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Inversion gravimétrica 3D con inicializacion adaptativa y
regularizaciéon secuencial: Un caso de estudio del Area
Geotérmica de Cerro Machin

RESUMEN

La caracterizacién geofisica de dreas con potencial geotérmico mediante el analisis de anomalias en los datos y la in-
version gravimétrica se enfrenta a retos importantes. La limitada informacion espacial sobre las estructuras subterraneas,
combinada con los métodos convencionales que emplean la regularizaciéon de la norma f5, a menudo produce modelos
de densidad con limites suavizados o difusos. Esto complica ain maés la interpretacién geolégica y también conduce
a la convergencia de cuerpos geoldgicamente sin sentido que se ajustan a los datos, lo que puede ocultar la verdadera
naturaleza de las caracteristicas geologicas. Para superar esto, presentamos un esquema de inversiéon gravitacional
en 3D para el drea geotérmica de Cerro Machin, Colombia. La metodologia que proponemos integra conocimientos
geoldgicos (limites fisicos de densidad y rasgos regionales identificados en estudios anteriores) a priori para construir
modelos iniciales robustos, lo que guia el proceso de inversién iterativo hacia un espacio de soluciones geolégicamente
plausible. Esto se complementa con una estrategia de regularizacién secuencial que aprovecha las normas ¢, para pro-
mover la delineacion de cuerpos compactos y lisos con limites nitidos y no difusos en profundidad. En este trabajo,
demostramos que el enfoque de doble paso —utilizando un modelo inicial restringido y la regularizacién de la norma
¢,— mejora significativamente la eficiencia y la precisién de la convergencia del modelo, a diferencia de los métodos
tradicionales que se basan en la regularizacion de la norma ¢ y en modelos iniciales homogéneos. Los resultados de-
muestran la eficacia de un método que combina la recuperacion de estructuras subterrdneas compactas en el subsuelo
con la estimacion de cuerpos suavizados y poco profundos, superando los enfoques convencionales al presentar solu-
ciones geoldgicamente razonables en un proceso eficiente que implica modelos iniciales. Esto proporciona un marco
de inversion adecuado para la exploracién geotérmica en sistemas volcanicos andlogos. El cédigo esta disponible en:
https://github.com/GabrielMoreno09/3DGravityInversionCMGA.git

Palabras clave: inversién 3D, gravimetria, drea geotérmica, modelos iniciales, regularizacién, norma ¢,,.

OBJETIVOS

Objetivo general

Desarrollar una metodologia de inversién gravimétrica tridimensional basada en regularizacién secuencial y en la con-
struccion de modelos iniciales guiados por informacién geoldgica y geofisica a priori, con el fin de obtener un modelo
cuantitativo de densidad que permita delimitar e interpretar los elementos prospectivos del sistema geotérmico del Area
Geotérmica de Cerro Machin.

Objetivos especificos

1. Construir modelos iniciales adaptativos basados en la integracion de informacion geoldgica a priori y el andlisis de
la distribucién espacial de la anomalia gravitacional residual del AGCM.

2. Disenar e implementar un algoritmo para la inversion geofisica tridimensional de datos gravimétricos mediante
esquemas de regularizacién secuencial (“smooth” y “blocky”).

3. Validar y evaluar cuantitativamente el modelo invertido, interpretando su coherencia geoldgica a partir de la com-
paracién con estudios previos.

PREGUNTA DE INVESTIGACION

& Como el andlisis de informacion geoldgica a priori contribuye al desarrollo de metodologias de inversion gravimétrica para
la generacion de modelos conceptuales y tridimensionales que representen los elementos prospectivos del Area Geotérmica
de Cerro Machin?


https://github.com/GabrielMoreno09/3DGravityInversionCMGA.git
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3D Gravity Inversion with Adaptive Initialization and Sequential
Regularization: A case study in Cerro Machin Geothermal Area

ABSTRACT

Conventional 3D gravity inversion with {5 regularization
tends to blur density contrasts in diffuse bodies, compli-
cating interpretation in volcanic and geothermal areas.
We present a two-stage inversion for the Cerro Machin
Geothermal Area (Colombia) that focuses on compact
structures with well-defined boundaries at depth, while
preserving smooth trends at shallow depths. Stage 1
uses fo-norm regularization to obtain a stable and smooth
model. Stage 2 starts from the model recovered in the first
stage, which is injected as a starting model with geological
a priori information that includes a body determined from
the analysis of the width of the anomalies and regional ge-
ology, and applies a mixed norm formulation £,-norm in
the model, to promote compactness and sharp interfaces.
A conservative continuation strategy (robust uncertain-
ties per data point, modest normalized depth weighting,
B cooling, and backtracking) keeps updates localized, so
that deviations from the starting model are based on the
data. Compared to ¢o inversions from starting homoge-
neous models, our results show the sequential approach
achieves comparable mismatch with sharper boundaries,
deeper compact bodies, and greater edge fidelity, achiev-
ing convergence of geological results in less time and itera-
tions thanks to the implementation of starting models that
place us at a local minimum and collaborate to reach the
global minimum. Stability checks based on perturbations
of the starting model and spatial cross-validation indicate
that the recovered deep anomalies persist under reason-
able changes in noise and hyperparameters. This work-
flow offers a practical framework for delineating geother-
mal targets using gravity-based methods in analogous vol-
canic systems. Code is available at: https://github.
com/GabrielMoreno09/3DGravityInversionCMGA.git

INTRODUCTION

In the global transition toward a sustainable energy model,
geothermal energy has emerged as a strategic resource due
to its versatility and high potential for industrial applica-
tion (Alfaro et al., 2021). Despite promising prospects,
many geothermal areas in Colombia lack a comprehen-

sive three-dimensional conceptual model of the subsur-
face density structures, which would facilitate an under-
standing of the relationships between their components
(Nigussie et al., 2023). The Cerro Machin Geothermal
Area (CMGA), stands out as a promising, active volcanic-
geothermal system whose internal structural characteriza-
tion remains a significant research opportunity (Morales
et al., 2021). Geophysics, particularly gravimetry, pro-
vides an indispensable tool for delineating these deep struc-
tures on a regional scale (Kearey et al., 2013). How-
ever, the accurate estimation of these systems requires
advanced three-dimensional (3D) gravitational inversion
methodologies that can recover compact bodies with well-
defined boundaries (Miller and Williams-Jones, 2016) and
integrate a priori geological knowledge to ensure geolog-
ically coherent solutions. Tarantola (1984) defines a pri-
ori geological knowledge as any knowledge independent
of gravimetric data that is incorporated into the inversion
to define initial conditions.

The geophysical characterization of areas with poten-
tial for geothermal exploration has traditionally relied on
gravity anomaly analysis (Telford et al., 1990) which iden-
tifies mass deficits and surpluses in the subsurface but
provides limited constraints on the geometry or depth
of causative bodies. The Mean Anomaly Width Method
(MAWM), developed by Dobrin and Savit (1960), is com-
monly used in forward modeling to estimate structure
depths based on anomaly interpretation. More advanced
strategies emerged with Li and Oldenburg (1998), who
introduced a 3D inversion framework that minimizes a
model objective function while allowing for the incorpo-
ration of a priori information, thereby producing mod-
els that are both data-fitting and geologically reasonable.
Subsequently, geophysical information with physical con-
straints was implemented to addresses the inversion to rea-
sonable models (Fernando et al., 2007; Uieda and Barbosa,
2012; Yin et al., 2024), although, Blaikie et al. (2014)
and Miller et al. (2022) improved this paradigm, demon-
strating the utility of reference models that incorporate
geological information to guide convergence. Peng and
Liu (2021) integrated adaptive ¢,-norm regularization, in
contrast to conventional methods that use f-norm regu-
larization, to enhance the estimation of compact bodies
with sharp, non-diffuse boundaries. Witter et al. (2016)
emphasized the benefits and potential difficulties of intro-
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Figure 1: Location and geological map of the CMGA study area showing geophysical survey gravity stations from Beltrdn (2020) with green
pins. It has a MAGNA-SIRGAS coordinate system (National Geocentric Reference Frame), key volcanic features include the Cerro Machin
Volcano crater and volcanic dome, overlaid on the geological base map modified from Mosquera et al. (1982) (1982, Plancha 244 — Ibagué,
scale 1:100000). The inset aerial photograph of the CMV dome and crater was adapted from El Espectador (2024).

ducing geological constraints in gravity inversion, warning
against over-restriction of homogeneous assumptions. A
key advance was presented by Fournier and Oldenburg
(2019), who provided a rigorous mathematical framework
for £,-norms where p is a continuous parameter within 0
< p < 2, with p = 2 producing smooth models, p = 1 pro-
moting sparsity, and p = 0 yielding compact focused struc-
tures, linking their features as guidelines for convergence
to a compact bodies. Crucially, they highlighted that in
non-convex inversion problems, geologically plausible so-
lutions are most effectively obtained when the inversion is
initialized with a geologically meaningful starting model.

Despite multiple methodological approaches to 3D grav-
ity inversion, a significant challenge remains in estimating
compact and deep structures that retain geological mean-
ing. The inherent ill-posedness of the inverse problem, tra-
ditionally mitigated by fs-norm smoothness constraints,
tends to produce models with diffuse boundaries that are
geologically ambiguous (Li and Oldenburg, 1998; Olden-
burg and Li, 2005). To address this, some studies have
explored the use of a priori information. For example,
Foss (2005) demonstrated that using a parametric inver-
sion result as a starting model can guide a voxel-based
inversion toward a geologically constrained solution, even
with the limitations of the fe-norm. However, injecting
such information into reference models can bias the al-
gorithm’s search space, potentially limiting the solution
rather than guiding it and leading to convergence on ge-
ologically false local minima (Farquharson et al., 2008;

Blaikie et al., 2014; Miller et al., 2022; Ghalenoei et al.,
2022). Alternatively, regularization strategies have been
developed to promote sparsity and image focusing (Routh
et al., 2007; Sacchi and Liu, 2005). These methodologies
implement £,-norms (0<p<2) to counteract the tendency
of ¢5 regularization to produce smooth and dispersed mod-
els, thus promoting the recovery of compact geological
bodies with sharp boundaries (Sun and Li, 2014; Miller
et al., 2017; Trevino et al., 2021; Zhu et al., 2024). To
ensure the recovery of geologically plausible structures,
deterministic optimizations are implemented to guide the
solution towards a local minimum that approximates the
global minimum (Lelie¢vre and Oldenburg, 2009; Guillen
et al., 2008). In this context, Rashidifard et al. (2024)
presents an innovative methodology for non-convex inver-
sion problems that uses starting models to guide the inver-
sion toward a local minimum of significant geological rel-
evance, rather than imposing restrictive constraints that
can bias the solution.

In this work, we address these limitations by devel-
oping a three-dimensional gravitational inversion model
for two-phase flow, adapted to the CMGA in Colombia.
Our approach combines an starting model with geologi-
cal information —constructed from the MAWM and re-
gional a priori geological information— with a sequential
and adaptive regularization scheme to recover compact
bodies with well-defined boundaries at depth, while pre-
serving the smooth trends of shallow structures. In the
first stage, we use a Weighted Least Squares (WLS) in-
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version with /5 norm regularization to recover a stable
and smoothed model. In the second stage, this smoothed
model is used for a mixed £, norm Iterative Reweighted
Least Squares (IRLS) inversion to promote compactness
and edge delineation (Li and Oldenburg, 1998; Sun and
Li, 2014; Fournier and Oldenburg, 2019; Peng and Liu,
2021). The proposed framework, accompanied by a con-
servative iteration step strategy (standard deviation per
data point o, modest depth weighting, fast cooling 3, and
backtracking search within a Projected Gauss-Newton-
Conjugate Gradient framework) keeps updates localized.
Compared to conventional inversion methodologies with
{9 norm regularization initialized from homogeneous or
random models, known for blurring edges, our method
achieves an objective mismatch that converges large-scale
bodies with high density contrast, compact and deep with
sharp boundaries and geological meaning in fewer iter-
ations and less time than other methodologies (Blaikie
et al., 2014; Miller et al., 2022). The result moves us away
from biased interpretations and provides a comprehensive
three-dimensional view of the constituent elements of the
CMGA, enabling its spatial, morphological, and volumet-
ric characterization. Although developed for the CMGA,
the methodological framework constitutes a transferable
strategy for imaging compact geothermal targets in anal-
ogous volcanic systems.

GEOLOGICAL AND GEOPHYSICAL
BACKGROUND

The CMGA is situated in the Central Cordillera of
Colombia (EPSG 9377: 4.28°N, 75.24°W), representing
one of the most significant active volcanic systems with
substantial geothermal potential in the country (Gutiérrez,
2020). Figure 1 shows the entire geothermal area with a
volcanic crater of 2.4 km in diameter which containing
multiple dacitic domes that were emplaced within a base-
ment of metamorphic rocks and volcanoclastic deposits
(Pedraza et al., 2022). The volcano’s explosive history
includes at least six significant eruptions in the last 5000
years, with the most recent significant event occurring ap-
proximately 800 years ago, making it a critical hazard and
an energetic resource of interest (Herrera and Calo, 2025).
Gutiérrez (2020) compile Petrographic and field informa-
tion that indicate that the dome consists predominantly of
dacitic lavas and pyroclastic flows, with secondary argillic
alteration near fumarolic zones. The Cajamarca fault,
characterized by Mosquera et al. (1982) defines a high-
fracture zone that acts as the main conduit for ascending
geothermal fluids, while permeable pyroclastic and terrace
deposits on the flanks serve as recharge pathways.

Beltran (2020) identified significant anomalies associ-
ated with the Cerro Machin Volcano (CMV) and its ad-
jacent NW and SE sectors using gravimetric and magne-
tometric geophysical surveys. Figure 2 shows the spatial
distribution of the residual gravity anomaly, illustrating a
prominent low-gravity zone (blue zone) in the central area,
likely corresponding to the volcanic crater and low-density

volcanic materials. In contrast, the surrounding gravity
highs (red zones) may reflect denser basement rocks or
volcanic edifice structures.
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Figure 2: Residual gravity anomaly map in the CMGA. The contour
map shows gravity anomalies ranging from -9.092 to 13.77 mGal,
with blue areas representing negative anomalies (gravity lows) and
red areas representing positive anomalies (gravity highs).

Notably, a prominent negative gravimetric anomaly, ob-
served within the volcano’s central and northern regions,
was interpreted by Pedraza et al. (2022) and Herrera (2020)
as representative of high-density intrusive bodies. Addi-
tionally, magnetotelluric surveys have identified resistiv-
ity contrasts interpreted as magmatic bodies and some
prospective elements of the CMGA system. Recent three-
dimensional resistivity models derived from magnetotel-
luric data have delineated a complex architecture includ-
ing a potential magmatic reservoir at approximately 5 km
depth and preferential fluid pathways along structural dis-
continuities (Herrera, 2020).

Despite these advances, integrated multi-method geo-
physical models remain limited in their scope. While mag-
netotelluric studies provide valuable insights into resistiv-
ity distribution, complementary property models, partic-
ularly density contrasts, are needed to comprehensively
characterize the geothermal system’s prospective elements
(Miller et al., 2017). The availability of open-access geo-
physical datasets and accumulated geological knowledge
of the volcanic system presents a significant opportunity
for renewable energy research and development. Imple-
menting advanced 3D gravity inversion models represents
a crucial next step in characterizing this resource, poten-
tially accelerating the clean energy transition by identify-
ing viable geothermal reservoirs and optimal drilling tar-
gets for sustainable power generation in Colombia.

PROPOSED METHODOLOGY

The proposed methodology, outlined in Figure 3, was
implemented using the open-source modeling and inver-
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Figure 3: The workflow outlines the integration of anomaly data analysis in creating adaptive starting models for 3D gravity inversion using
Weighted Least Squares (WLS) and Iterative Reweighted Least Squares (IRLS) regularization. It features two pathways: the upper pathway

focuses on structural delineation through the analysis of a priori geological information to develop the starting model.

In contrast, the

lower pathway uses average width and depth estimation to characterize intrusive bodies for a second model. Both pathways converge in an
integrated inversion framework that includes stratified models, WLS regularization, and soft constraints. The final inversion stage applies
IRLS regularization to recover high-resolution subsurface density distributions, highlighting compact and deep geological features.

sion framework SimPEG (Cockett et al., 2015). We de-
signed a two-stage inversion workflow with sequential reg-
ularization, incorporating a priori geological and geophys-
ical information to construct two starting models in a com-
prehensive three-dimensional analysis. The first starting
model was constructed from geological information that
integrates conceptual models of the Cerro Machin Vol-
cano with physical boundaries and is detailed in the ap-
pendix: Analysis of a priori geological information for the
construction of an adaptive starting model for inversion
with WLS regularization. The construction of the second
initial model also incorporates physical boundaries and is
detailed in depth in the appendix: Analysis of a priori
geophysical information for IRLS inversion with adaptive
initialization.

Mean Anomaly Width Method applied to
the residual anomaly of the CMGA

For the two-phase sequential inversion approach, it was
necessary to employ two starting models.

To construct the starting model, we adopted a struc-
tured and hierarchical approach to integrate the available
geological and geophysical knowledge about the CMGA.
The study that most clearly exemplified the features that
our initial model needed was that presented by Pedraza
et al. (2022). This body of knowledge was systematized
by stratifying the subsurface into coherent units based on

their interpreted lithological and physical properties, with
particular attention to the identification of low-density
volcanic deposits, intermediate-density sedimentary lay-
ers, and the deeper, high-density basement. Densities
were not assigned arbitrarily, but were organized accord-
ing to an internally consistent geological framework that
took into account the vertical gradation trends commonly
associated with burial depth and the properties of base-
ment rocks.

No compact bodies were introduced at this stage; in-
stead, the model had a smooth, vertically graded distri-
bution, which preserved the model’s function as a neutral
reference configuration for the initial phase of the inver-
sion. The resulting model provided a physically plausible
and geologically sound representation of the subsurface,
suitable for WLS regularization and designed to resolve
smoothed features that are typically undetectable by di-
rect anomaly analysis alone.

For this second stage, and to incorporate additional a
priori constraints, an analysis of the residual gravitational
anomaly was performed using the MAWM to construct
the second starting model. In an early review of inverted
models of the CMGA, Beltréan (2020) and Pedraza et al.
(2022) identify a deep, compact, elongated body that they
associate with a volcanic conduit.

Telford et al. (1990) indicates, through direct model-
ing techniques, that spheres best describe the gravimetric
anomaly response of volcanic dikes or conduits, which is
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why we use a sphere for the MAWM. This method is de-
scribed by equation (1), formulated by Dobrin and Savit
(1960), in which the parameter X/, represents half the
width of the gravimetric anomaly, defined as the horizon-
tal distance between the maximum of the anomaly and
the points on either side where its amplitude decreases to
half the maximum value

This geometric parameter was extracted directly from
the anomaly profile and used to estimate the depth to
the center of a buried sphere using an empirical relation-
ship. The depth of the center of the sphere is obtained
by solving for Z in the equation (1), once half the width
of the gravimetric anomaly is known. The estimate of the
sphere’s radius is obtained from equation (2), which de-
scribes the response of the maximum anomaly on a sphere
solved for R (radius), where G is the gravitational con-
stant, Agmaz 18 the maximum amplitude of the anomaly,
and Ap is the density contrast value for the sphere

2\ 1/3
R— (380maZ7) T (2)
47GAp

The second starting model, used in the second stage
of inversion, is constructed by taking as a reference the
density contrast model with smoothed and shallow layers
recovered from the WLS inversion and adding the sphere
determined through the MAWM analysis. In this stage of
the inversion, IRLS regularization was applied, promoting
spatial dispersion and adaptively improving the compact-
ness of the model, thus obtaining more compact bodies
(Zhu et al., 2024).

We used WLS-type regularization in the first stage and
then IRLS, based on the fact that incorporating smoothed
and shallow information into an inversion yields better so-
lutions for obtaining compact models through iterative
weight updating, which preserve the a priori informa-
tion of smoothed and shallow layers (Constable et al.,
1987). This sequential and adaptive inversion framework
enhances the resolution of both shallow and deep density
anomalies, yielding a final model suitable for geological
interpretation.

3D inversion with sequential regularization

We solve the inverse problem through using the WLS and
IRLS regularization approaches subsequently defined by
Tikhonov and Arsenin (1977), as a composite objective
function:

®(m) = ¢4(m) + P, (m) . (3)

The Tikhonov parameter, represented by g in equation
(3), is a positive scalar that regulates the balance between
data fit and model structure in the predicted function.
A small § yields a model that fits the data well, but it
may also have an excessive structure, which would lead to

a large model norm, ®,,(m). Optimization results in a
larger data adjustment ®;4(m), and a model with a mini-
mum structure if g is significant. This method continues
until the algorithm converges to a minimum and reaches
the tolerance of misfit (Tikhonov and Arsenin, 1977).

ls-norm regularized objective function

The objective function defined in equation (4), considered
as misfit function ®4(m) the typical f2-norm that weights
the mismatch between d°®® which represents the observed
data, and G(m) is the mathematical expression of the for-
ward modeling problem that determines the geophysical
observations given a particular model m, through the un-
certainty matrix Wy = diag{1/01,1/09,--- ,1/0,}, where
o is the estimated standard deviation of observation error
in the ny, data. The model norm ®,,(m) contains the
weighting matrices, depth weighting matrix or distance
weighted W, which measure the amount of model struc-
ture and the spatial roughness of the recovered model and
the indices ¢ = s,x,y, 2z denote, respectively, the small-
est model component and the smoothness components in
the x-, y-, and z directions (Li and Oldenburg, 1996;
Oldenburg and Li, 2005; Aster et al., 2018). Constant
a;(i = s,z,y,z) represents the weighting parameter on
each component in

®(m) = Wy (A - Gm)[[;+8 Y« [W(m)|2 .

1=S,T,Y,%

(4)

In equation (5), we adopt standard deviations per data

point o; to reflect the minimum reduction limits and the

modeling error proportional to the amplitude. We as-

sume heteroscedastic errors composed of an additive “min-

imum” plus a component proportional to the signal am-
plitude. For data i, in

i =/ Ofigor T (0ral|df*[)? (5)

the term dfbs is the gravitational anomaly observed in
data 7, o f100r is a lower limit of uncertainty that captures
the repeatability of the instrument and levels out posi-
tioning errors, and o,¢; is a dimensionless coefficient that
models the uncertainty and scale with the magnitude of
the anomaly. Errors in gravity data are rarely uniform.
This choice combines a fixed “floor” term accounting for
instrument and leveling errors with a relative term that
scales with the anomaly amplitude, thereby stabilizing the
inversion across regions of varying signal strength (Li and
Oldenburg, 1998; Farquharson and Oldenburg, 2002; Ped-
ersen and Rasmussen, 1990).

Rather than encoding a priori geology in a reference
model, we embed it in the starting model and set ref-
erence model=0; this guides the search without biasing
the regularization toward a prescribed reference (Cockett
et al., 2015). Minimizing equation (4), which we used for
our first WLS inversion, leads to a smooth solution, which
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is unexpected for characterizing geological structures with
well-defined boundaries.

Because potential field data lacks intrinsic depth res-
olution, depth weighting is used in gravity inversion to
offset the decay of the kernels with depth. Through equa-
tion (6), we implemented an updated approach of depth
weighting function, initially proposed by Li and Olden-
burg (1996, 1998), as follows,

W(z) = (12 — 2ol +¢)7/2, (6)

where zq is a small positive constant introduced to avoid
singularities near the surface, z is the vector of cell depths
in the discretized mesh, € is a threshold value, and v is the
depth weighting exponent, typically ranging between 0.5
and 3, with a conventional value of 2 for gravity inversion
(Oldenburg and Li, 2005). This range provides a physi-
cally reasonable range that stabilizes the inversion while
counteracting the kernel decay, where smaller values (v =
0.5) apply mild compensation suitable for shallow sources,
whereas larger values (v &~ 2—3) enhance the contribution
of deeper cells (Li and Oldenburg, 1996). The proposed
methodology combines depth weighting with conventional
model weighting, enabling the incorporation of targeted
regularization strategies informed by a priori geological
knowledge (Lelievre and Oldenburg, 2009; Miller et al.,
2020), to be incorporated with a weighting matrix W;
presented in the equation (7)

Wi = diag (W(z2)) . (7)

If we use general measures of the length of vectors, the
above objective function would become

®(m) = &4 [Wy(d*™ — G(m))] + 8 Y ;®f [W;(m)]

1=x,Y,2
(8)
where ®9 is a symbolic representation of the data misfit
function defined by a general measure, similar notation is
used for the second term.

Iterative process of updating the starting
model

The use of general measures causes the objective func-
tion to be non-quadratic, and the minimization must be
solved iteratively regardless of whether the forward prob-
lem is linear or not. To solve the non-linear minimiza-
tion in equation (8), it is optimal to use the Projected
Gauss—Newton Conjugate Gradient, which is a hybrid me-
thod that combines the efficiency of the Conjugate Gradi-
ent with the linear approximation of Gauss—Newton, and
the word Projected refers to the fact that it imposes physi-
cal limits on each iteration to avoid unrealistic density val-
ues. Assume we obtain the solution denoted by m**1) at
the (k+1)th iteration, and the predicted data correspond-
ing to this model are d**V. Then at the kth iteration,
we minimize the following objective function to produce

a model perturbation Am so that the inverted model can
be updated by m®*) = m®*+) 4 Am:
®(m) = de (dObS ~ G(m*+D ¢ Am)) H
+8 ) @

1=8,T,Y,%

Wi(m(k"'l) + Am)H )

(9)

Appendix A shows how equation (8) produces the fol-

lowing equation, which must be solved for the perturba-
tion model Am:

JITWIRWJI+8 Y o W/R,W;| Am

1=8,T,Y,%
_ JTW;—Rde (dobs . d(k+1))
-p Z a; W R;W,; (m* ) |

i=s,2,y,%

(10)

where J is the sensitivity matrix, and R,; are diagonal
matrices whose diagonal elements are determined by the
choice of general measures. Solution of equation (10),
yields the model perturbation Am for updating the model
m*t!. The inversion then proceeds to the next iteration.

We solve equation (9) by a matrix-free Conjugate Gra-
dient (CG) inner iteration and update the model through
a projected line-search step, getting the equation (11),

m"*Y = Proj; (m(k) + *y(k)Am) , (11

Mypin, Mpmax]
with 7* chosen by backtracking to satisfy sufficient de-
crease, and with bound constraints enforced by projection
(Cockett et al., 2015).

Am is subject to the impact of the parameters’ small-
ness and smoothness, so the influence of R4, R, Ry, Ry,
R. is implicit. To understand in depth how the /ell,

standard is implicit, it is necessary to refer to Appendix
B

RESULTS AND DISCUSSION

The 137 residual gravity anomaly data used in our in-
version were taken from Beltran (2020) across the entire
CMGA domain and were not modified or reworked. The
starting models described below in the following two ap-
pendices were used in the inversion process and were dis-
cretized on a regular tensor mesh with a base cell size of
250 m, extending 11 km in the north-south direction, 12
km in the east-west direction, and 10 km in the vertical
direction. The mesh cell size corresponds to the distance
between the gravimetric stations in the study, with the
distance between stations greater than 265 m and the cell
size smaller than this distance. This allows regional struc-
tures to be appreciated with good resolution through a
mesh that is not computationally very expensive.
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Analysis of a prior: geological information
for the construction of an adaptive starting
model for inversion with WLS regulariza-
tion

To define the absolute density values for the model, we
used the regional reduction density of 2629 kg/m3 de-
termined by Beltran (2020) as a baseline. This value
served as the reference around which contrasts were calcu-
lated. Pedraza et al. (2022) further constrained the den-
sity range by reporting average values of approximately
2300 kg/ m® for unconsolidated volcanic deposits and up
to 2900 kg/m3 for basement lithologies attributed to the
Cajamarca metamorphic complex. These constraints were
used to define a vertical density gradient within the model,
ranging from a minimum contrast of —-300 kg/ m® near the
surface to a maximum of +300 kg/m3 at depth, relative
to the reference density.

The model was constructed as a smooth gradient with-
out abrupt transitions, reflecting the gradual lithological
changes expected in sedimentary and volcanic sequences.
This configuration enabled the model to serve as an effec-
tive prior for the WLS inversion, with a focus on recover-
ing large-scale, diffuse density anomalies. By avoiding the
imposition of artificially compact structures at this stage,
the model ensured that subsequent inversions would not
be biased toward unrealistic geometries, but instead would
be guided by the regional geological framework and depth-
dependent density trends derived from validated sources.

Implementation details for WLS inversion: we use the
o value as the standard deviation for each value, with
a relative error of 0.02, floor uncertainty of 0.050 mGal,
as = 1074, 8 = 1.0, and a starting model whose den-
sity increases with depth, which converged in a recovered
model after 20 iterations.

The assignment of uncertainty to gravity observations
reflects instrumental accuracy and environmental noise
characteristics typical of volcanic terrain. The same un-
certainty is implicitly present in the residual anomaly data,
since it originates from observed measurements and there-
fore carries the propagated instrumental and environmen-
tal noise. The value we assign to the Tikhonov parameter
[ prioritizes data fitting and model smoothness, and as-
signs moderate importance to the starting model (Cockett
et al., 2015).

The WLS inversion integrated the starting smooth model
shown in Figure 4a, which shows a progressive increase in
density as depth increases, which is why its maximum
density contrast value (300 kg/m?) is at depth. Its lowest
value is at shallow depth (-300 kg/m®). The integration of
this model allows for the recovery of smoothed structures
in shallow areas and their differentiation from the base-
ment, which, as demonstrated in previous studies, has a
higher density. The small parameter ag, which controls
the relative weight of the starting model on the inverted
model, takes on a small value, causing our starting model
to have a moderate influence on the final inversion pro-

Qo

. Easting (m)
a Northing (m g
) e (m) 4738000

4734000 4742000

300
200
100
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Density contrast (kg/m)

-100
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S
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Elevation (m.a.s.l)

Easting (m)

4734000 4738000 4742000

300
200
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3

f=]
Density contrast (kg/m’)

-100
-200
-300
-400

Elevation (m.a.s.l)

Figure 4: Starting models created from the interpretation of the
residual anomaly data from the CMGA with density contrast in-
ferred through the Pedraza et al. (2022) model and the base density
shown by Beltrdn (2020). a) Starting model corresponding to the
WLS inversion whose density increases with increasing depth and
has a density contrast of -300 kg/m?> to 300 kg/m>. b) Inverted
model with WLS regularization that is used as an starting model
for th?? IRLS inversion with density contrast of -400 kg/ m? to 300
kg/m”.

cess, giving more importance to the data fit. Likewise,
the density contrast range was altered, allowing the lower
limit to reach -400 kg/ m3, which enabled us to uncover
low-density bodies embedded in the subsurface and asso-
ciated with highly negative anomalies.

This inversion was designed to recover large-scale, smoo-
thed shallow structures by applying WLS regularization.
The use of the £>-norm in the regularization term quadrat-
ically penalizes deviations, thereby enforcing smoothness
and continuity relative to the starting model. As a con-
sequence, the inversion tends to preserve gradual transi-
tions in physical properties, enhancing the recovery of dif-
fuse features while simultaneously attenuating or displac-
ing compact anomalies often rendering them artificially
shallow or laterally expanded.

Analysis of a priori geophysical informa-
tion for IRLS inversion with adaptive ini-
tialization

The starting model obtained through WLS inversion, con-
strained by the /5 regularization that penalizes large struc-
tures and stratigraphic gradients, successfully resolved broad
low-density structures at shallow depths (2700 to 0 m.a.s.l.).
However, due to the inherent smoothing effects of the reg-
ularization, it lacked the resolution required to delineate
high-gradient, compact features at depth. To overcome
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Figure 5: 3D gravity inversion using IRLS with different p norms (from p = 2 to p = 0). The blue structure represents a high-density volcanic
conduit. Lower norms (especially p = 0) yield sparser and better-defined solutions of the conduit.

this limitation and construct a more geologically informed
second starting model, we isolated the residual anomaly
associated with the most prominent negative gravimetric
signal of -9.092 mGal located in the central region of the
CMV dome. We applied a model-independent MAWM
analysis (Blaikie et al., 2014). This technique was used to
estimate the depth and lateral extent of the sphere.

To determine the geometry of the buried mass, we ap-
ply the MAWM to the localized anomaly profile. Given
that the horizontal distance is X = 3.4 km (equivalent to
the width of the signal), and the maximum value of the
anomaly is -10 mGal, the average width of the signal is
calculated as X;,5 = 1.7 km. This width, together with
the amplitude of the anomaly and a minimum density con-
trast of Ap = —300 kg/ m3, due to the minimum value of
the anomaly indicating a mass deficit, was used to calcu-
late the radius and depth of an equivalent buried sphere,
reorganizing the analytical solution of the gravitational
effect of a spherical body.

The estimated sphere, representing a compact low den-
sity anomaly, was incorporated into the original WLS

model to produce the second starting model. It was cen-
tered at coordinates E: 4735320 m, N: 2054777 m, and fol-
lowing the equation (1) we obtain Z: —2200 m.a.s.l, with a
radius R ~ 1790 m, which we estimate with the equa-
tion (2). This updated starting model thus integrates
both the large-scale, vertically graded background den-
sity structure and the localized, high-contrast feature in-
ferred from the residual anomaly analysis. By doing so, it
provides a more effective initialization for the subsequent
IRLS inversion, enabling better recovery of compact bod-
ies at depth while maintaining the smoothed representa-
tion of shallower layers.

Implementation details for IRLS inversion: we use the
o value as the standard deviation for each value, with
a relative error of 0.02, floor uncertainty of 0.050 mGal,
a, = 1074, B = le — 4, 2 = 3, with a depth weighting
exponent v = 2 and A step length « calculated using the
solver with a maximum number of trials = 60 and a factor
of 0.2. We also use an {,-norm with a value of [2,1,1,1]
and a starting model of smooth and shallow bodies with
a high-contrast sphere of density, which converged to a
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Figure 6: Comparison between the models recovered from the IRLS inversion, showing a) the proposed starting model, b) the inverted model
with the proposed starting model from figure a), and c) an inverted model based on a homogeneous starting model. The compared models
have a cut in z, north, and east, presenting the RMSE of both compared models.

model after 20 iterations.

For subsequent investment with IRLS regularization,
the parameters os and Tikhonov [ were kept low and
gradually decreased in the iterative process to give weight
to the starting model and favor the creation of compact
structures in depth. The configuration of the depth- weight-
ing function was crucial in counteracting kernel decay and
avoiding surface singularities. According to Li and Olden-
burg (1998), a value of zy > 2 compensates for the excess
weighting near the surface without forcing the mass to too
deep a depth. Through a moderate step length, we keep
our model close to the geological solutions provided by the
starting model, thereby accelerating the model’s conver-
gence as is shown in the Figure 8a. The sphere located
in depth contributed to the recovery of deep and com-
pact structures by guiding the inversion along the shortest
route toward the convergence of bodies.

Figure 5 shows the analysis of the £,-norm to evaluate
the suitability of the different regularization parameteri-
zations in our final model. In this experiment, the mesh
was refined to a cell size of 100 m to determine which
values of P yielded the best RMSE result and best re-
covered the body in depth. This strategic approach cap-
italizes on the inherent non-uniqueness of potential field

inversion, allowing for the incorporation of geological ex-
pectations and enabling the adaptive refinement of subsur-
face structures through the optimal selection of regulariza-
tion norms. The minimum and maximum density-contrast
values displayed in Figure 6 correspond to the physical
bounds imposed in the inversion (m,,;, and m,,,, ) rather
than the absolute extremes of the recovered model. These
bounds were defined according to petrophysical constraints
and geological information of the CMGA lithologies (vol-
canic, pyroclastic, and metamorphic units), which typi-
cally range between -300 and +400 kg/ m® relative to the
regional reference density. The use of these bounds pre-
vents nonphysical oscillations and ensures that the recov-
ered densities remain consistent with plausible rock prop-
erties, as recommended by Li and Oldenburg (1998); Old-
enburg and Li (2005); Sun and Li (2014).

A systematic exploration of the regularization parame-
ter space was conducted by varying the £,-norm values ap-
plied independently to different components of the model
objective function. Specifically, nine combinations were
tested for the norm tuple p = [ps, Dy, Py, 2], Where ps
controls the sparsity of the model amplitude, and p,, py,
and p, are applied to the spatial derivatives along the
x, y, and z directions, respectively. The tested combina-
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tions included: [0,0,0,0], [0,1,1,1], [0,2,2,2], [1,0,0,0],
1,1,1,1], [1,2,2,2], [2,0,0,0], [2,1,1,1], and [2,2,2,2].

The choice of norm configuration had a significant in-
fluence on the morphology of the recovered density struc-
tures. Sparse model norms (ps = 0) promoted isolated,
compact bodies, while smoother spatial derivative norms
(pe = py = p» = 2) enhanced lateral continuity. Inter-
mediate configurations led to varying degrees of compact-
ness and smoothness: for instance, p = [1,1,1,1] pro-
duced blocky structures, whereas p = [2,0,0,0] yielded
vertically elongated features. Convergence metrics, such
as changes in the objective function and RMSE stabiliza-
tion, were monitored during each inversion and are sum-
marized in Table 1. The lowest RMSE was obtained us-
ing the norm configuration p = [2,1,1,1], therefore, it
was chosen as the best combination of ¢, standard for our
inversion.

Table 1: Norm combinations p = [ps, s, Py, -] used for regular-
ization terms and their corresponding RMSE values. The lowest
RMSE was obtained for the combination p = [2,1,1, 1] under IRLS
inversion.

p RMSE (mGal)
[0,0,0,0] 0.4730
0,1,1,1] 0.1707
[0,2,2,2] 0.1665
[1,0,0,0] 0.2366
1,1,1,1] 0.1901
1,2,2,2] 0.2480
[2,0,0,0] 0.2447
2,1,1,1] 0.1375
2,2,2,9] 0.2461

The Figure 5 shows that optimal results were obtained
with the £, norm setting (2, 1,1, 1], which successfully bal-
anced the conflicting requirements of compact amplitude
distribution and smooth spatial transitions. This scheme
facilitated the generation of bodies and layers smoothed at
shallow, as well as a well-defined vertical conduit extend-
ing from a depth of -3000 m above sea level to a few meters
below the surface, showing density contrasts of -300 to 0.0
kg/m? relative to the host rocks. The recovered struc-
ture has a funnel-shaped geometry, with a narrow throat
(about 500 m in diameter) at depth that expands to about
1000 m in diameter near the surface, consistent with the
morphologies of volcanic conduits observed through geo-
physical imaging in analogous systems. Smooth gradient
constraints (ps, py, p. = 1) prevented artificial segmen-
tation, while the scattered amplitude norm (ps = 2) con-
centrated low-density material along the central axis.

Defining the role of starting models in IRLS
inversion

The Figure 6 shows the contrast between both inverted
models and allows us to see that although both inversions

use an IRLS regularization with ¢, norms that favor com-
pactness, it is very difficult for the inverted model from
an starting homogeneous model to converge compact and
non-diffuse structures at depth that make geological sense.

Low (8 values place almost all the weight on the data
fit. This amplifies the problem of non-uniqueness of solu-
tions in our final inverted model, as we would disadvantage
geological solutions in order to prioritize an unreasonable
density model that fits the data. However, the low value of
as, which allows for high density contrasts, accompanied
by a short step size and an starting model that “guides”
and brings our solutions closer to geological approxima-
tions, allows us to obtain a model with compact bodies,
well-defined edges, and geological consistency as is shown
in 6.

Unlike a common homogeneous starting model, which
lacks representative structures and does not contribute
to the understanding of the observed data, our proposed
starting model incorporates the expected density distribu-
tion, represented as a priori information, which facilitates
convergence and prevents the algorithm from getting stuck
in local minima.

W en N — DTN e =3
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Figure 7: The box plot of the RMSE obtained if any of these pa-
rameters (as, 8, number of iterations) takes the value found at the
top, while the other parameters remain static.

In this context, the parameter  controls the relative
weight of the starting model in the objective function:
higher values of § increase the influence of the starting
model on the final solution. In comparison, lower values
favor a freer fit to the data. In turn, the o, parameter
modulates the effective integration of the starting model
into the estimated model; an appropriate ay allows the
inversion to preserve the essential structures of the start-
ing model, while adjusting them consistently with the ob-
served gravimetric response. In this study, the smallness
weight as was intentionally set to a low value in order to
relax the constraint between the recovered and starting
models. According to Li and Oldenburg (1996, 1998), a
small a allows the inversion to depart from the starting
model where required by the data, while still preserving
its overall structure through the spatial derivative terms
(g, iy, a;). This configuration is particularly suitable
for the sequential WLS—-S-IRLS scheme, where the geo-
logically informed starting model serves only as a guide
rather than a fixed reference. The low « therefore ensures
that new compact structures can emerge in depth without
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imposing an excessive bias from the starting model.

Additionally, the iterative update of the model param-
eters is scaled by the step length ~, which determines
the size of each correction during optimization. In this
study, a low value of v = 0.2 was adopted after testing
multiple configurations. The choice of a low « factor, in
addition to maintaining a short step, provided a balance
between stability and convergence speed: smaller values
of « resulted in overly conservative updates that delayed
665 convergence In contrast, huge values produced oscil-
latory behavior and risked divergence, increasing model
convergence times.

It is noteworthy that the inversion was guided by an
starting model constructed from a priori geological infor-
mation, rather than by imposing a fixed reference model.
This strategy provides greater flexibility in contexts char-
acterized by high geological uncertainty, as the inversion
is not constrained to remain close to an arbitrary reference
but is instead free to explore a broader solution space. At
the same time, because the starting model was designed
to be geologically plausible and already aligned with the
expected density distribution, the optimization process re-
quired fewer iterations to converge toward a stable solu-
tion. In practice, this reduced the risk of the algorithm
becoming trapped in non-physical local minima while also
improving computational efficiency and accelerating the
recovery of geologically consistent density contrasts. In
the same way and to show the stability of the inversion
made, in the Figure 7 shows how the parameters of
a and the number of iterations are varied to verify that
the true advantage of this methodological approach does
not lie in the inversion parameters but in the introduction
of an starting model capable of guiding the inversion in a
minimum number of iterations. Therefore, we shows that,
by presenting an inversion methodology that is inherently
close to the expected result, the proposed method also
manages to reach the best data mismatch with the same
number of iterations but in less time.

The result is a more accurate reconstruction of the ge-
ometries and density contrasts, preserving geological con-
sistency throughout the inversion domain.

With the parameters Wy, W, «;, mesh, and S-cooling
fixed, the two curves isolate the effect of initialization
on a nonconvex IRLS problem. Both trajectories fol-
low the expected Tikhonov exchange ®; decreases while
®,,, increases—as 3 cools (5 labels). At the target misfit
®*=135 mGal, the proposed start reaches a lower ®,, than
the homogeneous start, which means a simpler model for
the same fit. It also reaches acceptance faster (1mb6s vs
2m32s), implying cheaper inner solves along its GN-IRLS
path. Together, these observations justify the claim that
the proposed WLS-initialized TRLS pipeline achieves a
better trade-off point and greater computational efficiency
than TRLS started from a homogeneous model. The first
inversion has a shorter time, indicating fewer or cheaper
internal CG iterations (better conditioning) along the GN-
IRLS path. Quote the times directly from the graph.

a) Inverted model with the b)
proposed method

Inverted model from an starting
homogeneous model

2500 2500

® 4
1000 1000
500 500
5 10 15 20 5 10 15 20

Iterations Iterations

Figure 8: Tikhonov trade-off trajectories for two inversion pipelines.
(a) Proposed WLS-IRLS initialization: iteration-wise evolution of
data misfit versus model penalty under a common f-cooling sched-
ule and the time required for the conversion of this model. (b)
Homogeneous-start IRLS with the same parameters and the respec-
tive time of conversion. Filled symbols mark the accepted solutions
at the target misfit (horizontal line).

Understanding the conceptual model of the
Cerro Machin Geothermal Area

Herrera (2020) correlates conductive layers with zones of
hydrothermal alteration, which are the result of the inter-
action of geothermal fluid with the host rock, which acts
as a seal for the reservoir. Likewise, it indicates that if a
seal layer exists in the geothermal system, it would be rep-
resented by small, shallow conductive structures located
at depths of less than ~ 700 m.

The three-dimensional representation of the conceptual
model in Figure 10 of the CMGA geothermal system pro-
vides a comprehensive view of the subsurface architecture,
outlining the intricate interconnection of its fundamental
components. The primary pathways for heat and fluid ad-
vection from this source are the volcanic conduit. It is par-
ticularly relevant that the main volcanic conduit exhibits a
predominant northwest (NW) trend in the model, which
leads us to infer that the heat source or main magma
chamber could be preferentially located or extend in that
direction.

The structure of the inverted conduit shows a remark-
able spatial correlation with conductive features identified
by Herrera (2020) in magnetotelluric models, where resis-
tivity values ~1.3 2-m delineate a sub-vertical zone coinci-
dent with our recovered density anomaly. This correspon-
dence supports the interpretation of an active volcanic-
geothermal conduit that facilitates the transport of heat
and fluids from deep magmatic sources. This body has its
upper limit at 1000 m.a.s.l. and its lower limit at -4000
m.a.s.l., respectively, and narrows as it ascends, forming
a kind of funnel, as shown in Figure 9.

The areas with negative lows and mass deficit that ex-
press responses in mGal between -2.0 and 0.0 indicate al-
teration zones, hydrothermal deposits, and volcanoclas-
tic flows with high porosity interpreted as recharge zones
(Wei et al., 2025). This interpretation aligns with estab-
lished conceptual models of the CMGA, where extensive
pyroclastic flow deposits and hydrothermally altered vol-
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Figure 9: Cross-sectional views of inverted density models through various cross-sections and longitudinal sections. Density contrast values
range from -300 to +400 kg/ m?®, where blue indicates low-density areas and red represents high-density regions. Below are inverted magne-
totelluric profiles made by Herrera (2020), where high resistivity values are represented in blue and low resistivity values in red. The fault
traced on the surface is proposed by Mosquera et al. (1982), the dotted red line indicates the horseshoe-shaped CMV crater on the surface,
while the purple triangles denote areas of hot springs and the black spots are the measuring stations.
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of the geothermal system.

canic sequences create significant density contrasts rela-
tive to the crystalline basement.

Pedraza et al. (2022) suggests, through its conceptual
density model, the presence of structures similar to vol-
canic conduits with lower absolute density values in con-
trast to the basement. Furthermore, the magnitude of
the absolute density (2300 to 2500 kg/m®) is within the
expected ranges for steam-dominated conduits and brec-
ciated volcanic necks, as documented in comparative stud-
ies of siliceous volcanic systems (Miller et al., 2017; Trevino
et al., 2021). Similarly, the peripheral zones maintained
intermediate density values (2700 kg/m®), representing
the allegedly hydrothermally altered wall rock, because
these densities align with those presented by Witter et al.
2016.

Additionally, the bright red body in the model, asso-
ciated with the “Monogenetic volcano conduit,” is inter-
preted as a presumed conduit of a monogenetic volcano,
representing another significant pathway for fluid migra-
tion. Permeability in the deep system is enhanced not
only by these magmatic conduits but also by a complex
network of regional structures.

In the shallow portions of the system, the model illus-
trates a “Seal layer” and a “Sedimentary cover,” which
act as cap rocks. These units are characterized by rel-
atively higher densities of 2850 kg/m3 (reddish tones in
the model), similar to those of aims Wei et al. (2025),
which is in a very similar geothermal context, compared
to the anomalies of the conduits, which is consistent with
their low intrinsic permeability. Their role is fundamental
in confining geothermal fluids within the reservoir, main-
taining optimal pressure and temperature for resource ex-

ploitation, and preventing uncontrolled heat dissipation.
The geothermal reservoir, although not explicitly labeled,
is inferred from the rock volumes adjacent to the conduits
and the heat source, where permeability develops through
secondary porosity in the high-density basement and the
overlying volcanic deposits. The hydrothermal alteration
zones represented in the shallow portion of the model ex-
hibit predominantly low densities of 2300 kg/m3 (blue
tones), which is consistent with hydrothermal alteration
processes that can generate lower-density minerals or in-
crease porosity due to leaching. According to Gutiérrez
(2020), the presence of minerals such as epidote in these
zones is a strong indicator of rock-fluid interaction at high
temperatures and high densities.

The successful recovery of this feature demonstrates the
effectiveness of combining smooth starting models from
WLS inversion with focused IRLS refinement, providing
a two-phases methodology for imaging complex volcanic
plumbing systems where both distributed and concentrated
density anomalies coexist.

CONCLUSIONS

This research highlights the crucial role of incorporat-
ing geological a priori information through carefully de-
signed starting models in gravity inversion algorithms for
volcanic-geothermal systems. The sequential inversion me-
thodology, which combines WLS with an initialization
with geological constraints followed by IRLS refinement,
successfully resolved the convergence of compact bodies
at depth, with optimal times and the obtaining of geo-
logically reasonable models for the CMGA area. The key
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innovation lies in the systematic integration of geological
knowledge into the inversion workflow for the construc-
tion of starting models capable of improving IRLS inver-
sion by promoting well-defined and less smoothed edges
at depth. The starting model, accompanied by a regu-
larization that guided it toward the recovery of compact
and deep structures, recovered focused volcanic conduits
without converging on non-geological solutions, an indica-
tor that we are approaching the global minimum we are
seeking. The optimal setting of the norm [2,1,1, 1] effec-
tively captured the volumetric distribution of the CMGA
bodies in a manner that satisfied the data. The stability
of the designed scheme was demonstrated through statis-
tical analysis, which established the methodology as an
alternative to traditional inversion that takes advantage
of a priori information and robust starting models. This
methodological framework also demonstrated the capabil-
ities of starting models for use in highly complex inversions
by streamlining and making the process more efficient,
converging on a geologically feasible model compared to
other strategies that work with homogeneous or random
starting models. The methodology’s success stems from
recognizing that starting models are not merely numeri-
cal conveniences but powerful tools for encoding geological
understanding into mathematical optimization. Showing
how appropriate initialization strategies can bridge the
gap between geophysical data and geological reality, this
work establishes a framework for developing more robust
inversion algorithms applicable to complex geological en-
vironments where conventional approaches face problems
of bodies without geological coherence and diffuse bound-
aries that are difficult to converge.
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APPENDIX A: GAUSS-NEWTON SOLUTION
TO INVERSE PROBLEMS ADOPTING
GENERAL MEASURES

If we use general measures of the length of vectors, the
above objective function would become in equation (A1)).
Therefore, the objective function to be minimized for the
inverse problem considered in this paper has the following
general form:

®(m) = oY [Wy(d™~G(m))]+8 > ;o[ W;m].
(A1)

Here, @Elg )isa symbolic representation of the data misfit
defined by a general measure; similar notation is used for
the model regularization terms.

Assume that at iteration (k + 1) we have the model
m*+D with predicted data d*tY = G(m®*+D). At
the k-th iteration, we minimize the following objective in
terms of the perturbation Am to update the model (i.e.
equation (9)):

®(Am) = o[ W,(d° — G(m**D + Am))]
+8 Y oW, (m**) 4 Am)].

1=8,T,Y,%
(A2)
The predicted data d®) = G(m®)) = G(m*+) +
Am), at the kth iteration can be approximated by the first

two terms in a Taylor expansion with respect to m*+1)

d — d(k+1)+J(m(k) _m(k+1)) =d*t)4+J Am, (A3)
where J is the sensitivity (Jacobian) matrix with elements:

_od,

Jij—am;
j

(A4)

we can rewrite equation (A2) as

®(Am) = Y[ W4(d°> — d*+) — J Am)]
+6 Y ;@[ W;(m**D + Am)].

1=8,T,Y,%

(A5)

We next consider the differentiation of the general mea-
sures given in equation (A5) with respect to Am. For
convenience, we reformulate equation (A5) as follows:

®(Am) = ®4(Xe) +8 > dY(Xy),

: (A6)
1=5,T,Y,%
where
Xq =Wy (d®” — d*™) — J Am), (A7)
X; = W;(m*+) 4 Am). (A8)

We apply the chain rule for vector functions. The deriva-
tive of ®(Am) with respect to Am is given by

9 09X, 0oy Y X, 0ol
d(Am)  9(Am) 09Xy 5 "9(Am) 0X;
| (A9)
From equation (A7) and (A8) we have
Xa _ _TwT
oam) J'W,, (A10)
OX; o7

Inserting equation (A10) and equation (Al1l) into equa-
tion (A9) yields the following equation:

0P e 00 09
=-J'W i W, L
5(Am) 1 ox, TP i:g;y X,
(A12)
For the Ekblom norm used in this study,
- 2
Y (Xa) =Y (X3 +2)", (A13)
k=1
which gives
8¢)Ezg) 2 2\ 5-1
=p Xa (X7, 2 Al4
X, P ak (X +€°) (Al4)
Hence, in vector form
90
=Ry X Al5
8Xd d <Md» ( )
R, = diag(p(Xg1 + ez)g_l, cp(XG, + 52)5_1> )
(A16)
By the same reasoning,
9o
L =R; X, i1=s5,1,9, 2, (A17)

0X;
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with R; defined analogously.

OP(Am)
O0Am

Substituting (A7)-(A8), (A15), (A16) and (A17) into

(A12) yields

0P
O(Am)
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1=S8,T,Y,Z

= JWiRXs+8 > aWRX,

(A1)

=—-J"W] Ry W, (d°" — d**) — J Am)

+8 Y. i W/R,W;(m*+) 4 Am).

1=8,T,Y,%

Setting the gradient to zero leads to the linear system

to be solved at iteration n:

JITWIRWJI+8 Y o W/R,W;| Am

1=8,T,Y,%

— JTW:erde (dobs _ d(k-‘rl))

- B Z a; WIR;W; (m* ) |

i=s,2,9,2

This system is readily solved with a conjugate-gradient
method to obtain Am and update the model. At each it-
eration, matrices R; (i = d, s,x,y, z) and the Jacobian J
are recomputed from the updated model m®). The pro-
cedure is the standard iteratively reweighted least squares

(IRLS) scheme for non-linear inverse problems.

(A19)

(A20)

APPENDIX B: NOMENCLATURE OF THE ¢,

NORM

In this appendix, we use generalized ¢, regularization to
simultaneously control the smallness of the model and its

directional roughness. The total cost is

®(m) = ¢4(m) + [ (m),

(B1)

where ®, is the data misfit (dimensionless chi-square)
and ®,,, is the model objective function. The latter con-

sists of two parameters, @441, which penalizes how large
the model is relative to a reference model (m,.f) or, in
this case, relative to zero, while @00t 1S the sum of the

derivative terms (x,y, z) and penalizes the spatial rough-
ness of the model to make it smoother.

Cpm = ‘I)small + (I)smooth-

In a more developed form, we find it as:

@m:as/ws\m
v
+ax/wm
v
+ozz/wz
v

Ps d'U

om

ox
om

0z

Pax
dv—l—ay/wy

Pz

dv.

v

(B1)

The choice of pel0,2] governs the morphology of the
solution:

e p = 2: quadratic penalty (Tikhonov), smooth and
continuous models;

e p = 1: L penalty, blocked models with sharp edges;

e p — 0: focusing (maximum compactness), useful for
discrete bodies.
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