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RESUMEN

La caracterización geof́ısica de áreas con potencial geotérmico mediante el análisis de anomaĺıas en los datos y la in-20

versión gravimétrica se enfrenta a retos importantes. La limitada información espacial sobre las estructuras subterráneas,21

combinada con los métodos convencionales que emplean la regularización de la norma ℓ2, a menudo produce modelos22

de densidad con ĺımites suavizados o difusos. Esto complica aún más la interpretación geológica y también conduce23

a la convergencia de cuerpos geológicamente sin sentido que se ajustan a los datos, lo que puede ocultar la verdadera24

naturaleza de las caracteŕısticas geológicas. Para superar esto, presentamos un esquema de inversión gravitacional25

en 3D para el área geotérmica de Cerro Mach́ın, Colombia. La metodoloǵıa que proponemos integra conocimientos26

geológicos (ĺımites f́ısicos de densidad y rasgos regionales identificados en estudios anteriores) a priori para construir27

modelos iniciales robustos, lo que gúıa el proceso de inversión iterativo hacia un espacio de soluciones geológicamente28

plausible. Esto se complementa con una estrategia de regularización secuencial que aprovecha las normas ℓp para pro-29

mover la delineación de cuerpos compactos y lisos con ĺımites ńıtidos y no difusos en profundidad. En este trabajo,30

demostramos que el enfoque de doble paso —utilizando un modelo inicial restringido y la regularización de la norma31

ℓp— mejora significativamente la eficiencia y la precisión de la convergencia del modelo, a diferencia de los métodos32

tradicionales que se basan en la regularización de la norma ℓ2 y en modelos iniciales homogéneos. Los resultados de-33

muestran la eficacia de un método que combina la recuperación de estructuras subterráneas compactas en el subsuelo34

con la estimación de cuerpos suavizados y poco profundos, superando los enfoques convencionales al presentar solu-35

ciones geológicamente razonables en un proceso eficiente que implica modelos iniciales. Esto proporciona un marco36

de inversión adecuado para la exploración geotérmica en sistemas volcánicos análogos. El código está disponible en:37

https://github.com/GabrielMoreno09/3DGravityInversionCMGA.git38

Palabras clave: inversión 3D, gravimetŕıa, área geotérmica, modelos iniciales, regularización, norma ℓp.39

OBJETIVOS

Objetivo general40

Desarrollar una metodoloǵıa de inversión gravimétrica tridimensional basada en regularización secuencial y en la con-41

strucción de modelos iniciales guiados por información geológica y geof́ısica a priori, con el fin de obtener un modelo42

cuantitativo de densidad que permita delimitar e interpretar los elementos prospectivos del sistema geotérmico del Área43

Geotérmica de Cerro Mach́ın.44

Objetivos espećıficos45

1. Construir modelos iniciales adaptativos basados en la integración de información geológica a priori y el análisis de46

la distribución espacial de la anomaĺıa gravitacional residual del AGCM.47

2. Diseñar e implementar un algoritmo para la inversión geof́ısica tridimensional de datos gravimétricos mediante48

esquemas de regularización secuencial (“smooth” y “blocky”).49

3. Validar y evaluar cuantitativamente el modelo invertido, interpretando su coherencia geológica a partir de la com-50

paración con estudios previos.51

PREGUNTA DE INVESTIGACIÓN

¿Cómo el análisis de información geológica a priori contribuye al desarrollo de metodoloǵıas de inversión gravimétrica para52

la generación de modelos conceptuales y tridimensionales que representen los elementos prospectivos del Área Geotérmica53

de Cerro Mach́ın?54
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3D Gravity Inversion with Adaptive Initialization and Sequential
Regularization: A case study in Cerro Mach́ın Geothermal Area

ABSTRACT

Conventional 3D gravity inversion with ℓ2 regularization
tends to blur density contrasts in diffuse bodies, compli-
cating interpretation in volcanic and geothermal areas.
We present a two-stage inversion for the Cerro Mach́ın
Geothermal Area (Colombia) that focuses on compact
structures with well-defined boundaries at depth, while
preserving smooth trends at shallow depths. Stage 1
uses ℓ2-norm regularization to obtain a stable and smooth
model. Stage 2 starts from the model recovered in the first
stage, which is injected as a starting model with geological
a priori information that includes a body determined from
the analysis of the width of the anomalies and regional ge-
ology, and applies a mixed norm formulation ℓp-norm in
the model, to promote compactness and sharp interfaces.
A conservative continuation strategy (robust uncertain-
ties per data point, modest normalized depth weighting,
β cooling, and backtracking) keeps updates localized, so
that deviations from the starting model are based on the
data. Compared to ℓ2 inversions from starting homoge-
neous models, our results show the sequential approach
achieves comparable mismatch with sharper boundaries,
deeper compact bodies, and greater edge fidelity, achiev-
ing convergence of geological results in less time and itera-
tions thanks to the implementation of starting models that
place us at a local minimum and collaborate to reach the
global minimum. Stability checks based on perturbations
of the starting model and spatial cross-validation indicate
that the recovered deep anomalies persist under reason-
able changes in noise and hyperparameters. This work-
flow offers a practical framework for delineating geother-
mal targets using gravity-based methods in analogous vol-
canic systems. Code is available at: https://github.

com/GabrielMoreno09/3DGravityInversionCMGA.git

55

INTRODUCTION

In the global transition toward a sustainable energy model,56

geothermal energy has emerged as a strategic resource due57

to its versatility and high potential for industrial applica-58

tion (Alfaro et al., 2021). Despite promising prospects,59

many geothermal areas in Colombia lack a comprehen-60

sive three-dimensional conceptual model of the subsur- 61

face density structures, which would facilitate an under- 62

standing of the relationships between their components 63

(Nigussie et al., 2023). The Cerro Mach́ın Geothermal 64

Area (CMGA), stands out as a promising, active volcanic- 65

geothermal system whose internal structural characteriza- 66

tion remains a significant research opportunity (Morales 67

et al., 2021). Geophysics, particularly gravimetry, pro- 68

vides an indispensable tool for delineating these deep struc- 69

tures on a regional scale (Kearey et al., 2013). How- 70

ever, the accurate estimation of these systems requires 71

advanced three-dimensional (3D) gravitational inversion 72

methodologies that can recover compact bodies with well- 73

defined boundaries (Miller and Williams-Jones, 2016) and 74

integrate a priori geological knowledge to ensure geolog- 75

ically coherent solutions. Tarantola (1984) defines a pri- 76

ori geological knowledge as any knowledge independent 77

of gravimetric data that is incorporated into the inversion 78

to define initial conditions. 79

The geophysical characterization of areas with poten- 80

tial for geothermal exploration has traditionally relied on 81

gravity anomaly analysis (Telford et al., 1990) which iden- 82

tifies mass deficits and surpluses in the subsurface but 83

provides limited constraints on the geometry or depth 84

of causative bodies. The Mean Anomaly Width Method 85

(MAWM), developed by Dobrin and Savit (1960), is com- 86

monly used in forward modeling to estimate structure 87

depths based on anomaly interpretation. More advanced 88

strategies emerged with Li and Oldenburg (1998), who 89

introduced a 3D inversion framework that minimizes a 90

model objective function while allowing for the incorpo- 91

ration of a priori information, thereby producing mod- 92

els that are both data-fitting and geologically reasonable. 93

Subsequently, geophysical information with physical con- 94

straints was implemented to addresses the inversion to rea- 95

sonable models (Fernando et al., 2007; Uieda and Barbosa, 96

2012; Yin et al., 2024), although, Blaikie et al. (2014) 97

and Miller et al. (2022) improved this paradigm, demon- 98

strating the utility of reference models that incorporate 99

geological information to guide convergence. Peng and 100

Liu (2021) integrated adaptive ℓp-norm regularization, in 101

contrast to conventional methods that use ℓ2-norm regu- 102

larization, to enhance the estimation of compact bodies 103

with sharp, non-diffuse boundaries. Witter et al. (2016) 104

emphasized the benefits and potential difficulties of intro- 105

https://github.com/GabrielMoreno09/3DGravityInversionCMGA.git
https://github.com/GabrielMoreno09/3DGravityInversionCMGA.git
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Figure 1: Location and geological map of the CMGA study area showing geophysical survey gravity stations from Beltrán (2020) with green
pins. It has a MAGNA-SIRGAS coordinate system (National Geocentric Reference Frame), key volcanic features include the Cerro Mach́ın
Volcano crater and volcanic dome, overlaid on the geological base map modified from Mosquera et al. (1982) (1982, Plancha 244 – Ibagué,
scale 1:100000). The inset aerial photograph of the CMV dome and crater was adapted from El Espectador (2024).

ducing geological constraints in gravity inversion, warning106

against over-restriction of homogeneous assumptions. A107

key advance was presented by Fournier and Oldenburg108

(2019), who provided a rigorous mathematical framework109

for ℓp-norms where p is a continuous parameter within 0110

≤ p ≤ 2, with p = 2 producing smooth models, p = 1 pro-111

moting sparsity, and p = 0 yielding compact focused struc-112

tures, linking their features as guidelines for convergence113

to a compact bodies. Crucially, they highlighted that in114

non-convex inversion problems, geologically plausible so-115

lutions are most effectively obtained when the inversion is116

initialized with a geologically meaningful starting model.117

Despite multiple methodological approaches to 3D grav-118

ity inversion, a significant challenge remains in estimating119

compact and deep structures that retain geological mean-120

ing. The inherent ill-posedness of the inverse problem, tra-121

ditionally mitigated by ℓ2-norm smoothness constraints,122

tends to produce models with diffuse boundaries that are123

geologically ambiguous (Li and Oldenburg, 1998; Olden-124

burg and Li, 2005). To address this, some studies have125

explored the use of a priori information. For example,126

Foss (2005) demonstrated that using a parametric inver-127

sion result as a starting model can guide a voxel-based128

inversion toward a geologically constrained solution, even129

with the limitations of the ℓ2-norm. However, injecting130

such information into reference models can bias the al-131

gorithm’s search space, potentially limiting the solution132

rather than guiding it and leading to convergence on ge-133

ologically false local minima (Farquharson et al., 2008;134

Blaikie et al., 2014; Miller et al., 2022; Ghalenoei et al., 135

2022). Alternatively, regularization strategies have been 136

developed to promote sparsity and image focusing (Routh 137

et al., 2007; Sacchi and Liu, 2005). These methodologies 138

implement ℓp-norms (0≤p≤2) to counteract the tendency 139

of ℓ2 regularization to produce smooth and dispersed mod- 140

els, thus promoting the recovery of compact geological 141

bodies with sharp boundaries (Sun and Li, 2014; Miller 142

et al., 2017; Trevino et al., 2021; Zhu et al., 2024). To 143

ensure the recovery of geologically plausible structures, 144

deterministic optimizations are implemented to guide the 145

solution towards a local minimum that approximates the 146

global minimum (Lelièvre and Oldenburg, 2009; Guillen 147

et al., 2008). In this context, Rashidifard et al. (2024) 148

presents an innovative methodology for non-convex inver- 149

sion problems that uses starting models to guide the inver- 150

sion toward a local minimum of significant geological rel- 151

evance, rather than imposing restrictive constraints that 152

can bias the solution. 153

In this work, we address these limitations by devel- 154

oping a three-dimensional gravitational inversion model 155

for two-phase flow, adapted to the CMGA in Colombia. 156

Our approach combines an starting model with geologi- 157

cal information —constructed from the MAWM and re- 158

gional a priori geological information— with a sequential 159

and adaptive regularization scheme to recover compact 160

bodies with well-defined boundaries at depth, while pre- 161

serving the smooth trends of shallow structures. In the 162

first stage, we use a Weighted Least Squares (WLS) in- 163
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version with ℓ2 norm regularization to recover a stable164

and smoothed model. In the second stage, this smoothed165

model is used for a mixed ℓp norm Iterative Reweighted166

Least Squares (IRLS) inversion to promote compactness167

and edge delineation (Li and Oldenburg, 1998; Sun and168

Li, 2014; Fournier and Oldenburg, 2019; Peng and Liu,169

2021). The proposed framework, accompanied by a con-170

servative iteration step strategy (standard deviation per171

data point σ, modest depth weighting, fast cooling β, and172

backtracking search within a Projected Gauss-Newton-173

Conjugate Gradient framework) keeps updates localized.174

Compared to conventional inversion methodologies with175

ℓ2 norm regularization initialized from homogeneous or176

random models, known for blurring edges, our method177

achieves an objective mismatch that converges large-scale178

bodies with high density contrast, compact and deep with179

sharp boundaries and geological meaning in fewer iter-180

ations and less time than other methodologies (Blaikie181

et al., 2014; Miller et al., 2022). The result moves us away182

from biased interpretations and provides a comprehensive183

three-dimensional view of the constituent elements of the184

CMGA, enabling its spatial, morphological, and volumet-185

ric characterization. Although developed for the CMGA,186

the methodological framework constitutes a transferable187

strategy for imaging compact geothermal targets in anal-188

ogous volcanic systems.189

GEOLOGICAL AND GEOPHYSICAL
BACKGROUND

The CMGA is situated in the Central Cordillera of190

Colombia (EPSG 9377: 4.28°N, 75.24°W), representing191

one of the most significant active volcanic systems with192

substantial geothermal potential in the country (Gutiérrez,193

2020). Figure 1 shows the entire geothermal area with a194

volcanic crater of 2.4 km in diameter which containing195

multiple dacitic domes that were emplaced within a base-196

ment of metamorphic rocks and volcanoclastic deposits197

(Pedraza et al., 2022). The volcano’s explosive history198

includes at least six significant eruptions in the last 5000199

years, with the most recent significant event occurring ap-200

proximately 800 years ago, making it a critical hazard and201

an energetic resource of interest (Herrera and Calò, 2025).202

Gutiérrez (2020) compile Petrographic and field informa-203

tion that indicate that the dome consists predominantly of204

dacitic lavas and pyroclastic flows, with secondary argillic205

alteration near fumarolic zones. The Cajamarca fault,206

characterized by Mosquera et al. (1982) defines a high-207

fracture zone that acts as the main conduit for ascending208

geothermal fluids, while permeable pyroclastic and terrace209

deposits on the flanks serve as recharge pathways.210

Beltrán (2020) identified significant anomalies associ-211

ated with the Cerro Mach́ın Volcano (CMV) and its ad-212

jacent NW and SE sectors using gravimetric and magne-213

tometric geophysical surveys. Figure 2 shows the spatial214

distribution of the residual gravity anomaly, illustrating a215

prominent low-gravity zone (blue zone) in the central area,216

likely corresponding to the volcanic crater and low-density217

volcanic materials. In contrast, the surrounding gravity 218

highs (red zones) may reflect denser basement rocks or 219

volcanic edifice structures. 220
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Figure 2: Residual gravity anomaly map in the CMGA. The contour
map shows gravity anomalies ranging from -9.092 to 13.77 mGal,
with blue areas representing negative anomalies (gravity lows) and
red areas representing positive anomalies (gravity highs).

Notably, a prominent negative gravimetric anomaly, ob- 221

served within the volcano’s central and northern regions, 222

was interpreted by Pedraza et al. (2022) and Herrera (2020) 223

as representative of high-density intrusive bodies. Addi- 224

tionally, magnetotelluric surveys have identified resistiv- 225

ity contrasts interpreted as magmatic bodies and some 226

prospective elements of the CMGA system. Recent three- 227

dimensional resistivity models derived from magnetotel- 228

luric data have delineated a complex architecture includ- 229

ing a potential magmatic reservoir at approximately 5 km 230

depth and preferential fluid pathways along structural dis- 231

continuities (Herrera, 2020). 232

Despite these advances, integrated multi-method geo- 233

physical models remain limited in their scope. While mag- 234

netotelluric studies provide valuable insights into resistiv- 235

ity distribution, complementary property models, partic- 236

ularly density contrasts, are needed to comprehensively 237

characterize the geothermal system’s prospective elements 238

(Miller et al., 2017). The availability of open-access geo- 239

physical datasets and accumulated geological knowledge 240

of the volcanic system presents a significant opportunity 241

for renewable energy research and development. Imple- 242

menting advanced 3D gravity inversion models represents 243

a crucial next step in characterizing this resource, poten- 244

tially accelerating the clean energy transition by identify- 245

ing viable geothermal reservoirs and optimal drilling tar- 246

gets for sustainable power generation in Colombia. 247

PROPOSED METHODOLOGY

The proposed methodology, outlined in Figure 3, was 248

implemented using the open-source modeling and inver- 249



3D Gravity Inversion of the Cerro Mach́ın Geothermal Area 5

Residual gravity 
anomaly

Stratified
model

Structure identification

IRLS
inversion

Gravity anomaly data analysis

WLS
inversion

Inverted final model

“Smooth” starting
model + Sphere

Depth estimation through the
Mean Anomaly Width Method

Input data
Inverted 
smooth
model

z
z z

Starting model

m
G

al

d
en

si
ty

Starting model

A priori geological knowledge Geophysical inversion

Geophysical inversion

Figure 3: The workflow outlines the integration of anomaly data analysis in creating adaptive starting models for 3D gravity inversion using
Weighted Least Squares (WLS) and Iterative Reweighted Least Squares (IRLS) regularization. It features two pathways: the upper pathway
focuses on structural delineation through the analysis of a priori geological information to develop the starting model. In contrast, the
lower pathway uses average width and depth estimation to characterize intrusive bodies for a second model. Both pathways converge in an
integrated inversion framework that includes stratified models, WLS regularization, and soft constraints. The final inversion stage applies
IRLS regularization to recover high-resolution subsurface density distributions, highlighting compact and deep geological features.

sion framework SimPEG (Cockett et al., 2015). We de-250

signed a two-stage inversion workflow with sequential reg-251

ularization, incorporating a priori geological and geophys-252

ical information to construct two starting models in a com-253

prehensive three-dimensional analysis. The first starting254

model was constructed from geological information that255

integrates conceptual models of the Cerro Mach́ın Vol-256

cano with physical boundaries and is detailed in the ap-257

pendix: Analysis of a priori geological information for the258

construction of an adaptive starting model for inversion259

with WLS regularization. The construction of the second260

initial model also incorporates physical boundaries and is261

detailed in depth in the appendix: Analysis of a priori262

geophysical information for IRLS inversion with adaptive263

initialization.264

Mean Anomaly Width Method applied to265

the residual anomaly of the CMGA266

For the two-phase sequential inversion approach, it was267

necessary to employ two starting models.268

To construct the starting model, we adopted a struc-269

tured and hierarchical approach to integrate the available270

geological and geophysical knowledge about the CMGA.271

The study that most clearly exemplified the features that272

our initial model needed was that presented by Pedraza273

et al. (2022). This body of knowledge was systematized274

by stratifying the subsurface into coherent units based on275

their interpreted lithological and physical properties, with 276

particular attention to the identification of low-density 277

volcanic deposits, intermediate-density sedimentary lay- 278

ers, and the deeper, high-density basement. Densities 279

were not assigned arbitrarily, but were organized accord- 280

ing to an internally consistent geological framework that 281

took into account the vertical gradation trends commonly 282

associated with burial depth and the properties of base- 283

ment rocks. 284

No compact bodies were introduced at this stage; in- 285

stead, the model had a smooth, vertically graded distri- 286

bution, which preserved the model’s function as a neutral 287

reference configuration for the initial phase of the inver- 288

sion. The resulting model provided a physically plausible 289

and geologically sound representation of the subsurface, 290

suitable for WLS regularization and designed to resolve 291

smoothed features that are typically undetectable by di- 292

rect anomaly analysis alone. 293

For this second stage, and to incorporate additional a 294

priori constraints, an analysis of the residual gravitational 295

anomaly was performed using the MAWM to construct 296

the second starting model. In an early review of inverted 297

models of the CMGA, Beltrán (2020) and Pedraza et al. 298

(2022) identify a deep, compact, elongated body that they 299

associate with a volcanic conduit. 300

Telford et al. (1990) indicates, through direct model- 301

ing techniques, that spheres best describe the gravimetric 302

anomaly response of volcanic dikes or conduits, which is 303
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why we use a sphere for the MAWM. This method is de-304

scribed by equation (1), formulated by Dobrin and Savit305

(1960), in which the parameter X1/2 represents half the306

width of the gravimetric anomaly, defined as the horizon-307

tal distance between the maximum of the anomaly and308

the points on either side where its amplitude decreases to309

half the maximum value310

Z ≈ 1.305 ·X1/2 . (1)

This geometric parameter was extracted directly from311

the anomaly profile and used to estimate the depth to312

the center of a buried sphere using an empirical relation-313

ship. The depth of the center of the sphere is obtained314

by solving for Z in the equation (1), once half the width315

of the gravimetric anomaly is known. The estimate of the316

sphere’s radius is obtained from equation (2), which de-317

scribes the response of the maximum anomaly on a sphere318

solved for R (radius), where G is the gravitational con-319

stant, ∆gmax is the maximum amplitude of the anomaly,320

and ∆ρ is the density contrast value for the sphere321

R =

(
3∆gmaxZ

2

4πG∆ρ

)1/3

. (2)

The second starting model, used in the second stage322

of inversion, is constructed by taking as a reference the323

density contrast model with smoothed and shallow layers324

recovered from the WLS inversion and adding the sphere325

determined through the MAWM analysis. In this stage of326

the inversion, IRLS regularization was applied, promoting327

spatial dispersion and adaptively improving the compact-328

ness of the model, thus obtaining more compact bodies329

(Zhu et al., 2024).330

We used WLS-type regularization in the first stage and331

then IRLS, based on the fact that incorporating smoothed332

and shallow information into an inversion yields better so-333

lutions for obtaining compact models through iterative334

weight updating, which preserve the a priori informa-335

tion of smoothed and shallow layers (Constable et al.,336

1987). This sequential and adaptive inversion framework337

enhances the resolution of both shallow and deep density338

anomalies, yielding a final model suitable for geological339

interpretation.340

3D inversion with sequential regularization341

We solve the inverse problem through using the WLS and342

IRLS regularization approaches subsequently defined by343

Tikhonov and Arsenin (1977), as a composite objective344

function:345

Φ(m) = Φd(m) + βΦm(m) . (3)

The Tikhonov parameter, represented by β in equation346

(3), is a positive scalar that regulates the balance between347

data fit and model structure in the predicted function.348

A small β yields a model that fits the data well, but it349

may also have an excessive structure, which would lead to350

a large model norm, Φm(m). Optimization results in a 351

larger data adjustment Φd(m), and a model with a mini- 352

mum structure if β is significant. This method continues 353

until the algorithm converges to a minimum and reaches 354

the tolerance of misfit (Tikhonov and Arsenin, 1977). 355

ℓ2-norm regularized objective function 356

The objective function defined in equation (4), considered 357

as misfit function Φd(m) the typical ℓ2-norm that weights 358

the mismatch between dobs which represents the observed 359

data, and G(m) is the mathematical expression of the for- 360

ward modeling problem that determines the geophysical 361

observations given a particular model m, through the un- 362

certainty matrixWd = diag{1/σ1, 1/σ2, · · · , 1/σn}, where 363

σ is the estimated standard deviation of observation error 364

in the nth data. The model norm Φm(m) contains the 365

weighting matrices, depth weighting matrix or distance 366

weighted Wi, which measure the amount of model struc- 367

ture and the spatial roughness of the recovered model and 368

the indices i = s, x, y, z denote, respectively, the small- 369

est model component and the smoothness components in 370

the x-, y-, and z- directions (Li and Oldenburg, 1996; 371

Oldenburg and Li, 2005; Aster et al., 2018). Constant 372

αi(i = s, x, y, z) represents the weighting parameter on 373

each component in 374

Φ(m) =
∥∥Wd

(
dobs −G(m)

)∥∥2
2
+β

∑
i=s,x,y,z

αi ∥W(m)∥22 .

(4)
In equation (5), we adopt standard deviations per data 375

point σi to reflect the minimum reduction limits and the 376

modeling error proportional to the amplitude. We as- 377

sume heteroscedastic errors composed of an additive “min- 378

imum” plus a component proportional to the signal am- 379

plitude. For data i, in 380

σi =
√

σ2
floor + (σrel|dobs

i |)2 , (5)

the term dobs
i is the gravitational anomaly observed in 381

data i, σfloor is a lower limit of uncertainty that captures 382

the repeatability of the instrument and levels out posi- 383

tioning errors, and σrel is a dimensionless coefficient that 384

models the uncertainty and scale with the magnitude of 385

the anomaly. Errors in gravity data are rarely uniform. 386

This choice combines a fixed “floor” term accounting for 387

instrument and leveling errors with a relative term that 388

scales with the anomaly amplitude, thereby stabilizing the 389

inversion across regions of varying signal strength (Li and 390

Oldenburg, 1998; Farquharson and Oldenburg, 2002; Ped- 391

ersen and Rasmussen, 1990). 392

Rather than encoding a priori geology in a reference 393

model, we embed it in the starting model and set ref- 394

erence model=0; this guides the search without biasing 395

the regularization toward a prescribed reference (Cockett 396

et al., 2015). Minimizing equation (4), which we used for 397

our first WLS inversion, leads to a smooth solution, which 398
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is unexpected for characterizing geological structures with399

well-defined boundaries.400

Because potential field data lacks intrinsic depth res-401

olution, depth weighting is used in gravity inversion to402

offset the decay of the kernels with depth. Through equa-403

tion (6), we implemented an updated approach of depth404

weighting function, initially proposed by Li and Olden-405

burg (1996, 1998), as follows,406

W (z) = (|z − z0|+ ϵ)−ν/2 , (6)

where z0 is a small positive constant introduced to avoid407

singularities near the surface, z is the vector of cell depths408

in the discretized mesh, ϵ is a threshold value, and ν is the409

depth weighting exponent, typically ranging between 0.5410

and 3, with a conventional value of 2 for gravity inversion411

(Oldenburg and Li, 2005). This range provides a physi-412

cally reasonable range that stabilizes the inversion while413

counteracting the kernel decay, where smaller values (ν ≈414

0.5) apply mild compensation suitable for shallow sources,415

whereas larger values (ν ≈ 2−3) enhance the contribution416

of deeper cells (Li and Oldenburg, 1996). The proposed417

methodology combines depth weighting with conventional418

model weighting, enabling the incorporation of targeted419

regularization strategies informed by a priori geological420

knowledge (Lelièvre and Oldenburg, 2009; Miller et al.,421

2020), to be incorporated with a weighting matrix Wi422

presented in the equation (7)423

Wi = diag (W (z)) . (7)

If we use general measures of the length of vectors, the424

above objective function would become425

Φ(m) = Φg
d

[
Wd(d

obs −G(m))
]
+ β

∑
i=x,y,z

αiΦ
g
i [Wi(m)]

(8)
where Φg

d is a symbolic representation of the data misfit426

function defined by a general measure, similar notation is427

used for the second term.428

Iterative process of updating the starting429

model430

The use of general measures causes the objective func-431

tion to be non-quadratic, and the minimization must be432

solved iteratively regardless of whether the forward prob-433

lem is linear or not. To solve the non-linear minimiza-434

tion in equation (8), it is optimal to use the Projected435

Gauss–Newton Conjugate Gradient, which is a hybrid me-436

thod that combines the efficiency of the Conjugate Gradi-437

ent with the linear approximation of Gauss–Newton, and438

the word Projected refers to the fact that it imposes physi-439

cal limits on each iteration to avoid unrealistic density val-440

ues. Assume we obtain the solution denoted by m(k+1) at441

the (k+1)th iteration, and the predicted data correspond-442

ing to this model are d(k+1). Then at the kth iteration,443

we minimize the following objective function to produce444

a model perturbation ∆m so that the inverted model can 445

be updated by m(k) = m(k+1) +∆m: 446

Φ(m) = Φg
d

∥∥∥Wd

(
dobs −G(m(k+1) +∆m)

)∥∥∥
+ β

∑
i=s,x,y,z

αiΦ
g
i

∥∥∥Wi(m
(k+1) +∆m)

∥∥∥ .

(9)
Appendix A shows how equation (8) produces the fol- 447

lowing equation, which must be solved for the perturba- 448

tion model ∆m: 449

JTWT
dRdWdJ+ β

∑
i=s,x,y,z

αi W
T
i RiWi

∆m

= JTWT
dRdWd

(
dobs − d(k+1)

)
− β

∑
i=s,x,y,z

αi W
T
i RiWi

(
m(k+1)

)
,

(10)

where J is the sensitivity matrix, and Ri are diagonal 450

matrices whose diagonal elements are determined by the 451

choice of general measures. Solution of equation (10), 452

yields the model perturbation ∆m for updating the model 453

mk+1. The inversion then proceeds to the next iteration. 454

We solve equation (9) by a matrix-free Conjugate Gra- 455

dient (CG) inner iteration and update the model through 456

a projected line-search step, getting the equation (11), 457

m(k+1) = Proj[mmin,mmax]

(
m(k) + γ(k)∆m

)
, (11)

with γk chosen by backtracking to satisfy sufficient de- 458

crease, and with bound constraints enforced by projection 459

(Cockett et al., 2015). 460

∆m is subject to the impact of the parameters’ small- 461

ness and smoothness, so the influence of Rd, Rs, Rx, Ry, 462

Rz is implicit. To understand in depth how the /ellp 463

standard is implicit, it is necessary to refer to Appendix 464

B 465

RESULTS AND DISCUSSION

The 137 residual gravity anomaly data used in our in- 466

version were taken from Beltrán (2020) across the entire 467

CMGA domain and were not modified or reworked. The 468

starting models described below in the following two ap- 469

pendices were used in the inversion process and were dis- 470

cretized on a regular tensor mesh with a base cell size of 471

250 m, extending 11 km in the north-south direction, 12 472

km in the east-west direction, and 10 km in the vertical 473

direction. The mesh cell size corresponds to the distance 474

between the gravimetric stations in the study, with the 475

distance between stations greater than 265 m and the cell 476

size smaller than this distance. This allows regional struc- 477

tures to be appreciated with good resolution through a 478

mesh that is not computationally very expensive. 479
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Analysis of a priori geological information480

for the construction of an adaptive starting481

model for inversion with WLS regulariza-482

tion483

To define the absolute density values for the model, we484

used the regional reduction density of 2629 kg/m
3
de-485

termined by Beltrán (2020) as a baseline. This value486

served as the reference around which contrasts were calcu-487

lated. Pedraza et al. (2022) further constrained the den-488

sity range by reporting average values of approximately489

2300 kg/m
3
for unconsolidated volcanic deposits and up490

to 2900 kg/m
3
for basement lithologies attributed to the491

Cajamarca metamorphic complex. These constraints were492

used to define a vertical density gradient within the model,493

ranging from a minimum contrast of –300 kg/m
3
near the494

surface to a maximum of +300 kg/m
3
at depth, relative495

to the reference density.496

The model was constructed as a smooth gradient with-497

out abrupt transitions, reflecting the gradual lithological498

changes expected in sedimentary and volcanic sequences.499

This configuration enabled the model to serve as an effec-500

tive prior for the WLS inversion, with a focus on recover-501

ing large-scale, diffuse density anomalies. By avoiding the502

imposition of artificially compact structures at this stage,503

the model ensured that subsequent inversions would not504

be biased toward unrealistic geometries, but instead would505

be guided by the regional geological framework and depth-506

dependent density trends derived from validated sources.507

Implementation details for WLS inversion: we use the508

σ value as the standard deviation for each value, with509

a relative error of 0.02, floor uncertainty of 0.050 mGal,510

αs = 10−4, β = 1.0, and a starting model whose den-511

sity increases with depth, which converged in a recovered512

model after 20 iterations.513

The assignment of uncertainty to gravity observations514

reflects instrumental accuracy and environmental noise515

characteristics typical of volcanic terrain. The same un-516

certainty is implicitly present in the residual anomaly data,517

since it originates from observed measurements and there-518

fore carries the propagated instrumental and environmen-519

tal noise. The value we assign to the Tikhonov parameter520

β prioritizes data fitting and model smoothness, and as-521

signs moderate importance to the starting model (Cockett522

et al., 2015).523

TheWLS inversion integrated the starting smooth model524

shown in Figure 4a, which shows a progressive increase in525

density as depth increases, which is why its maximum526

density contrast value (300 kg/m
3
) is at depth. Its lowest527

value is at shallow depth (-300 kg/m
3
). The integration of528

this model allows for the recovery of smoothed structures529

in shallow areas and their differentiation from the base-530

ment, which, as demonstrated in previous studies, has a531

higher density. The small parameter αs, which controls532

the relative weight of the starting model on the inverted533

model, takes on a small value, causing our starting model534

to have a moderate influence on the final inversion pro-535
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Figure 4: Starting models created from the interpretation of the
residual anomaly data from the CMGA with density contrast in-
ferred through the Pedraza et al. (2022) model and the base density
shown by Beltrán (2020). a) Starting model corresponding to the
WLS inversion whose density increases with increasing depth and
has a density contrast of -300 kg/m3 to 300 kg/m3. b) Inverted
model with WLS regularization that is used as an starting model
for the IRLS inversion with density contrast of -400 kg/m3 to 300
kg/m3.

cess, giving more importance to the data fit. Likewise, 536

the density contrast range was altered, allowing the lower 537

limit to reach -400 kg/m
3
, which enabled us to uncover 538

low-density bodies embedded in the subsurface and asso- 539

ciated with highly negative anomalies. 540

This inversion was designed to recover large-scale, smoo- 541

thed shallow structures by applying WLS regularization. 542

The use of the ℓ2-norm in the regularization term quadrat- 543

ically penalizes deviations, thereby enforcing smoothness 544

and continuity relative to the starting model. As a con- 545

sequence, the inversion tends to preserve gradual transi- 546

tions in physical properties, enhancing the recovery of dif- 547

fuse features while simultaneously attenuating or displac- 548

ing compact anomalies often rendering them artificially 549

shallow or laterally expanded. 550

Analysis of a priori geophysical informa- 551

tion for IRLS inversion with adaptive ini- 552

tialization 553

The starting model obtained through WLS inversion, con- 554

strained by the ℓ2 regularization that penalizes large struc- 555

tures and stratigraphic gradients, successfully resolved broad 556

low-density structures at shallow depths (2700 to 0 m.a.s.l.). 557

However, due to the inherent smoothing effects of the reg- 558

ularization, it lacked the resolution required to delineate 559

high-gradient, compact features at depth. To overcome 560
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Figure 5: 3D gravity inversion using IRLS with different p norms (from p = 2 to p = 0). The blue structure represents a high-density volcanic
conduit. Lower norms (especially p = 0) yield sparser and better-defined solutions of the conduit.

this limitation and construct a more geologically informed561

second starting model, we isolated the residual anomaly562

associated with the most prominent negative gravimetric563

signal of -9.092 mGal located in the central region of the564

CMV dome. We applied a model-independent MAWM565

analysis (Blaikie et al., 2014). This technique was used to566

estimate the depth and lateral extent of the sphere.567

To determine the geometry of the buried mass, we ap-568

ply the MAWM to the localized anomaly profile. Given569

that the horizontal distance is X = 3.4 km (equivalent to570

the width of the signal), and the maximum value of the571

anomaly is -10 mGal, the average width of the signal is572

calculated as X1/2 = 1.7 km. This width, together with573

the amplitude of the anomaly and a minimum density con-574

trast of ∆ρ = −300 kg/m
3
, due to the minimum value of575

the anomaly indicating a mass deficit, was used to calcu-576

late the radius and depth of an equivalent buried sphere,577

reorganizing the analytical solution of the gravitational578

effect of a spherical body.579

The estimated sphere, representing a compact low den-580

sity anomaly, was incorporated into the original WLS581

model to produce the second starting model. It was cen- 582

tered at coordinates E: 4735320 m, N: 2054777 m, and fol- 583

lowing the equation (1) we obtain Z: –2200 m.a.s.l, with a 584

radius R ≈ 1790 m, which we estimate with the equa- 585

tion (2). This updated starting model thus integrates 586

both the large-scale, vertically graded background den- 587

sity structure and the localized, high-contrast feature in- 588

ferred from the residual anomaly analysis. By doing so, it 589

provides a more effective initialization for the subsequent 590

IRLS inversion, enabling better recovery of compact bod- 591

ies at depth while maintaining the smoothed representa- 592

tion of shallower layers. 593

Implementation details for IRLS inversion: we use the 594

σ value as the standard deviation for each value, with 595

a relative error of 0.02, floor uncertainty of 0.050 mGal, 596

αs = 10−4, β = 1e − 4, z0 = 3, with a depth weighting 597

exponent ν = 2 and A step length γ calculated using the 598

solver with a maximum number of trials = 60 and a factor 599

of 0.2. We also use an ℓp-norm with a value of [2, 1, 1, 1] 600

and a starting model of smooth and shallow bodies with 601

a high-contrast sphere of density, which converged to a 602
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Figure 6: Comparison between the models recovered from the IRLS inversion, showing a) the proposed starting model, b) the inverted model
with the proposed starting model from figure a), and c) an inverted model based on a homogeneous starting model. The compared models
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model after 20 iterations.603

For subsequent investment with IRLS regularization,604

the parameters σs and Tikhonov β were kept low and605

gradually decreased in the iterative process to give weight606

to the starting model and favor the creation of compact607

structures in depth. The configuration of the depth- weight-608

ing function was crucial in counteracting kernel decay and609

avoiding surface singularities. According to Li and Olden-610

burg (1998), a value of z0 ≥ 2 compensates for the excess611

weighting near the surface without forcing the mass to too612

deep a depth. Through a moderate step length, we keep613

our model close to the geological solutions provided by the614

starting model, thereby accelerating the model’s conver-615

gence as is shown in the Figure 8a. The sphere located616

in depth contributed to the recovery of deep and com-617

pact structures by guiding the inversion along the shortest618

route toward the convergence of bodies.619

Figure 5 shows the analysis of the ℓp-norm to evaluate620

the suitability of the different regularization parameteri-621

zations in our final model. In this experiment, the mesh622

was refined to a cell size of 100 m to determine which623

values of P yielded the best RMSE result and best re-624

covered the body in depth. This strategic approach cap-625

italizes on the inherent non-uniqueness of potential field626

inversion, allowing for the incorporation of geological ex- 627

pectations and enabling the adaptive refinement of subsur- 628

face structures through the optimal selection of regulariza- 629

tion norms. The minimum and maximum density-contrast 630

values displayed in Figure 6 correspond to the physical 631

bounds imposed in the inversion (mmin and mmax) rather 632

than the absolute extremes of the recovered model. These 633

bounds were defined according to petrophysical constraints 634

and geological information of the CMGA lithologies (vol- 635

canic, pyroclastic, and metamorphic units), which typi- 636

cally range between -300 and +400 kg/m
3
relative to the 637

regional reference density. The use of these bounds pre- 638

vents nonphysical oscillations and ensures that the recov- 639

ered densities remain consistent with plausible rock prop- 640

erties, as recommended by Li and Oldenburg (1998); Old- 641

enburg and Li (2005); Sun and Li (2014). 642

A systematic exploration of the regularization parame- 643

ter space was conducted by varying the ℓp-norm values ap- 644

plied independently to different components of the model 645

objective function. Specifically, nine combinations were 646

tested for the norm tuple p = [ps, px, py, pz], where ps 647

controls the sparsity of the model amplitude, and px, py, 648

and pz are applied to the spatial derivatives along the 649

x, y, and z directions, respectively. The tested combina- 650
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tions included: [0, 0, 0, 0], [0, 1, 1, 1], [0, 2, 2, 2], [1, 0, 0, 0],651

[1, 1, 1, 1], [1, 2, 2, 2], [2, 0, 0, 0], [2, 1, 1, 1], and [2, 2, 2, 2].652

The choice of norm configuration had a significant in-653

fluence on the morphology of the recovered density struc-654

tures. Sparse model norms (ps = 0) promoted isolated,655

compact bodies, while smoother spatial derivative norms656

(px = py = pz = 2) enhanced lateral continuity. Inter-657

mediate configurations led to varying degrees of compact-658

ness and smoothness: for instance, p = [1, 1, 1, 1] pro-659

duced blocky structures, whereas p = [2, 0, 0, 0] yielded660

vertically elongated features. Convergence metrics, such661

as changes in the objective function and RMSE stabiliza-662

tion, were monitored during each inversion and are sum-663

marized in Table 1. The lowest RMSE was obtained us-664

ing the norm configuration p = [2, 1, 1, 1], therefore, it665

was chosen as the best combination of ℓp standard for our666

inversion.667

Table 1: Norm combinations p = [ps, px, py , pz ] used for regular-
ization terms and their corresponding RMSE values. The lowest
RMSE was obtained for the combination p = [2, 1, 1, 1] under IRLS
inversion.

p RMSE (mGal)

[0, 0, 0, 0] 0.4730
[0, 1, 1, 1] 0.1707
[0, 2, 2, 2] 0.1665
[1, 0, 0, 0] 0.2366
[1, 1, 1, 1] 0.1901
[1, 2, 2, 2] 0.2480
[2, 0, 0, 0] 0.2447
[2, 1, 1, 1] 0.1375
[2, 2, 2, 2] 0.2461

The Figure 5 shows that optimal results were obtained668

with the ℓp norm setting [2, 1, 1, 1], which successfully bal-669

anced the conflicting requirements of compact amplitude670

distribution and smooth spatial transitions. This scheme671

facilitated the generation of bodies and layers smoothed at672

shallow, as well as a well-defined vertical conduit extend-673

ing from a depth of -3000 m above sea level to a few meters674

below the surface, showing density contrasts of -300 to 0.0675

kg/m³ relative to the host rocks. The recovered struc-676

ture has a funnel-shaped geometry, with a narrow throat677

(about 500 m in diameter) at depth that expands to about678

1000 m in diameter near the surface, consistent with the679

morphologies of volcanic conduits observed through geo-680

physical imaging in analogous systems. Smooth gradient681

constraints (px, py, pz = 1) prevented artificial segmen-682

tation, while the scattered amplitude norm (ps = 2) con-683

centrated low-density material along the central axis.684

Defining the role of starting models in IRLS685

inversion686

The Figure 6 shows the contrast between both inverted687

models and allows us to see that although both inversions688

use an IRLS regularization with ℓp norms that favor com- 689

pactness, it is very difficult for the inverted model from 690

an starting homogeneous model to converge compact and 691

non-diffuse structures at depth that make geological sense. 692

Low β values place almost all the weight on the data 693

fit. This amplifies the problem of non-uniqueness of solu- 694

tions in our final inverted model, as we would disadvantage 695

geological solutions in order to prioritize an unreasonable 696

density model that fits the data. However, the low value of 697

αs, which allows for high density contrasts, accompanied 698

by a short step size and an starting model that “guides” 699

and brings our solutions closer to geological approxima- 700

tions, allows us to obtain a model with compact bodies, 701

well-defined edges, and geological consistency as is shown 702

in 6. 703

Unlike a common homogeneous starting model, which 704

lacks representative structures and does not contribute 705

to the understanding of the observed data, our proposed 706

starting model incorporates the expected density distribu- 707

tion, represented as a priori information, which facilitates 708

convergence and prevents the algorithm from getting stuck 709

in local minima. 710

αs β

γ

N° iterations

0.66

0.62
0.63

0.64

0.65

0.
0

1e
-5

1e
-4

1
e-

3
1

e-
2

1
e-

1
1

e1
1

e2
1

e3 1e
-5

1
e-

4
1e

-3
1e

-2
1e

-1
1e

1
1e

2
1e

3

20 3
0

4
0

5
0

6
0

7
0

8
0

9
0

1
00

R
M

S
E

Figure 7: The box plot of the RMSE obtained if any of these pa-
rameters (αs, β, number of iterations) takes the value found at the
top, while the other parameters remain static.

In this context, the parameter β controls the relative 711

weight of the starting model in the objective function: 712

higher values of β increase the influence of the starting 713

model on the final solution. In comparison, lower values 714

favor a freer fit to the data. In turn, the αs parameter 715

modulates the effective integration of the starting model 716

into the estimated model; an appropriate αs allows the 717

inversion to preserve the essential structures of the start- 718

ing model, while adjusting them consistently with the ob- 719

served gravimetric response. In this study, the smallness 720

weight αs was intentionally set to a low value in order to 721

relax the constraint between the recovered and starting 722

models. According to Li and Oldenburg (1996, 1998), a 723

small αs allows the inversion to depart from the starting 724

model where required by the data, while still preserving 725

its overall structure through the spatial derivative terms 726

(αx, αy, αz). This configuration is particularly suitable 727

for the sequential WLS–S-IRLS scheme, where the geo- 728

logically informed starting model serves only as a guide 729

rather than a fixed reference. The low αs therefore ensures 730

that new compact structures can emerge in depth without 731
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imposing an excessive bias from the starting model.732

Additionally, the iterative update of the model param-733

eters is scaled by the step length γ, which determines734

the size of each correction during optimization. In this735

study, a low value of γ = 0.2 was adopted after testing736

multiple configurations. The choice of a low γ factor, in737

addition to maintaining a short step, provided a balance738

between stability and convergence speed: smaller values739

of γ resulted in overly conservative updates that delayed740

665 convergence In contrast, huge values produced oscil-741

latory behavior and risked divergence, increasing model742

convergence times.743

It is noteworthy that the inversion was guided by an744

starting model constructed from a priori geological infor-745

mation, rather than by imposing a fixed reference model.746

This strategy provides greater flexibility in contexts char-747

acterized by high geological uncertainty, as the inversion748

is not constrained to remain close to an arbitrary reference749

but is instead free to explore a broader solution space. At750

the same time, because the starting model was designed751

to be geologically plausible and already aligned with the752

expected density distribution, the optimization process re-753

quired fewer iterations to converge toward a stable solu-754

tion. In practice, this reduced the risk of the algorithm755

becoming trapped in non-physical local minima while also756

improving computational efficiency and accelerating the757

recovery of geologically consistent density contrasts. In758

the same way and to show the stability of the inversion759

made, in the Figure 7 shows how the parameters of β760

αs and the number of iterations are varied to verify that761

the true advantage of this methodological approach does762

not lie in the inversion parameters but in the introduction763

of an starting model capable of guiding the inversion in a764

minimum number of iterations. Therefore, we shows that,765

by presenting an inversion methodology that is inherently766

close to the expected result, the proposed method also767

manages to reach the best data mismatch with the same768

number of iterations but in less time.769

The result is a more accurate reconstruction of the ge-770

ometries and density contrasts, preserving geological con-771

sistency throughout the inversion domain.772

With the parameters Wd, Wi, αi, mesh, and β-cooling773

fixed, the two curves isolate the effect of initialization774

on a nonconvex IRLS problem. Both trajectories fol-775

low the expected Tikhonov exchange Φd decreases while776

Φm increases—as β cools (β labels). At the target misfit777

Φ∗
d=135 mGal, the proposed start reaches a lower Φm than778

the homogeneous start, which means a simpler model for779

the same fit. It also reaches acceptance faster (1m56s vs780

2m32s), implying cheaper inner solves along its GN–IRLS781

path. Together, these observations justify the claim that782

the proposed WLS-initialized IRLS pipeline achieves a783

better trade-off point and greater computational efficiency784

than IRLS started from a homogeneous model. The first785

inversion has a shorter time, indicating fewer or cheaper786

internal CG iterations (better conditioning) along the GN-787

IRLS path. Quote the times directly from the graph.788
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Figure 8: Tikhonov trade-off trajectories for two inversion pipelines.
(a) Proposed WLS-IRLS initialization: iteration-wise evolution of
data misfit versus model penalty under a common β-cooling sched-
ule and the time required for the conversion of this model. (b)
Homogeneous-start IRLS with the same parameters and the respec-
tive time of conversion. Filled symbols mark the accepted solutions
at the target misfit (horizontal line).

Understanding the conceptual model of the 789

Cerro Mach́ın Geothermal Area 790

Herrera (2020) correlates conductive layers with zones of 791

hydrothermal alteration, which are the result of the inter- 792

action of geothermal fluid with the host rock, which acts 793

as a seal for the reservoir. Likewise, it indicates that if a 794

seal layer exists in the geothermal system, it would be rep- 795

resented by small, shallow conductive structures located 796

at depths of less than ≈ 700 m. 797

The three-dimensional representation of the conceptual 798

model in Figure 10 of the CMGA geothermal system pro- 799

vides a comprehensive view of the subsurface architecture, 800

outlining the intricate interconnection of its fundamental 801

components. The primary pathways for heat and fluid ad- 802

vection from this source are the volcanic conduit. It is par- 803

ticularly relevant that the main volcanic conduit exhibits a 804

predominant northwest (NW) trend in the model, which 805

leads us to infer that the heat source or main magma 806

chamber could be preferentially located or extend in that 807

direction. 808

The structure of the inverted conduit shows a remark- 809

able spatial correlation with conductive features identified 810

by Herrera (2020) in magnetotelluric models, where resis- 811

tivity values≈1.3 Ω·m delineate a sub-vertical zone coinci- 812

dent with our recovered density anomaly. This correspon- 813

dence supports the interpretation of an active volcanic- 814

geothermal conduit that facilitates the transport of heat 815

and fluids from deep magmatic sources. This body has its 816

upper limit at 1000 m.a.s.l. and its lower limit at -4000 817

m.a.s.l., respectively, and narrows as it ascends, forming 818

a kind of funnel, as shown in Figure 9. 819

The areas with negative lows and mass deficit that ex- 820

press responses in mGal between -2.0 and 0.0 indicate al- 821

teration zones, hydrothermal deposits, and volcanoclas- 822

tic flows with high porosity interpreted as recharge zones 823

(Wei et al., 2025). This interpretation aligns with estab- 824

lished conceptual models of the CMGA, where extensive 825

pyroclastic flow deposits and hydrothermally altered vol- 826
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Figure 10: Three-dimensional conceptual geological-geophysical model of the CMGA system, depicting density distribution. a) View highlight-
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canic sequences create significant density contrasts rela-827

tive to the crystalline basement.828

Pedraza et al. (2022) suggests, through its conceptual829

density model, the presence of structures similar to vol-830

canic conduits with lower absolute density values in con-831

trast to the basement. Furthermore, the magnitude of832

the absolute density (2300 to 2500 kg/m
3
) is within the833

expected ranges for steam-dominated conduits and brec-834

ciated volcanic necks, as documented in comparative stud-835

ies of siliceous volcanic systems (Miller et al., 2017; Trevino836

et al., 2021). Similarly, the peripheral zones maintained837

intermediate density values (2700 kg/m
3
), representing838

the allegedly hydrothermally altered wall rock, because839

these densities align with those presented by Witter et al.840

2016.841

Additionally, the bright red body in the model, asso-842

ciated with the “Monogenetic volcano conduit,” is inter-843

preted as a presumed conduit of a monogenetic volcano,844

representing another significant pathway for fluid migra-845

tion. Permeability in the deep system is enhanced not846

only by these magmatic conduits but also by a complex847

network of regional structures.848

In the shallow portions of the system, the model illus-849

trates a “Seal layer” and a “Sedimentary cover,” which850

act as cap rocks. These units are characterized by rel-851

atively higher densities of 2850 kg/m
3
(reddish tones in852

the model), similar to those of aims Wei et al. (2025),853

which is in a very similar geothermal context, compared854

to the anomalies of the conduits, which is consistent with855

their low intrinsic permeability. Their role is fundamental856

in confining geothermal fluids within the reservoir, main-857

taining optimal pressure and temperature for resource ex-858

ploitation, and preventing uncontrolled heat dissipation. 859

The geothermal reservoir, although not explicitly labeled, 860

is inferred from the rock volumes adjacent to the conduits 861

and the heat source, where permeability develops through 862

secondary porosity in the high-density basement and the 863

overlying volcanic deposits. The hydrothermal alteration 864

zones represented in the shallow portion of the model ex- 865

hibit predominantly low densities of 2300 kg/m
3
(blue 866

tones), which is consistent with hydrothermal alteration 867

processes that can generate lower-density minerals or in- 868

crease porosity due to leaching. According to Gutiérrez 869

(2020), the presence of minerals such as epidote in these 870

zones is a strong indicator of rock-fluid interaction at high 871

temperatures and high densities. 872

The successful recovery of this feature demonstrates the 873

effectiveness of combining smooth starting models from 874

WLS inversion with focused IRLS refinement, providing 875

a two-phases methodology for imaging complex volcanic 876

plumbing systems where both distributed and concentrated 877

density anomalies coexist. 878

CONCLUSIONS

This research highlights the crucial role of incorporat- 879

ing geological a priori information through carefully de- 880

signed starting models in gravity inversion algorithms for 881

volcanic-geothermal systems. The sequential inversion me- 882

thodology, which combines WLS with an initialization 883

with geological constraints followed by IRLS refinement, 884

successfully resolved the convergence of compact bodies 885

at depth, with optimal times and the obtaining of geo- 886

logically reasonable models for the CMGA area. The key 887
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innovation lies in the systematic integration of geological888

knowledge into the inversion workflow for the construc-889

tion of starting models capable of improving IRLS inver-890

sion by promoting well-defined and less smoothed edges891

at depth. The starting model, accompanied by a regu-892

larization that guided it toward the recovery of compact893

and deep structures, recovered focused volcanic conduits894

without converging on non-geological solutions, an indica-895

tor that we are approaching the global minimum we are896

seeking. The optimal setting of the norm [2, 1, 1, 1] effec-897

tively captured the volumetric distribution of the CMGA898

bodies in a manner that satisfied the data. The stability899

of the designed scheme was demonstrated through statis-900

tical analysis, which established the methodology as an901

alternative to traditional inversion that takes advantage902

of a priori information and robust starting models. This903

methodological framework also demonstrated the capabil-904

ities of starting models for use in highly complex inversions905

by streamlining and making the process more efficient,906

converging on a geologically feasible model compared to907

other strategies that work with homogeneous or random908

starting models. The methodology’s success stems from909

recognizing that starting models are not merely numeri-910

cal conveniences but powerful tools for encoding geological911

understanding into mathematical optimization. Showing912

how appropriate initialization strategies can bridge the913

gap between geophysical data and geological reality, this914

work establishes a framework for developing more robust915

inversion algorithms applicable to complex geological en-916

vironments where conventional approaches face problems917

of bodies without geological coherence and diffuse bound-918

aries that are difficult to converge.919
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APPENDIX A: GAUSS–NEWTON SOLUTION
TO INVERSE PROBLEMS ADOPTING

GENERAL MEASURES

If we use general measures of the length of vectors, the1205

above objective function would become in equation (A1)).1206

Therefore, the objective function to be minimized for the1207

inverse problem considered in this paper has the following1208

general form:1209

Φ(m) = Φ
(g)
d

[
Wd

(
dobs−G(m)

)]
+β

∑
i=s,x,y,z

αi Φ
(g)
i

[
Wim

]
.

(A1)

Here, Φ
(g)
d is a symbolic representation of the data misfit1210

defined by a general measure; similar notation is used for1211

the model regularization terms.1212

Assume that at iteration (k + 1) we have the model1213

m(k+1) with predicted data d(k+1) = G(m(k+1)). At1214

the k-th iteration, we minimize the following objective in1215

terms of the perturbation ∆m to update the model (i.e.1216

equation (9)):1217

Φ(∆m) = Φ
(g)
d

[
Wd

(
dobs −G(m(k+1) +∆m)

)]
+ β

∑
i=s,x,y,z

αi Φ
(g)
i

[
Wi

(
m(k+1) +∆m

)]
.

(A2)
The predicted data d(k) = G(m(k)) = G(m(k+1) +1218

∆m), at the kth iteration can be approximated by the first1219

two terms in a Taylor expansion with respect to m(k+1),1220

d(k) = d(k+1)+J(m(k)−m(k+1)) = d(k+1)+J∆m, (A3)

where J is the sensitivity (Jacobian) matrix with elements:1221

Jij =
∂di

∂mj
, (A4)

we can rewrite equation (A2) as1222

Φ(∆m) = Φ
(g)
d

[
Wd

(
dobs − d(k+1) − J∆m

)]
+ β

∑
i=s,x,y,z

αi Φ
(g)
i

[
Wi

(
m(k+1) +∆m

)]
.

(A5)

We next consider the differentiation of the general mea- 1223

sures given in equation (A5) with respect to ∆m. For 1224

convenience, we reformulate equation (A5) as follows: 1225

Φ(∆m) = Φg
d

(
Xd

)
+ β

∑
i=s,x,y,z

αi Φ
g
i

(
Xi

)
, (A6)

where 1226

Xd = Wd

(
dobs − d(k+1) − J∆m

)
, (A7)

1227

1228

Xi = Wi

(
m(k+1) +∆m

)
. (A8)

We apply the chain rule for vector functions. The deriva- 1229

tive of Φ(∆m) with respect to ∆m is given by 1230

∂Φ

∂(∆m)
=

∂Xd

∂(∆m)

∂Φ
(g)
d

∂Xd
+ β

∑
i=s,x,y,z

αi
∂Xi

∂(∆m)

∂Φ
(g)
i

∂Xi
.

(A9)
From equation (A7) and (A8) we have 1231

∂Xd

∂(∆m)
= −J⊤W⊤

d , (A10)

∂Xi

∂(∆m)
= W⊤

i . (A11)

Inserting equation (A10) and equation (A11) into equa- 1232

tion (A9) yields the following equation: 1233

∂Φ

∂(∆m)
= −J⊤W⊤

d

∂Φ
(g)
d

∂Xd
+ β

∑
i=s,x,y,z

αi W
⊤
i

∂Φ
(g)
i

∂Xi
.

(A12)
For the Ekblom norm used in this study, 1234

Φ
(g)
d (Xd) =

n∑
k=1

(
X2

dk + ε2
)p/2

, (A13)

which gives 1235

∂Φ
(g)
d

∂Xdk
= pXdk

(
X2

dk + ε2
) p

2−1
. (A14)

Hence, in vector form 1236

∂Φ
(g)
d

∂Xd
= Rd Xd, (A15)

Rd = diag
(
p
(
X2

d1 + ε2
) p

2−1
, . . . , p

(
X2

dn + ε2
) p

2−1
)
.

(A16)
By the same reasoning, 1237

∂Φ
(g)
i

∂Xi
= Ri Xi, i = s, x, y, z, (A17)
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with Ri defined analogously.1238

∂Φ(∆m)

∂∆m
= −JTWT

dRdXd + β
∑

i=s,x,y,z

αiW
T
i RiXi.

(A18)
Substituting (A7)–(A8), (A15), (A16) and (A17) into1239

(A12) yields1240

∂Φ

∂(∆m)
= −J⊤W⊤

d Rd Wd

(
dobs − d(k+1) − J∆m

)
+ β

∑
i=s,x,y,z

αi W
⊤
i RiWi

(
m(k+1) +∆m

)
.

(A19)
Setting the gradient to zero leads to the linear system1241

to be solved at iteration n:1242

JTWT
dRdWdJ+ β

∑
i=s,x,y,z

αi W
T
i RiWi

∆m

= JTWT
dRdWd

(
dobs − d(k+1)

)
− β

∑
i=s,x,y,z

αi W
T
i RiWi

(
m(k+1)

)
,

(A20)

This system is readily solved with a conjugate-gradient1243

method to obtain ∆m and update the model. At each it-1244

eration, matrices Ri (i = d, s, x, y, z) and the Jacobian J1245

are recomputed from the updated model m(k). The pro-1246

cedure is the standard iteratively reweighted least squares1247

(IRLS) scheme for non-linear inverse problems.1248

APPENDIX B: NOMENCLATURE OF THE ℓp
NORM

In this appendix, we use generalized ℓp regularization to1249

simultaneously control the smallness of the model and its1250

directional roughness. The total cost is1251

Φ(m) = Φd(m) + β Φm(m), (B1)

where Φd is the data misfit (dimensionless chi-square)1252

and Φm is the model objective function. The latter con-1253

sists of two parameters, Φsmall, which penalizes how large1254

the model is relative to a reference model (mref ) or, in1255

this case, relative to zero, while Φsmooth is the sum of the1256

derivative terms (x, y, z) and penalizes the spatial rough-1257

ness of the model to make it smoother.1258

Φm = Φsmall +Φsmooth. (B1)

In a more developed form, we find it as:1259

Φm = αs

∫
v

ws |m|ps dv

+ αx

∫
v

wx

∣∣∣∣∂m∂x
∣∣∣∣px

dv + αy

∫
v

wy

∣∣∣∣∂m∂y
∣∣∣∣py

dv

+ αz

∫
v

wz

∣∣∣∣∂m∂z
∣∣∣∣pz

dv.

(B2)

The choice of p∈[0,2] governs the morphology of the 1260

solution: 1261

• p = 2: quadratic penalty (Tikhonov), smooth and 1262

continuous models; 1263

• p = 1: L1 penalty, blocked models with sharp edges; 1264

• p → 0: focusing (maximum compactness), useful for 1265

discrete bodies. 1266


