are thus forced

to change our trial function or resort to numerical analysis. In this section, we numerically explore

the neighboring region to the solvable line by fine-tuning the external magnetic field to get to the
solvable line and then changing it slightly.

Along the solvable line, energy functional (53) can be written in dimensionless variables as

Barton-Singer et al. (2020)

ORI o [<_) 6 (40 sno) <>]

where k = f@\ff\_
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To explore the behavior outside the solvable line we introduce an additional magnetic field

term of magnitude Ah = % where AB quantifies how far from the critical field B = 2'%
the magnetic field is. The resulting energy functional is
Fl8(p)] /w do 2+ sin? 0 L (48, sin(26)
2r ¢ Jo | \dp p? dp 2p
(39)

+ ksin? 6 + Ah(1 — cos 6)] pdp.

Assuming material parameters from thin films of Fey 7Cog 3Si Vousden et al. (2016)

] ] J A
J=40x10P = 2=27x10"=, & =-30x10"=, M;=95x10"=,
m m m m

a magnetic field B = 0.631579T is needed to bring this material to the solvable line. Outside the
solvable line, we use a Monte-Carlo method (see Section 1.2.1 for details) to find minima of (59)

subject to the boundary conditions
0(0)=rx and 0 () =0. (60)

Skyrmion profiles for Ak > 0 are shown in Figure 8. Defining the size of a skyrmion as p(6 =
7/2), Figure 8 shows how the skyrmion size changes with the additional magnetic field applied.
We can see the skyrmion size decreases with increasing magnetic field and we can expect the
size to asymptotically approach zero, since the Zeeman term in the energy functional favors a

ferromagnetic phase with mz = 1.
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Figure 8. (a) Isolated skyrmion profiles outside the solvable line for Ak > 0. It is clear how the
increase of the magnetic field narrows the skyrmion profile. (b) Dependence of the skyrmion size
on Ah. The decrease in the skyrmion size is steep near the critical line and asymptotic as Ah gets
closer to unity.

We can compare our numerical results with ansatze for the skyrmion profile that are commonly

used in the literature. We will consider the 360° domain wall profile Braun (1994)

(61)

Bow (p) = 2arctan {Sinhw/w)} |

sinh(p /w)
where R is the radius of the domain wall and w is the wall width. As well as a modified Belavin-

Polyakov profile

Oumpp(p) = 2arctan (%) e P, (62)

where Ry is the size of the skyrmion and A was introduced as a cut-off to keep the energy of the
profile finite.

Varying the parameters of each ansatz to minimize energy functional (59), in Figure 9 we
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show how the optimal profiles compare to the numerical solution near and far from the solvable
line. We find that, close to the solvable line, both ansatze reproduce the general behavior of the
numerical solution. Far from the solvable line, both ansatze agree well with the numerical solu-
tion. This suggests that, at least for easy-axis chiral ferromagnets, the modified Belavin-Polyakov

solution we proposed could be used effectively to study the properties of ferromagnetic skyrmions

analytically.
(a) (b)
e
numerical numerical
— DW fit — DW fit
—.— MBP fit —— MBP fit
S
/2
0.0 20 10 20 10 60
p [nm| p [nm]|

Figure 9. Comparison between optimal ansatzes and numerical solution. (a) Near the solvable line
at Ah = 0.06 both ansatzes fail to capture the numerical solution exactly. (b) Far from the solvable
line at Ah = 0.8 both ansatzes capture the general behavior very well.

The case Ah < 0 was not considered here because the preferred homogeneous state is a canted
ferromagnetic phase Ross et al. (2021), which changes the form of the energy functional (59) as
well as the boundary conditions (28).
2.3. Discussion

The continuous model of two-dimensional chiral ferromagnets has been used extensively in

the past to study the properties of skyrmions in thin films Zhang et al. (2016); Leonov et al. (2016).
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Recently, it has gained attention from theoretical studies that have successfully constructed exact
skyrmion solutions for this model, assuming a specific choice of material parameters Schroers
(2019); Walton (2020); Hill et al. (2021); Ross et al. (2021). In this chapter, we have studied this
continuous model analytically and we have shown how a simple analysis of the scale of an isolated
skyrmion solution hints at the existence of the exact theoretical solutions that have been recently
studied. We started by highlighting the scale-invariant nature of the isotropic energy functional and
therefore of its simplest skyrmion solution: the Belavin-Polyakov skyrmion. Considering a more
complicated energy functional like the one for a chiral ferromagnet which is not scale-invariant,
we expected the solution to no longer be scale-invariant. As such, we added the scale or size of a
skyrmion as a variational parameter in the Belavin-Skyrmion solution and used it as a trial function
to minimize the energy functional. This easily gave us a restriction in the material parameters under
which the energy was kept finite and an estimate for the optimal size of the skyrmion. Interestingly,
this was exactly the condition assumed in recent theoretical studies to construct new exact skyrmion
solutions. To explore solutions outside this specific choice of material parameters we varied the
magnetic field and studied its size using numerical solutions.

Finally, we proposed a new trial function for isolated skyrmions that fits the numerical

solutions we obtained just as well as the widely used domain-wall profile.
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3. Antiferromagnetic skyrmions

Until now we have only considered skyrmions in ferromagnetic materials. But as was
outlined in Chapter , when driven by an electric current, ferromagnetic skyrmions experience the
skyrmion Hall effect: a transverse deflection from the direction of the current. This makes them in-
adequate for the skyrmion-based racetrack memory. Skyrmions in antiferromagnetic materials on
the other hand, due to the net compensation of topological charge, do not experience the skyrmion
Hall effect, making them ideal for the skyrmion-based racetrack memory.

In this chapter, we explore the phase diagram of chiral antiferromagnets with a square
lattice structure looking for stable skyrmionic structures. In Section 3.1, we simulate a chiral
antiferromagnet at zero temperature using a continuum model and look for isolated skyrmions.
We study the behavior of the skyrmion size and energy as a function of the material parameters,
with the intent of finding possibly stable skyrmion phases. In Section 3.2, we simulate a square
lattice chiral antiferromagnet at finite temperature using Monte Carlo simulations and explore a
wide region of the phase space. We create a low-temperature phase diagram and study the effects
of applying magnetic fields to the material.

3.1. Isolated skyrmions

In the same spirit as Chapter 2, we can use models of isolated antiferromagnetic skyrmions

in an infinitely big material to study the general properties of antiferromagnetic skyrmions. We

will model a chiral antiferromagnet with easy-axis anisotropy in the z-direction in the presence of
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an external magnetic field also in the z-direction. The energy functional for such a system reads

2
Fasi] = [ | @+ m (9 ) o+ BP0

where D is the DMI strength, K is the magnitude of the anisotropy, M; is the saturation magneti-
zation and B is the magnitude of an external magnetic field.
Considering axis-symmetric configurations and introducing dimensionless variables (see

Section 1.2 for details) this energy functional can be written as

FIO(r) _ [=|([d6\> sin*6 df sin(26) 2
%% —/0 [((%) + o +(E+ P >+gsm 0 | rdr, (64)

where g = % (Jif— %ﬁl})z).

To explore the phase space of AFMs, we vary g to find the minima of energy functional
(64) subject to boundary conditions (28). Once we obtain the lowest energy configuration, we
record the energy and calculate its size. The resulting diagram Figure 10 contains a wide range of
possible minima of (64). From this diagram, we can see that higher-sized skyrmions have energies
lower than the saturated FM state, which suggests there is a region in the phase space of AFMs
where skyrmions could be stable even in the absence of a magnetic field. Moreover, given that
increasing the magnetic field B while keeping all other parameters fixed reduces the value of g we
can conclude that a magnetic field increases the skyrmion size and decreases its energy, making

it more stable. Nevertheless, a comparison with the energy of a helicoidal phase has to be made
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before drawing any conclusions.

J

Figure 10. Size (R) and energy (F) behavior for different values of the free parameter g. We
highlight in green a region where the skyrmion size is non-zero and the energy is lower than that
of the antiferromagnetic state. In this region, isolated skyrmions could be the ground state of the
system.

3.2. Discrete model

To determine if antiferromagnetic skyrmions can actually be the ground state of chiral anti-
ferromagnets, we use Monte Carlo simulations to study the classical Heisenberg model of a chiral
magnet introduced in Section 1.1. Assuming a homogeneous chiral antiferromagnet with easy-axis

anisotropy and external magnetic field both along the z direction, the Hamiltonian takes the form
A=Y 8-S;—DY e;-(SixS;)—KY (S5)*~BY_S;, (65)
(i.j) (i.j) J J

where it was assumed that J = 1 and e;; is the unit vector between the neighboring sites i and
Jj. We simulated 120—160 replicas of a square lattice consisting of N = 20 x 20—-32 x 32 sites

using parallel tempering Monte Carlo. A total amount of 8 — 12 x 10 MC sweeps were performed
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where half of this amount was used for equilibration and the other half to calculate the averages of
physical quantities. The exchange between replicas was carried out every 10 MC sweeps. Refer to
Section 1.1 for a detailed explanation of the methods used.

The quantities we have calculated are the magnetization m, magnetic susceptibility ),

specific heat ¢ and topological charge Q:

m:]lv<zs> (66)

X = BN (m*) — (m)?, (67)
B (E*) —(E)? (68)
= 7
1/ . ,
0= < Z (Aﬁlz)slgn[%flz)] +Ai(34)51gn[li(34)]> ‘> , (69)

see Section 1.1.2 for more details on the definition of Q.

3.2.1. Zero-field behavior. Setting B = 0 in the Hamiltonian (65) we constructed
the low-temperature K — D phase diagram presented in Figure 11 along with the real space spin
configurations and structure factors of each of these phases as shown in Figure 12.

At D = K =0, we observe a canted antiferromagnetic phase (CAF) as can be seen in the
central peaks on both magnetic structure factors. The existence of this phase is expected to be
a finite-size effect due to Mermin-Wagner’s theorem forbidding spontaneous symmetry breaking
in the two-dimensional Heisenberg model. For higher anisotropy strengths and low Dzyaloshin-

skii-Moriya strengths, we find that the antiferromagnetic phase (AF) is the ground state character-
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ized by a central peak in the out-of-plane structure factor. On the other hand, when the Dzyaloshin-
skii—-Moriya strength is higher while the anisotropy strength is low, the periodic spiral phase (SP)
prevails. This phase consists of two intertwined spirals on each sublattice described by a non-null
wave vector identified by the two peaks in the structure factors.

In between the AF and SP phases, we found that AFM skyrmions can be stabilized in the
form of a skyrmion gas (SKG), characterized in the structure factor by the blending of the six

Bragg peaks of a skyrmion lattice phase into a broad circle shape Rosales et al. (2022).

3.0
2.5
2.0
< 1.5
1.0

0.5

0'%.0 05 10 15 20 25 3.0
D

Figure 11. Zero field and low-temperature K — D phase diagram of the spin model described by
the Hamiltonian (65). We observe a skyrmion gas phase (SKG) appear between the spiral (SP) and
anitferromagnetic phases. The different phases were identified using the topological charge, real
space configurations and structure factors presented in Figure 12.

3.2.2. Magnetic field and temperature dependence. To understand the effects
of the magnetic field, we start by examining the field dependence of the magnetic and topological

order parameters m and Q. We fix D =K = 0.7 and T = 0.01 which places us inside the SKG phase

and simulate the system for increasing values of B. The results are shown in Figure 13. We observe
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Figure 12. Low-temperature phases obtained in the MC simulations of the spin model described
by the Hamiltonian (65) at B = 0. The staggered spin configuration was obtained by inverting the
spins in one of the sublattices as illustrated in Figure 6.

structure
factors

the magnetization increase monotonically with the magnetic field and three discontinuous jumps
can be seen. The first discontinuity at B ~ 0.97 coincides with a discontinuous decrease to zero
on the topological charge, upon inspection of the spin configurations and the structure factors this
jump indicates a phase transition from the SKG phase to the SP phase. The second discontinuity
at B ~ 2.18 is a transition from the SP phase to another SP phase with a wave vector of a bigger
magnitude. The last discontinuity at B = 3.75 constitutes the transition from the SP phase to a
field-polarized (FP) phase.

The evolution of the different phases with increasing temperature can be tracked from the

behavior of the specific heat ¢ and the magnetic susceptibility J,,. In Figure 14 we present the
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Figure 13. Field dependence of the magnetization m and topological charge Q at D = K = 0.7
and 7 = 0.01. The discontinuity in Q at B ~ 0.97 coincides with a jump in m and indicates the
transition from the SKG phase to the SP phase. The jump in m at B ~ 2.18 corresponds to a
transitions between to spiral phases. Finally at B = 3.75 we see a jump in m that indicates the start
of a field-polarized phase.

temperature dependence of the specific heat at zero field. We observe two peaks that define the
transition temperatures for phase transitions from the SKG phase to the SP phase and from the SP
phase to a paramagnetic phase (PARA). For non-zero magnetic fields, the magnetic susceptibility
is also expected to show peaks at transition temperatures. This can be seen in Figure 15, where we
can see the field dependence of the transition temperatures.

In Figure 16 we present the full B — T diagram for the system at D = K = 0.7. The diagram
was constructed supplementing the information of Figures 13, 14 and 15, with the inspection of

the spin configurations and the structure factors as displayed in Figure 17. We can see that the
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Figure 14. Temperature dependence of the specific heat ¢ at zero magnetic field at D = K = 0.7.
The peak in c at T =~ 0.17 corresponds to the transition from the SKG phase to the SP phase. The
peak at T ~ (.78 indicates the transition to the PARA phase.

SKG phase is stable up to magnetic fields of B ~ 0.97 and temperatures of about 7' ~ 0.17. Below
T ~ 0.17, increasing the magnetic field beyond B ~ 0.97 induces a transition to an SP phase. This
agrees with the effect the magnetic field has on an AFM in the continuum limit, namely, that its

presence renormalizes the anisotropy as

(M;B)°

Ko K—
- 324

(70)

Hence breaking the careful balance between the anisotropy and DMI strengths we observed in
Figure 11. A further increase in the magnetic field past B = 3.75 makes the spins flop into a
partially field-polarized phase (FP). This phase presents ferromagnetic order in the z direction and
antiferromagnetic order in the x — y plane. It is expected that at higher fields a fully ferromagnetic

phase prevails.
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0.2F

Figure 15. Temperature dependence of the specific heat ¢ and the magnetic susceptibility y,, for
different values of the magnetic field at D = K = 0.7. We observe the magnetic field changes the
thermally activated phase transitions considerably.

The effect of the magnetic field on the shape of the skyrmion itself can be examined by looking at
the real-space spin configuration. In Figure 18 we see how the skyrmion diameter increases with
increasing magnetic fields.

Finally, for our specific choice of parameters, the temperature interval where the SKG phase
is stabilized goes up to 7= 0.17J. Beyond this value, the spiral phase prevails independently of
the magnetic field.

3.3. Discussion

In this chapter, we have studied continuous and discrete models of chiral antiferromagnets

with easy-axis anisotropy looking for stable skyrmion phases. In the continuous picture, we fo-

cused on the properties of isolated skyrmions. Since the work by Bogdanov Bogdanov et al. (2002)
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Figure 16. B—T diagram at D = K = 0.7. The red circles denote the transition line obtained
from the peaks of specific heat and the green rhombuses denote the transition line obtained by an
inspection of the spin configuration and the structure factor.

it has been predicted that isolated skyrmions are possible configurations in these systems. Further-
more, the stability of isolated skyrmions has been studied using discrete models Bessarab et al.
(2019b); Potkina et al. (2020). In these studies, it was established that contrary to ferromagnetic
skyrmions, the stability of isolated antiferromagnetic skyrmions (quantified by the activation en-
ergy and the skyrmion size) was enhanced in the presence of a magnetic field. In Section 3.1, we
intended to reproduce these results using a purely continuous description of isolated antiferromag-
netic skyrmions. We found that in the continuum limit, with the right choice of units, there is a

single dimensionless free parameter

2
g= A (K— (M,5) ) : (71)
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Figure 17. Phases induced by the magnetic field and temperature in the MC simulations of the spin
model described by the Hamiltonian (65) at D = K = 0.7. The two spiral phases differ only by the

absolute magnitude of the reciprocal vector describing each spiral and they were not differentiated
in phase diagram 16.

structure
factors

that characterizes the isolated skyrmion. Studying the skyrmion size and energy as a function
of this parameter yielded an interval where the isolated skyrmions have a finite size and lower
energy than the saturated antiferromagnetic phase. Moreover, from the magnetic field dependence
of parameter g, we can see that increasing the magnetic field while keeping the material parameters
fixed results in a decrease in g. This, according to our results, corresponds to an increase in the
skyrmion size as well as a decrease in the energy of the skyrmion. These facts indicate that the

isolated skyrmion is more stable in the presence of a magnetic field, in accordance with the results
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Figure 18. Magnetic field dependence of the skyrmion diameter d, depicting how skyrmions get
bigger at higher magnetic fields. The staggered spin configuration is presented for clarity.

obtained by the studies that were previously mentioned.

Given that our simulations of isolated antiferromagnetic skyrmions suggest that they can be
stable in a region of phase space, we wanted to verify whether or not antiferromagnetic skyrmion
phases were stabilized in discrete squared lattice systems. Discrete models of our system have
been explored at low temperatures by Zhang et al. Zhang et al. (2016), Keesman et al. Keesman
et al. (2016) and Bessarab et al Bessarab et al. (2019b). Zhang et al. found using micromagnetics
simulations that isolated antiferromagnetic skyrmions could be created without magnetic fields in
small nanodisks and nanotracks using spin-polarized currents. Keesman et al. found using Monte
Carlo simulations that antiferromagnetic skyrmion lattices did not form but in a finite-sized system
with open boundaries, isolated skyrmions could form. Finally, Besserab et al. showed using relax-

ation methods that isolated skyrmions could form in a system with periodic boundary conditions
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and, as was mentioned before, that their stability was increased by the presence of a magnetic field.
In Section 3.2 we used parallel tempering Monte Carlo simulations to explore the phase diagram
of small discrete systems (made out of 400 to 1024 spins) with periodic boundary conditions. The
parallel tempering algorithm allowed us to study the temperature dependence of the phase diagram
which was not explored in the previous studies. We constructed a low temperature and no field
phase diagram that agrees qualitatively with the results obtained by Zhang et al., namely, that an
antiferromagnetic skyrmion phase could be formed between a fully antiferromagnetic phase and a
spiral/worm domain phase. According to our simulations, this phase corresponds to a skyrmions
gas phase that forms at higher anisotropies strengths than those considered in the work by Keesman
et al. Furthermore, placing ourselves inside the skyrmion gas phase, we considered the effect of
magnetic fields and created a B — T diagram. We found that, in agreement with the previous works
and the continuum model, the magnetic field increases the size of the skyrmions in the skyrmion
gas phase. We observed however that beyond a temperature-dependent critical field, the ground
state shifted to a spiral phase. In addition to this we found that, for a specific choice of parameters,
this skyrmion phase was stable up to kg7 = 0.17J. In studies of triangular lattice systems with
similar Hamiltonians Rosales et al. (2015); Mohylna et al. (2021), antiferromagnetic skyrmion lat-
tice phases are shown to be stable up to kg7 = 0.3 — 0.4J. This makes the thermal stability of
the skyrmion gas phase we simulated comparatively lower. An extension of this work is to study
the dependence of the higher possible temperature at which the skyrmion phase is stable on the

material parameters and whether or not this temperature can increase.
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4. Conclusion

Research on magnetic skyrmions has been a hot topic over the last decade due to their intrin-
sic theoretical richness as well as their promising features as information carriers. But despite all
the interest in the field, there remain big open problems. From a purely theoretical perspective, even
the simplest models of chiral magnetic skyrmions have a strong nonlinear character and obtaining
analytical solutions is a difficult problem. From a technological perspective, it has been found
that moving skyrmions along a magnetic track is not as easy a problem as once thought. In this
thesis, we discussed and expand on recent developments that have accomplished progress on each
of these fronts: solvable models of easy-plane chiral magnets and antiferromagnetic skyrmions
respectively.

For the theoretically oriented part of this thesis, we began by reproducing the classic work
on magnetic skyrmions by Belavin and Polyakov. We next showed how a variational analysis of the
optimal scale of an isolated skyrmion can easily hint at the existence of a special kind solvable of
models (solvable line) of easy-plane chiral ferromagnets that have recently been studied. Further-
more, with the intent of bridging the gap between these theoretical results and actual experiments,
we used numerical methods to calculate isolated skyrmion solutions for a real easy-plane chiral
ferromagnet: Fey7Cog 3Si. We found that the size of isolated skyrmions outside the solvable line
decreases quickly for this material. Finally, we proposed a trial function for the skyrmion profile
that accurately describes the behavior of these isolated skyrmions.

With adaptations to the numerical methods we developed for this part of the thesis, we
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expect to be able to construct isolated skyrmion solutions on regions of the phase space of easy-
plane chiral ferromagnets where the preferred homogeneous phase is not a fully antiferromagnetic
phase but a canted ferromagnetic phase.

On the technologically oriented part, we simulated chiral antiferromagnets focusing on find-
ing possibly stable antiferromagnetic skyrmion phases. We started by finding isolated antiferro-
magnetic skyrmion solutions to the continuum model of a chiral antiferromagnet. We established
there is a region of phase space where isolated skyrmions are potentially stable and found that a
magnetic field increases the stability of isolated antiferromagnetic skyrmions. With this promising
result in mind, we used parallel tempering Monte Carlo simulations to construct the phase diagram
of a square lattice chiral antiferromagnet. We found that there is a small region of phase space
where the ground state of the system is a skyrmion gas phase. Moreover, we confirmed that a mag-
netic field increases the size of the antiferromagnetic skyrmions up to a critical field that depends
on the temperature. Additionally, we observed that the temperature interval where this phase re-
mained stable is lower compared to the antiferromagnetic skyrmions found in the triangle lattice.
The results of this part of the thesis are in agreement with two previously established facts about
antiferromagnetic skyrmions in the square lattice: that a lattice of antiferromagnetic skyrmions
cannot form in a material with periodic boundary conditions and that magnetic fields increase
the stability of antiferromagnetic skyrmions. Moreover, our results constitute an expansion of the
existing knowledge of the thermal and magnetic field stability of antiferromagnetic skyrmions.

As future work, it is interesting to study the dependence of the temperature window where

the skyrmion gas phase is stable on the material parameters. Additionally, with little adaptation
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of the Monte Carlo methods we used, more complicated bipartite lattices can be simulated and a

carbon copy of this study could be made.
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Apéndice A. Fundamentos de sélidos rigidos

The discrete Hamiltonian we study in the thesis reads

<ij> <i,j> i

H=-JY Si-S;—D Y e;(SixS;)—KY (S5)*-BY si. (72)

To obtain the continuum limit of this Hamiltonian we approximate the spin configuration by the
continuous magnetization m(r) which takes the values {S;} on their respective positions {r;}. The
Hamiltonian becomes then an energy functional of m(r).

The form of the on-site interactions does not change significantly with this approximation:

I(Z’(Sf)2 %%/m%aﬁx ; BZS? %MSB/m3d3x, (73)
i

i

where # = £ and =&
a a
For the spin exchange interactions, we have to find a relationship between the value of the
magnetization field of two neighboring sites. We do this by expanding the magnetization on a

given site j, which neighbors site i, as:
m(r;) =m(r; faey) =m(r;) adym(r;), (74)

where a is the lattice spacing. Now considering all the nearest-neighbor interactions and using

expansion 74 the continuum form can easily be obtained. For the Heisenberg exchange interaction,
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we obtain

=) Si'Sj——— Y, [(S7+87)°—(Si—8))’]

<i,j> <1,]>

:_Z (Si—S;j) 2t cte

<z,j>

where ¢ = 5-. And for the Dzyaloshinskii-Moriya interaction
—~D Y e (Six Z m(r;) x m(r; + ae,))—
<i,j> i
e, (m(r;) xm(r; —aey)) +e,- (m(r;) x m(r; +ae,))—
ey - (m(r;) x m(r; —aey))]

= —DZ e, - (m(r;) X adym(r;) +

e, (m(r;) x adym(r;)]

= aDZ [mdym; — mydem; + m(demy, — dymy)]

i

68
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D
~ 2 / [mydym; — mydem; + m;(Oxmmy, — Bymx)]d3x

z.@/m-(me)d%

with 2 = 2.
a
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