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Resumen

Título: Dinámica no adiabática en sistemas cuánticos abiertos excitados por fuentes de luz coherentes e incoherentes

*

Autor: Leonardo Fabián Calderón Mantilla **

Palabras Clave: Sistemas cuánticos abiertos, dinámica no-adiabática, excitación con luz incoherente.

Descripción: Hace más de una década, las oscilaciones coherentes en los espectros no lineales de complejos fo-
tosintéticos captadores de luz suscitaron un intenso debate sobre la existencia de efectos cuánticos no triviales en
reacciones biológicas inducidas por luz. Las evidencias experimentales y teóricas señalan el papel crucial de los mo-
dos vibracionales intramoleculares resonantes con brechas energéticas de estados excitónicos en la interpretación de
las coherencias de larga duración observadas en los espectros bidimensionales de algunos complejos naturales y sin-
téticos de captación de luz. Para el caso de iluminación por luz (solar) natural incoherente, en esta tesis se analizó
la relevancia de estos modos vibracionales intramoleculares en dímeros vibrónicos recolectores de luz. El análisis de
la dinámica de la matriz de densidad revela que la inclusión de modos vibracionales intramoleculares refuerza hasta
un orden de magnitud la coherencia en la base de excitones, y puede aumentar las poblaciones de estados de exci-
tones individuales de menor energía, así como las poblaciones y coherencias en la base de sitios. En claro contraste
con el caso de la preparación del estado inicial por fuentes de luz coherentes (láser), el estado térmico inicial de los
modos vibracionales locales y del modo vibracional anticorrelacionado evoluciona sin correlaciones no clásicas. Esto
se confirma por la ausencia de valores negativos en su distribución de cuasi-probabilidad en el espacio de fase para
todo tiempo. Por lo tanto, el transporte de energía en los complejos recolectores de luz en condiciones de iluminación
natural no es impulsado por procesos vibracionales intramoleculares no clásicos.

* Tesis doctoral.
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Description: More than a decade ago, the coherent oscillations in nonlinear spectra of photosynthetic light-harvesting
complexes ignited an intense debate on the existence of nontrivial quantum effects in light-induced reactions in biology.
Experimental and theoretical evidence indicates the crucial role of specific intramolecular vibrational modes in the
long-lived coherences observed in two-dimensional spectra of some natural and synthetic light-harvesting complexes.
For the case of illumination by natural incoherent (sun)light, the relevance of these intramolecular vibrational modes
is analyzed in the present thesis for light-harvesting vibronic prototype dimers. The analysis of the density matrix
dynamics reveals that the presence of intramolecular vibrational modes reinforces up to one order of magnitude the
coherence in the exciton basis and may increase the populations of lowest energy single exciton states, as well as
populations and coherences in the site basis. In sharp contrast to the case of initial-state preparation provided by
coherent (laser)light-sources, the initial thermal state of the local vibrational modes and the anticorrelated vibrational
mode evolves devoid of non-classical correlations. It is confirmed by the absence of negative values of its phase-space
quasi–probability distribution at all times. Therefore, energy transport in light-harvesting complexes under natural
illumination conditions is not driven by non-classical intramolecular vibrational processes.
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Introduction

One of the biggest challenges in science and engineering is finding clean, renewable, and sustainable energy sources.

The prospect of contributing to new technologies or improving existing technologies related to the collection and

conversion of sunlight is sufficient motivation to develop new experimental techniques and theoretical models [Romero

et al., 2017; Brédas et al., 2017]. Nature shows the possibility of achieving high efficiency, in some cases close to 100%

in the energy harvesting and transfer processes carried out in photosynthesis [Chin et al., 2013; Alharbi and Kais,

2015]. A clear understanding of these processes can lead to a better design of photovoltaic devices and, therefore,

to the implementation of clean and sustainable energy technologies based on sunlight [Brédas et al., 2017; Mirkovic

et al., 2017].

Photosynthesis is the fundamental basis for life on earth. This natural process begins with sunlight capturing

by photosynthetic light-harvesting complexes (pigment- protein complexes, see Fig. 1). The light-harvesting appa-

ratus of photosynthetic organisms is composed of a reaction center, where the primary reactions (charge separation)

associated with chemical energy production occur. The reaction center is surrounded by a network of light-harvesting

Figure 1. Illustration of a photosynthetic light-harvesting complex. The chromophores are indi-
cated in colors blue, red, yellow, and dark green. The protein structure is represented in a light
green color.
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antennae consisting of pigments, called chromophores (e.g., chlorophyll). They are responsible for the colors ob-

served in the different photosynthetic complexes. These pigments are fixed and oriented in a protein structure and

inside an aqueous medium. Pigments represent organic molecules arranged to capture light from blue to near-infrared

wavelengths [Blankenship, 2014].

The light absorption by photosynthetic complexes leads to the excitation of an electron from the highest energy

occupied molecular orbital to the lowest energy unoccupied molecular orbital [Scholes and Rumbles, 2006; May and

Kühn, 2011]. The excited electron in the lowest energy unoccupied molecular orbital and the hole in the highest energy

occupied molecular orbital interact with each other by Coulomb forces, forming an excited state or quasiparticle called

a Frenkel exciton. The lifetime of these quasiparticles, related to the electron-hole pair recombination process, can

vary from hundreds of femtoseconds to nanoseconds [Mirkovic et al., 2017]. After the exciton is created, it must travel

through the pigment-protein antenna complex, transferring between chromophores until it is collected at the reaction

center [Mirkovic et al., 2017].

A first approach proposed for describing the electronic excitation energy transfer process was Förster resonant

energy transfer theory [May and Kühn, 2011; Förster, 1948, 1965]. This theory relies on the following. When a

large distance separates two molecules compared to their size, the electronic coupling between the molecules can be

represented by dipole-dipole interaction. The energy transfer efficiency will depend on the overlap of the emission

spectrum of the donor molecule and the absorption spectrum of the acceptor molecule.

Förster theory offers accurate predictions when the electronic coupling between molecules is weak compared

with the coupling to the surrounding vibrational environment. The vibrational environment is associated with other

pigments, the protein structure to which the pigments are fixed, and the aqueous medium. Strong coupling to the

environment suppresses any correlation between the donor and acceptor molecular states. The electronic excitation is

localized in one molecule and transmitted randomly between one molecule and another. Förster model for electronic

excitation energy transfer is known to describe an incoherent energy transfer regime [Chenu and Scholes, 2015; Cheng

and Fleming, 2009].

In most photosynthetic complexes, there is a high density of pigments in the light-harvesting antennae. The
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spatial separation between pigments varies between 5 to 20 Å [Mirkovic et al., 2017], so the electronic coupling

between pigments can become strong due to their proximity. This situation does not agree with the assumption of

weak electronic coupling in Förster theory, so its applicability is limited in describing the energy transfer process

in various photosynthetic complexes [Chenu and Scholes, 2015; Cheng and Fleming, 2009; Levi et al., 2015]. As a

consequence of strong electronic coupling between pigments, collective or delocalized excited electronic states are

produced, known as Frenkel excitons, or molecular excitons [Chenu and Scholes, 2015; Scholes and Rumbles, 2006;

May and Kühn, 2011]. The excited states are delocalized over two or more pigments. Thus, the excitation corresponds

to a quantum superposition of excited electronic states of different molecules [Chenu and Scholes, 2015; Cheng and

Fleming, 2009; May and Kühn, 2011]. The relative phases associated with the quantum superposition can evolve

coherently during the energy transfer process. Different paths can be realized simultaneously, modifying the transport

properties through quantum interference [Chenu and Scholes, 2015; Scholes et al., 2017; Feynman and Hibbs, 1965;

Valkunas et al., 2013].

Spectroscopic techniques allow determining critical information from the electronic excitation energy trans-

fer process by using ultrafast laser techniques. Spectroscopic techniques determine the energy spectrum structure

and reveal details about the collective excited states, providing insight into the chromophore-system Hamiltonian and

its coupling to the environment [Brumer, 2018]. Also, make it possible to detect the collective absorption and re-

distribution of excitation energy, which are elementary processes characterizing exciton dynamics [Mukamel, 1995].

Thanks to the development of the two-dimensional electron spectroscopy techniques [Jonas, 2003], long-duration os-

cillations (∼1 ps) attributed to the coherent dynamics of electronic excitations were reported in Fenna-Mathews-Olson

(FMO) pigment-protein complex isolated from the green sulfur bacteria [Brixner et al., 2005; Engel et al., 2007;

Panitchayangkoon et al., 2010; Collini et al., 2010] (see Fig. 2).

The duration of these oscillations was similar to the expected time scales of energy transfer, which was

interpreted as electronic excitations traveling coherently through the photosynthetic FMO complex, contrary to the

incoherent transfer regime of Förster theory. Similar observations were reproduced at cryogenic temperatures and

even at room temperature, again in FMO complexes [Panitchayangkoon et al., 2010; Hayes et al., 2011], marine algae
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ences couple to populations. A representative absorptive rephas-
ing 2D spectrum of the FMO complex is shown in Fig. 2 (Inset).
We consider only the absorptive (real) portion of the rephasing
signal, which eliminates contributions from interfering response
pathways and improves spectral resolution. On the diagonal,
excitonic features blend together, but the lowest energy exciton
1 peak is most well resolved. Downhill energy transfer between
two coupled excitonic states gives rise to cross-peaks below the
diagonal. Because of peak broadening and the small energy dif-
ference between excitons 2 and 3, the cross-peaks between exci-
tons 1 and 2 and between excitons 1 and 3 overlap with each
other, apparently forming one well-resolved cross-peak below the
main diagonal.

We observe two pronounced quantum beating frequencies
within the amplitude oscillations of the most well-resolved cross-
peak (green dot) (21). The coherence beating signal (green trace)
in Fig. 2 was obtained by subtracting two exponentials corre-
sponding to population transfer dynamics. A Fourier transform
of this signal reveals approximately twice as great a contribution
from the lower frequency (ω12) component as from the high
frequency component (ω13).

Next, we isolate the population signal. In rephasing 2D spectra,
the perturbative pathways used to probe the populations all
involve interactions with light of the same color. Therefore, sig-
nals associated with populations will appear on the main diagonal
(ωτ ¼ ωt). We hypothesize that coupling between populations
and coherences will be strongest for coherence and populations
involving a common state. Therefore, we expect the coherence
signal isolated above to drive population oscillations on the
main diagonal features either directly above or directly to the left
of the observed coherence signal. The width of our laser spectrum
precludes precise measurements of the lowest energy exciton
population. We therefore extrapolate vertically from the cross-
peak signal to the main diagonal to extract a population signal.

As we will show later, the observed signal appears throughout the
lower part of the diagonal feature and is not strongly dependent
on this choice.

To isolate the oscillatory component of the population signal
from the exponential relaxation dynamics, we again remove a
biexponential decay. The data prior to T ¼ 80 fs have been
excluded from our analysis to avoid pulse overlap effects. The
resulting oscillatory population signal (red) is plotted in Fig. 2
above the quantum coherence beating signal (green) described
previously. We observe pronounced oscillation in the population
with similar frequencies to those in the coherence signal but
phase-shifted from the coherence signal. As a control, we have
checked that this result does not change qualitatively if the initial
coherence time points are discarded providing discrimination
against pulse overlap in the indirect, τ, domain as well.

We examine this phase shift further by quantifying the fre-
quency and phase of the population signal relative to the quan-
tum coherence beating. Using the procedure described by Hayes
et al. (21), we first fit the cross-peak quantum beating signal with
a linear combination of two exponentially damped sine functions,

ScohðTÞ ¼ A12 sinðω12T þ ϕ12Þe−γ12T þ A13 sinðω13T þ ϕ13Þe−γ13T;
[5]

where A12ð13Þ, ω12ð13Þ, ϕ12ð13Þ, and γ12ð13Þ represent the magnitude,
frequency, phase, and lifetime associated with the coherence sig-
nal from excitons 1 and 2 (1 and 3) (all regression parameters are
given in Supporting Information). Next, we model the functional
form of the population oscillation signal. For this regression, we
hold A12ð13Þ, ω12ð13Þ, ϕ12ð13Þ, and γ12ð13Þ constant based on the
above fit to the coherence signal and fit only three parameters:
a phase shift, ΔΦ, and two weighted contributions, κ22;12 and
κ22;13, representing the relaxation superoperator elements that
link coherences to population,

Scoh→popðTÞ ¼ κ22;12A12 sinðω12T þ ϕ12 þ ΔΦÞe−γ12T
þ κ22;13A13 sinðω13T þ ϕ13 þ ΔΦÞe−γ13T: [6]

A comparison of the fits (solid) and raw data (dashed) is shown
in Fig. 2. The resultant phase shift is approximately 90°
(ΔΦ ¼ 85� 9°). The 90° phase shift of the population oscillation
signal allows us to exclude the possibility that this signal is quan-
tum beating due to unitary evolution of the coherences. This
phase shift also effectively discriminates against signals arising
from the wings of the coherence feature; such a signal would
be in phase with the coherence signal. Similarly, coherence beat-
ing due to an excited-state absorption pathway would be 180° out
of phase.

This 90° phase shift is unusual in two-dimensional spectro-
scopy. We designed a filter to better visualize the extent of this
signal. We employ a z-transform filter because it maintains phase
information while providing better filtering than a simple Fourier
transform (22). Applying a z-transform filter across the waiting
time, T, axis of the dataset, we isolate long-lived beating signals
(dephasing rate, Γ, less than 30 cm−1) with a beat frequency,
ωT , between 155 and 163 cm−1, corresponding to the difference
frequency between excitons 1 and 2 (23). This beating signal
appears in our data only at the position of the expected exciton
1-2 cross-peak and on the diagonal directly above it (Fig. 3A).
The phase of the signal (Fig. 3B) shows the characteristic phase
shift of approximately 90° throughout the spectral feature. A
similar relationship exists for the 200 cm−1 beat frequency corre-
sponding to the difference frequency between excitons 1 and 3
(see Supporting Information). This filter confirms that the signal
is specific to the exciton and population in question and does not
arise from vibration, laser fluctuations, or other noise sources.

Fig. 2. An overlay of quantum coherence beating (green) and population
oscillation (red) highlights the 90° phase shift in the experimental signals ex-
tracted from rephasing data. This observed phase shift results from a cou-
pling between the oscillating coherence signal to the time-derivative of
population dynamics. The experimental data are shown in solid circles con-
nected by dashed lines, and the fits are shown in solid lines. A representative
2D spectrum from a rephasing pathway at T ¼ 1;260 fs is shown in the Inset;
the green and red circles highlight the spectral position from which the sig-
nals are extracted. The fit of the population oscillation signal is obtained by
adjusting only the phase and amplitudes of the fit of the coherence signal.
Although the model successfully captures the frequency and position of the
extrema, the population signal also couples to other coherences giving rise to
fluctuations not captured by this model.

20910 ∣ www.pnas.org/cgi/doi/10.1073/pnas.1105234108 Panitchayangkoon et al.

Figure 2. Figure taken from Ref. [Panitchayangkoon et al., 2010]. Quantum coherence beating
and population oscillation were reported in experimental signals of two-dimensional electronic
spectra in the Fenna-Matthews-Olson (FMO) complex of the green sulfur bacteria, Chlorobaculum
tepidum.

[Collini et al., 2010], LHCII photosynthetic complexes [Calhoun et al., 2009], vascular plant reaction centers [Fuller

et al., 2014; Romero et al., 2014], among others [Romero et al., 2017; Scholes et al., 2017]. The above stimulated the

search for theoretical models describing these experimental results and their relation to possible non-trivial quantum

effects [Brumer, 2018; Scholak and Brumer, 2017] (interference, entanglement, nonlocality, sub-Poissonian bosonic

statistics, etc.), particularly the definition of different types of quantum correlations (electronic, vibrational, vibronic)

and their relevance to the high efficiency of the energy transfer process [Ishizaki et al., 2010; Pachón and Brumer,

2011, 2012; Chenu and Scholes, 2015].

Gradually, with the refinement of experimental techniques and more sophisticated theoretical models, a con-

sensus has been reached. The origin and frequency of the long-lived oscillations observed in experiments must be

attributed to the intricate interaction between electronic and vibrational degrees of freedom present in photosynthetic

complexes [Romero et al., 2017; Chin et al., 2013; Kolli et al., 2012; Christensson et al., 2012; Scholes et al., 2017].

The origin of the long-lived oscillations reported in experiments has been related to couplings between electronic and

intramolecular vibrational degrees of freedom (vibronic couplings) of pigments interacting in diverse coupling regimes
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Figure 3. Illustration of a global system (open system + environment). The reduced density
operator ρ̂S(t) of the open system is defined by taking the partial trace over the environment degrees
of freedom TrE from the global system density operator ρ̂SE(t).

with vibrational environments. In 2013, it was reported that intramolecular vibrations with energies comparable to the

energy difference between excitonic states lead to nonadiabatic energy transfer in the Fenna-Matthews-Olson complex

[Tiwari et al., 2013]. These results have been tested in different photosynthetic complexes and recognize the funda-

mental role of vibronic couplings in the energy transfer process in photosynthetic complexes [Chin et al., 2013; Fuller

et al., 2014; Romero et al., 2014; Dijkstra et al., 2015; Malý et al., 2016; Dean et al., 2016; Bennett et al., 2018; Wang

et al., 2019; Yeh et al., 2019; Wang et al., 2019; Arsenault et al., 2020; Cao et al., 2020; Higgins et al., 2021].

Modeling energy transport in photosynthetic complexes is generally structured in

open quantum systems theory [Breuer and Petruccione, 2002; Schlosshauer, 2007; May and Kühn, 2011; Rivas and

Huelga, 2012; Weiss, 2012] since the many electronic and vibrational degrees of freedom involved in the energy trans-

fer process [May and Kühn, 2011; Pachón and Brumer, 2012; Chenu and Scholes, 2015]. Then open quantum system

represents the set pigments associated with the energy transfer process. The environment in which the pigments are

immersed (protein structure, solvent) is modeled as a set of harmonic oscillators (phonon bath), whose influence on

the system causes energy dissipation and deterioration of quantum correlations (decoherence) [Pachón and Brumer,

2012; Chenu and Scholes, 2015; May and Kühn, 2011; Valkunas et al., 2013]. The system and the environment are

described by mixed states and are represented by density operators [Breuer and Petruccione, 2002; Weiss, 2012]. The

reduced density operator of the open system is defined by taking the partial trace over the environment degrees of

freedom from the global system (open system + environment) density operator (see Fig. 3).
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There are different methodologies to calculate the dynamics of the reduced density operator. When the cou-

pling between the electronic degrees of freedom of the system and the phononic degrees of freedom of the environment

is weak, one can use second-order perturbation theory to find a master equation describing the dynamics of the energy

transfer [Breuer and Petruccione, 2002]. In the particular case, from a basis of energy eigenstates of the Hamilto-

nian system, the Redfield master equation is obtained [May and Kühn, 2011; Valkunas et al., 2013; Cohen-Tannoudji

et al., 1998]. The validity of the Redfield formalism in modeling energy transfer processes in different photosynthetic

complexes has been widely discussed [Chenu and Scholes, 2015; Cheng and Fleming, 2009]. In some photosynthetic

complexes, the energy gaps between excitonic levels are comparable to the energy of interaction with the environment.

This frames the energy transfer problem in an intermediate coupling regime, in which conventional approaches such as

Förster theory, or the formalism based on Redfield master equations, prove inadequate [Chenu and Scholes, 2015; Levi

et al., 2015]. In these circumstances it is necessary to use non-perturbative methods such as: hierarchical equations of

motion [Ishizaki and Tanimura, 2005], the time-dependent Hartree multiconfiguration method [Beck et al., 2000], the

method of polaronic transformations [Jang, 2011; Wang et al., 2015], among others [Chenu and Scholes, 2015].

Experiments carried out through spectroscopic techniques using laser light (coherent light) have made it possi-

ble to discover transcendental features in the dynamics of electronic excitation energy transfer and structure of various

photosynthetic complexes [Jang and Mennucci, 2018; Cao et al., 2020]. However, these are not adapted to the natural

conditions under which the energy transfer process in photosynthesis occurs, i.e., under excitation by incoherent light

from the sun (see Fig. 4). An extensive discussion on this topic in recent years has shed light on the type of coherences

induced by incoherent light excitation and their impact on the energy transfer process [Mančal and Valkunas, 2010;

Brumer and Shapiro, 2012; Tscherbul and Brumer, 2014; Sadeq and Brumer, 2014; Grinev and Brumer, 2015; Dodin

et al., 2016a,b; Pachón et al., 2017; Brumer, 2018; Chenu et al., 2014, 2015; Chenu and Brumer, 2016]. It is by now

clear that the dynamics induced by suddenly-turned-on incoherent sunlight are qualitatively different from coherent

laser sources and also different from a bare white-noise-source provided that the spectral density of incoherent radia-

tion has a super-Ohmic character and does not induce pure dephasing dynamics [Pachón et al., 2017; Brumer, 2018;

Mančal, 2020].
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Figure 4. Light-induced processes such as energy transfer in light-harvesting systems are often
studied in the laboratory using coherent pulsed laser sources, which induce a molecular response
totally different than stationary incoherent thermal radiation, such as sunlight.

To account for that natural scenario in which chromophores harvest incoherent sunlight in the presence of

localized (intramolecular) vibrational modes [Calderón and Pachón, 2020], in this thesis will be consider vibronic

dimers formed by chromophores treated within the two-level approximation and a quantized intramolecular vibrational

mode in interaction with each chromophore. The vibronic dimers are initially set up in their electronic ground and

thermal equlibrium vibrational state. The excitation ignited by sunlight is then dissipated by a thermal phonon bath

that accounts for the effects of the protein and solvent environments. The subsequent dynamics of the vibronic dimers

are compared, in the site and exciton bases, with the dynamics of its corresponding electronic dimer with no specific

intramolecular vibrational modes. Also, it will be shown that the state of intramolecular vibrations evolves devoid of

non-trivial quantum correlations. As concrete examples, the two phycoerythrobilin chromophores from the protein-

antenna phycoerythrin 545 and the two dihydrobiliverdin chromophores from the protein-antena phycocyanin 645 of

marine cryptophyte algae are considered.

The final subject in this thesis is the discussion on whether classical light sources could induce the same effects

as some quantum light sources on molecular systems confined in microcavities. The coupling of a molecular system to

the confined photonic degrees of freedom in microcavities [Kavokin et al., 2007] can alter the molecular dynamics by

changing the chemical landscape giving place to new photophysical [Ebbesen, 2016; Ribeiro et al., 2018; Ruggenthaler
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et al., 2018; Flick et al., 2018; Dovzhenko et al., 2018; Herrera and Spano, 2018; Feist et al., 2018; Kockum et al.,

2019; Hertzog et al., 2019; Herrera and Owrutsky, 2020]. It presents as a promising tool to control room-temperature

photophysical processes in organic molecules. Evidence of these new phenomena has been discussed in the context

of singlet fission [Martínez-Martínez et al., 2018], triplet harvesting [Martínez-Martínez et al., 2019], energy transfer

[Zhong et al., 2016, 2017; Sáez-Blázquez et al., 2018; Du et al., 2018; Sáez-Blázquez et al., 2019], remote control of

chemical reactions [Du et al., 2019], and nonadiabatic effects [Galego et al., 2015; Kowalewski et al., 2016a; Gu and

Mukamel, 2020].

However, despite the nonadiabatic effects in the adiabatic ground state populations, evidence in the NaI mol-

ecule [Kowalewski et al., 2016a; Csehi et al., 2017] points to the lack of noticeable difference between the ignited

by classical laser radiation and cavity-induced dynamics. In classical control theory [Shapiro and Brumer, 2003],

light properties such as intensity and phase are utilized to modify the intrinsic dynamics of molecular reactions with

classical laser-control schemes. While in quantum cavity chemistry, the quantum nature of light becomes essential for

controlling the chemical landscape of molecular reactions [Ribeiro et al., 2018]. This situation has raised the interest

in analyzing under what conditions classical radiation fields can produce the same molecular dynamics as light quan-

tum states [Csehi et al., 2019]. In the present thesis, a second-order quantum-classical master equation formalism will

be developed to address the direct comparison with a full quantum second-order master equation for the molecular

system dynamics [Calderón and Pachón, 2021].

This thesis is organized as follows: Chapter 1 introduces the basic concepts and generalities of open quantum

systems required to discuss the light-harvesting system dynamics. Chapter 2 discusses the relevance of intramolecular

vibrational modes under sunlight illumination by analyzing the density matrix dynamics in the exciton and site bases of

vibronic dimers. Chapter 3 analyzed the non-classical features of the reduced dynamics of intramolecular vibrational

modes, comparing the illumination by coherent and incoherent light sources. Chapter 4 introduces a quantum-classical

projection operator formalism to deduce a quantum-classical second-order master equation for a molecular system

treating the light degrees of freedom classically, to explore the conditions to generate cavity chemistry effects without



NONADIABATIC DYNAMICS IN OPEN QUANTUM SYSTEMS 18

cavities. Chapter 5 summarizes the findings.

1. Open quantum systems

This chapter addresses the generalities and main concepts of the theory of open quantum systems necessary

for developing the next chapters. After it is realized that none physical system in nature is entirely isolated, the

importance of open quantum systems theory is evident [Kubo et al., 1985; Gardiner, 1991; Mandel and Wolf, 1995;

Cohen-Tannoudji et al., 1998; Breuer and Petruccione, 2002; Nitzan, 2006; Schlosshauer, 2007; May and Kühn, 2011;

Weiss, 2012; Rivas and Huelga, 2012; Valkunas et al., 2013]. Thus, in the last decades, different methods, theoretical

insights, and numerical techniques have been developed to describe more realistic open quantum system dynamics that

account for non-markovian effects, strong coupling, structured environments, and low-temperature regimes [Xiong

et al., 2015; Breuer et al., 2016; De Vega and Alonso, 2017].

Many research areas as quantum computing, condensed matter, quantum biology, chemical physics, and quan-

tum optics have made significant progress due to advances in open quantum systems theory [De Vega and Alonso,

2017]. In the context of light-harvesting systems, such as photosynthetic complexes, the interplay of the pigment mol-

ecules with intra/inter-molecular vibrations and the incoherent sunlight radiation is critical to determine the electronic

energy transfer dynamics [Pachón and Brumer, 2012; Huelga and Plenio, 2013; Levi et al., 2015; Jang and Mennucci,

2018; Mančal, 2020]. Thus, the system of pigment molecules represents an open quantum system in interaction with a

low temperature (300 K) phonon bath (intermolecular vibrations) and a high temperature (5600 K) blackbody radiation

bath [Pachón et al., 2017; Brumer, 2018; Calderón and Pachón, 2020]. Usually, intramolecular vibrational degrees of

freedom, as those considered in the next chapter, are treated explicitly within the Hamiltonian of the open system. The

energy of these intramolecular vibrations is comparable to the excitonic splitting. Thus, their energy is higher than

the intermolecular degrees of freedom modeled in the phonon bath [Malý et al., 2016; Yeh et al., 2019; Calderón and

Pachón, 2020].

This chapter is organized as follows: In the first section, the primary concepts related to the statistical operator

will be established. In the second section, the basic concepts in the open quantum systems theory will be briefly

discussed. The third section will focus on analyzing a second-order master equation, named the Redfield master
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equation [May and Kühn, 2011; Pachón et al., 2017; Calderón and Pachón, 2020]. Finally, at the end of this chapter,

a second-order quantum-classical master equation formalism will be developed to treat the environment degrees of

freedom classically [Calderón and Pachón, 2021].

1.1. Density operator

The Schrödinger equation determines the time evolution of a closed system, i.e., one that is isolated from its

environment

i}
∂
∣∣ψ(t)

〉
∂ t

= Ĥ(t)
∣∣ψ(t)

〉
, (1)

where Ĥ is the Hamiltonian of the closed system. All the physical information of this kind of systems is entirely

encoded by a pure state
∣∣ψ(t)

〉
.

If a quantum system is in a mixed state, that is, in a statistical mixture of numbered pure states
{∣∣ψn(t)

〉}
,

with probabilities {pn}, it can be characterized by the density operator [Cohen-Tannoudji et al., 1992] defined as

ρ̂(t) = ∑
n

pn
∣∣ψn(t)

〉〈
ψn(t)

∣∣, (2)

where the coefficients pn ≥ 0 satisfy the normalization condition ∑n pn = 1. When all the coefficients pn = 0, except

one of them pm = 1, the system is found in a pure state. The main properties of the density operator are:

• ρ̂† = ρ̂ (Hermiticity).

• Tr ρ̂ = 1 (Normalization)1.

• Tr ρ̂2 = 1 (Valid for pure states).

• Tr ρ̂2 < 1 (Valid for mixed states).

1 The symbol Tr refers to the trace of the operator analyzed and corresponds to the sum of the diagonal elements in a
matrix representation for a complete orthonormal basis

∣∣n〉. Tr Â = ∑n
〈
n
∣∣Â∣∣n〉= ∑n Ann [Breuer and Petruccione,

2002; May and Kühn, 2011].
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• ρaa ≥ 0 (Non-negative diagonal elements in any representation, see Eq. 4).

• ρaaρbb ≥ |ρab|2 (Schwartz inequality).

In terms of the density operator, the expected value of an operator Ô reads
〈
Ô
〉
= Tr{ρ̂Ô}. Differentiating Eq. (2)

with respect to time and making use of the Schrödinger equation, the temporal evolution of the density operator obeys

the von Neumann equation [Cohen-Tannoudji et al., 1992]

dρ̂(t)
dt

=− i
}
[
Ĥ(t), ρ̂(t)

]
. (3)

1.1.1. Populations and coherences: elements of the density matrix. For a complete

orthonormal basis of states
∣∣a〉, the density operator can be represented as

ρ̂ = ∑
a,b

〈
a
∣∣ρ̂∣∣b〉∣∣a〉〈b∣∣= ∑

a,b
ρab
∣∣a〉〈b∣∣. (4)

The diagonal elements of the density matrix operator

ρaa =
〈
a
∣∣ρ̂∣∣a〉= 〈a∣∣∑

n
pn
∣∣ψn
〉〈

ψn
∣∣a〉= ∑

n
pn
∣∣〈a∣∣ψn

〉∣∣2 , (5)

are interpreted as the probability of finding the state
∣∣a〉 in the statistical mixture described by the density operator

ρ̂ . For the above, ρaa it is called the population of the state
∣∣a〉, that is, if the same measurement is carried out N

times under the same conditions, N being a large number, Nρaa systems will be in the state
∣∣a〉 [May and Kühn, 2011;

Cohen-Tannoudji et al., 1992].

The non-diagonal elements of the density matrix operator

ρab =
〈
a
∣∣ρ̂∣∣b〉= 〈a∣∣∑

n
pn
∣∣ψn
〉〈

ψn
∣∣b〉= ∑

n
pn
〈
a
∣∣ψn
〉〈

ψn
∣∣b〉= ∑

n
pnca(n)c∗b(n), (6)

are associated with the effects of quantum interference between the
∣∣a〉 and

∣∣b〉 states, when these are part of a coherent
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linear superposition in the
∣∣ψn
〉

state, i.e., ρab corresponds to the average of the interference terms ca(n)c∗b(n) over the

statistical mixture described by the ρ̂ operator. For this reason, the terms ρab are called coherences [May and Kühn,

2011; Cohen-Tannoudji et al., 1992].

It is important to point out that the classification into populations and coherences for the matrix elements of

the ρ̂ density operator depends on the adopted basis
∣∣a〉. In particular, in the context of photosynthetic light-harvesting

complexes, the site and exciton bases are important to discussing the relevance of long-lived quantum coherences

reported with pulsed-laser sources in the context of the natural light-excitation scenario by incoherent sunlight [Pachón

and Brumer, 2012; Levi et al., 2015; Mančal, 2020].

1.2. Open quantum systems: basic concepts

An open quantum system S couples to another system with many degrees of freedom, which represents the

environment B. These two systems are part of a global system S+B, which is considered isolated. Occasionally, the

open system S is called as the relevant system. As a consequence of the system-environment coupling, the system S

dissipates part of its energy to the environment B and suffers a decay in its quantum correlations, named decoherence

[Breuer and Petruccione, 2002; Nitzan, 2006; Weiss, 2012; May and Kühn, 2011; Schlosshauer, 2007]. The open

quantum system theory plays a transcendental role in many applications of quantum physics, where isolation of the

system is unfeasible, and a complete microscopic description or control of the degrees of freedom of the environment

is not possible or only partially [Breuer and Petruccione, 2002; De Vega and Alonso, 2017; Weiss, 2012; Schlosshauer,

2007].

In the description of the problem using the system-reservoir approach [Breuer and Petruccione, 2002; May

and Kühn, 2011; Weiss, 2012; Schlosshauer, 2007; Valkunas et al., 2013], the Hilbert space of the global system S+B

is given by the tensor product HSB = HS⊗HB, where HS and HB represent the Hilbert spaces of the system S and

the environment B, respectively. The Hamiltonian of the global system S+B can be written in the form

Ĥ = ĤS + ĤB + ĤSB, (7)
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where ĤS represents the free Hamiltonian for the system S, ĤB the free Hamiltonian for the environment B, and ĤSB

the interaction Hamiltonian, which describes the coupling between the open quantum system S and the environment

B [Breuer and Petruccione, 2002; Rivas and Huelga, 2012; Weiss, 2012; Schlosshauer, 2007].

The quantum state of the global system S+E is described by the density operator ρ̂SB and follows the von

Neumann equation

d
dt

ρ̂SB(t) =−
i
}
[
Ĥ, ρ̂SB(t)

]
. (8)

Usually, the open quantum system has few degrees of freedom, while the environment has many degrees of freedom,

generally considered infinitely large. In statistical mechanics the environment represents a reservoir, if its degrees of

freedom are infinite. Moreover, if it is in a state of thermal equilibrium, such a reservoir is considered as a thermal

bath [Breuer and Petruccione, 2002; Rivas and Huelga, 2012; May and Kühn, 2011; Valkunas et al., 2013].

The primary purpose in the theory of open quantum systems is to avoid the integration of the global system,

that is, the open quantum system of interest S together with its environment B, due to the enormous number of

degrees of freedom involved. Additionally, the physical effects of interest, both their identification and interpretation,

are associated with the dynamics of the open quantum system S, so the explicit dynamics of the environment is not

relevant, but its effect on the system S. It is achieved by describing the dynamics of the open quantum system S in

terms of the reduced density operator, as it will be analyzed later [Breuer and Petruccione, 2002; Rivas and Huelga,

2012; May and Kühn, 2011; Weiss, 2012; Schlosshauer, 2007; Valkunas et al., 2013].

1.2.1. Reduced density operator. The global system S+B described by the density op-

erator ρ̂SB(t), evolves according to the von Neumann equation (3) through the Hamiltonian of Eq. (7) [Breuer and

Petruccione, 2002; Rivas and Huelga, 2012; Weiss, 2012; Schlosshauer, 2007]. The dynamics of the open quantum

system S is described by means of the reduced density operator, which is calculated tracing over the degrees of free-

dom of the environment B of the global system density operator S+B. Thus, the reduced density operator of the open

quantum system S is given by

ρ̂S(t) = TrB ρ̂SB(t) = TrB{Û(t, t0)ρ̂SB(t0)Û
†(t, t0)}, (9)
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where Û represents the evolution operator of the global system S+B.

S,HS, ρ̂S

E,HE, ρ̂E

S+E,HS⊗HE, ρ̂

Figure 5. Open system-Environment representation.

The influence of the environment B over the system S leads to a non-unitary dynamics, which is evidenced

through dissipation and decoherence [Breuer and Petruccione, 2002; Rivas and Huelga, 2012; May and Kühn, 2011;

Weiss, 2012; Schlosshauer, 2007]. The expected value of an operator ˆA defined in the Hilbert space HS of the open

quantum system S is computed by means of reduced density operator

〈 ˆA
〉
= TrS{ ˆA ρ̂S}. (10)

1.2.2. Quantum dynamical maps. Considering there is no initial correlations between the

system and the environment, the initial state of the global system S+B is given by

ρ̂SB(0) = ρ̂S(0)⊗ ρ̂B(0). (11)

The reduced density operator of the open quantum system S as a function of time t ≥ 0 reads

ρ̂S(t) = TrB{Û(t)ρ̂S(0)⊗ ρ̂B(0)Û†(t)}. (12)
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For an fixed initial environment state ρ̂B(0), Eq. (12) defines a lineal map Φ(t,0) over the open quantum system

Hilbert space HS, that transforms the initial state ρ̂S(0) to the state ρ̂S(t) at the time t

ρ̂S(0) 7→ ρ̂S(t) = Φ(t,0)ρ̂S(0). (13)

Φ is named quantum dynamical map. This map preserves the hermiticity (Φ(t,0) ˆA )† = Φ(t,0) ˆA † and the trace of

operators TrS{Φ(t,0) ˆA } = TrS{ ˆA }. Aditionally, Φ(t,0) represents a positive map, i.e., which transforms positive

operators to positive operators ˆA ≥ 0 =⇒Φ(t,0) ˆA ≥ 0, which means a transformation of physical states to physical

states, therefore, the probabilities remain positive under the map [Breuer, 2012; Rivas et al., 2014]. The dynamical

map Φ(t,0) is also completely positive. The dynamical map Φ(t,0) is completely positive if and only if admits a Kraus

representation, such that Φ ˆA = ∑i Ω̂i ˆA Ω̂†
i , for operators Ω̂i of the Hilbert space HS, where the trace is preserved if

and only if the normalization condition ∑i Ω̂†
i Ω̂i = 1̂S is satisfied [Breuer, 2012; Rivas et al., 2014].

The complete positivity guarantees that not only all the physical states of S are transformed to physical states

of S, but, also that all the physical states of the global system S+R are transformed to physical states of the global

system S+R [Breuer, 2012; Rivas et al., 2014]. If the t parameter in Φ(t,0) is allowed to vary, keeping the initial state

of the environment fixed ρ̂B(0), it gets a one-parameter family of completely positive dynamic maps that preserve the

trace

{Φ(t,0) | t ≥ 0,Φ(0,0) = 1̂}. (14)

This family defines a quantum process for the opem system S.

Assuming a smooth temporal dependence and differentiating Eq. (13) with respect to time

dρ̂S(t)
dt

= Φ̇(t,0)ρ̂S(0), (15)

where the dot indicates the derivative with respect to time of Φ(t,0). In order to obtain a time-local master equation,
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the map defined in Eq. (13) can be inverted, so Eq. (15) can be expressed in the form

dρ̂S(t)
dt

= Φ̇(t,0)Φ(t,0)−1
ρ̂S(t). (16)

The linear application K (t) = Φ̇(t,0)Φ(t,0)−1 can be defined as a time-dependent generator for the reduced density

operator dynamics ρ̂S, which leads to a local master time equation for the open quantum system S

dρ̂S(t)
dt

= K (t)ρ̂S(t). (17)

The above equation does not imply an integration over the past history of the reduced density operator, as in the case of

the Nakajima-Zwanzig master equation [Breuer and Petruccione, 2002]. The generator K (t) of the time-local master

equation must preserve hermiticity (K (t) ˆA )† = K (t) ˆA † and the trace TrS{K (t) ˆA } = 0 [Breuer, 2012]. Using

the method of projection operators without time convolution [Breuer and Petruccione, 2002] it is possible to obtain

an equation in the form (17) for small and intermediate couplings in the case of an initial state not correlated between

system and environment. Equation (17) represents an ideal starting point for a perturbative expansion of the generator

K (t) in powers with respect to a coupling parameter α . In this way, the generator can be expanded in the form

K (t) =
∞

∑
n=1

α
nKn(t). (18)

1.2.3. Markovian quantum processes. A family of dynamical quantum maps Φ(t,0) cor-

responds to a Markovian (divisible) process if [Rivas and Huelga, 2012; De Vega and Alonso, 2017; Rivas et al.,

2014] for all t2 ≥ t1 ≥ 0 exits a dynamical map Φ(t2, t1) completely positive that preserves the trace, such that the next

relation is satisfied

Φ(t2,0) = Φ(t2, t1)Φ(t1,0). (19)
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An operator L represents the generator of a Markovian quantum process for the system S if and only if can be written

as [Rivas and Huelga, 2012; Rivas et al., 2014]

dρ̂S(t)
dt

= L [ρ̂S(t)] =−i
[
ĤS, ρ̂S

]
+∑

i
γi(t)

(
ˆAiρ̂S(t) ˆA †

i −
1
2

{
ˆA †
i

ˆAi, ρ̂S(t)
})

, (20)

where ĤS is a self-adjont Hamiltonian operator of the system S which not necessarily coincides with the one considered

in Eq. (7), ˆAi represent Lindblad operators of the system S, and γi(t) ≥ 0 for all i and time t, are the relaxation

coefficients [Breuer and Petruccione, 2002; Rivas and Huelga, 2012; Breuer, 2012; Rivas et al., 2014]. Equation 20 is

known as the Lindblad master equation and represents one the cornerstones in the theory of open quantum systems.

From the classical random processes theory, Markovian processes are defined as memory-less processes. To

understand this interpretation from the open quantum system viewpoint, it considers that the open quantum system S

and the environment B interact through a sequence of individual collisions at times t1, t2, . . . , tn as considered by Rivas

et. al. [Rivas et al., 2014] Each collision produces a change in the state of the system ρ̂S given by

ρ̂S(tn+1) = TrB
[
Û(tn+1, tn)ρ̂S(tn)⊗ ρ̂BÛ†(tn+1, tn)

]
= Φ(tn+1, tn)ρ̂S(tn), (21)

where ρ̂B it is considered invariant under each collision. Since Φ(tn+1, tn) represents a completely positive map. The

successive concatenations of the collisions lead to a quantum markovian process in such a way that if

ρ̂S(tn+2) = Φ(tn+2, tn)ρ̂S(tn), (22)

then

ρ̂S(tn+2) = Φ(tn+2, tn+1)ρ̂S(tn +1) = Φ(tn+2, tn+1)Φ(tn+1, tn)ρ̂S(tn), (23)

Therefore, it is concluded that

Φ(tn+2, tn) = Φ(tn+2, tn+1)Φ(tn+1, tn). (24)
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In this way, a completely positive process Φρ̂S can be understood as the reduced dynamics of some unitary evolution

acting on a global system ρ̂S⊗ ρ̂B, where ρ̂B is invariant and independent of ρ̂S. Therefore, in the context of open

quantum systems, Markovian quantum processes can be understood as a sequence of interactions without memory,

where the state of the environment is the same, that is, the environment B has no memory of the interaction with the

system S, and the state of the global system S+B is uncorrelated in each interaction as if there were no previous

interaction [Rivas et al., 2014].

1.2.4. Non-Markovian quantum processes. In many circumstances the correlation time

of the environment is not small compared to the relaxation time of the system, so it is not correct to consider a

Markovian approach. This may be due to strong coupling between the system and the environment, finite or structured

environments, low temperatures, or strong initial correlations between the system and the environment [De Vega and

Alonso, 2017; Breuer et al., 2016]. In these cases, where there is a substantial deviation from the dynamics of a

Markovian quantum process, it is considered as a non-Markovian process.

Non-Markovian quantum processes dynamics based on equations for the reduced

density operator, some techniques stand out, such as: the formalism of Nakajima-Zwanzig projection operators, deriva-

tion of local master equations in time using the method of projection operators without time convolution, the functional

of influence method by means of trajectory integrals [Grabert et al., 1988], among others [De Vega and Alonso, 2017].

Although recently there have been significant advances in the quantification of non-Markovian dynamics through the

structuring of different measures of non-Markovianity, the study of non-Markovian processes represents a field in

constant development and with great challenges to be solved [Breuer et al., 2016; De Vega and Alonso, 2017; Rivas

et al., 2014].

To quantify the non-markovian character of a quantum process, in recent years have been introduced different

measures of non-markovianity based on the deviation from a divisible application and the quantification of the return

of information from the environment to during the system dynamics, through functions that assign a positive number

or zero, so that the zero value is obtained if and only if the process is markovian [De Vega and Alonso, 2017; Rivas

et al., 2014; Breuer et al., 2016].
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1.3. Dynamics of open quantum systems

In this section, it will be discussed the time evolution equations for the reduced density operator, which

will determine the dynamics of the open quantum system S, these equations are called master equations. Several

techniques have been developed to deduce master equations that account for the main physical effects due to the

influence of the environment over the open quantum system [Kubo et al., 1985; Gardiner, 1991; Mandel and Wolf,

1995; Cohen-Tannoudji et al., 1998; Nitzan, 2006; Schlosshauer, 2007; May and Kühn, 2011; Weiss, 2012; Rivas and

Huelga, 2012; Valkunas et al., 2013; Breuer and Petruccione, 2002]. Here, the focus will be on the projection operator

techniques.

From the von Neumann equation (Eq. 8) and the reduced density operator definition Eq. (9), it follows

dρ̂S(t)
dt

=− i
}

TrB
[
Ĥ, ρ̂SB(t)

]
, (25)

with the Hamiltonian of the global system Ĥ = ĤS + ĤB + ĤSB.

dρ̂S(t)
dt

=− i
}
[
ĤS, ρ̂S

]
− i

}
TrB

[
ĤSB, ρ̂SB

]
, (26)

The above equation is not a closed equation for the reduced density operator, since the global density operator ρ̂SB

still appears. In the following sections, this problem will tackle through projection operator techniques that lead to

master equations that describe the dynamics of the reduced density operator only. If ĤSB = 0, the equation of motion

for the reduced density operator correspond to the von Neumann equation, describing the isolated dynamics of the

open system S.

1.3.1. Projection operator techniques. The projection operator techniques allow to obtain

an equation of motion for the reduced density operator of the open quantum system S by making a projection onto the

relevant part of the global density operator [Mandel and Wolf, 1995; Breuer and Petruccione, 2002; Nitzan, 2006; May

and Kühn, 2011; Weiss, 2012; Rivas and Huelga, 2012; Valkunas et al., 2013; De Vega and Alonso, 2017] . Therefore,
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the operation of tracing of the environment degrees of freedom is achieved as a formal projection ρ̂ 7→ Pρ̂ in the state

space of the global system. Thus, the projection operator P is defined in such a way that the relevant part of the global

density operator is given by

Pρ̂SB = ρ̂B(t0)TrB{ρ̂SB}, (27)

where ρ̂B(t0) is the initial state of the environment.

The projection operator P is defined according to the physical situation analyzed, that in most cases corre-

sponds to an environment modeled as a reservoir of infinite degrees of freedom in a thermal equilibrium state, i.e., a

thermal bath [Breuer and Petruccione, 2002; De Vega and Alonso, 2017], and described by the density operator

ρ̂B,eq =
e−β ĤB

TrB e−β ĤB
, (28)

where β = 1/kBT , kB represents the Boltzmann constant, and T the temperature of the bath. In this scenario, the

projection operator P is defined as

Pρ̂SB = ρ̂B,eq TrB ρ̂SB. (29)

This projection operator is know as the thermal projector [Nitzan, 2006], since the choice of the thermal equilibrium

state for the environment initial state. Therefore, the reduced density operator for the system S corresponds to ρ̂S =

TrBPρ̂SB, since TrB ρ̂B,eq = 1. The complementary projector Q satisfies

Qρ̂SB = ρ̂SB−Pρ̂SB, (30)

and defines the irrelevant part Qρ (environment) of the global system. Since TrB ρ̂B,eq = 1 and TrS ρ̂S = 1, the projector

operators are idempotent, P2 = P and Q2 = Q. Besides, by construction they satisfy PQ= QP= 0, and P+Q= 1.

In the interaction picture [Cohen-Tannoudji et al., 1992; Weinberg, 2015; May and Kühn, 2011] the von



NONADIABATIC DYNAMICS IN OPEN QUANTUM SYSTEMS 30

Neumann equation for the global system (Eq 8) reads

dρ̂
(I)
SB(t)
dt

=−iL(I)
SB(t)ρ̂

(I)
SB(t). (31)

Here the Liouvillian operator is given by L
(I)
SB(t)• = 1

}

[
Ĥ(I)

SB(t), •
]
. The superindex (I) denotes operators in the

interaction picture. By means of the property P+Q = 1, and the the application of the projection operators over the

von Neumann equation (31) leads to equations of motion for both subspaces relevant (open system) and irrelevant

(environment)

d
dt
Pρ̂

(I)
SB =−iPL(I)

SB(t)ρ̂
(I)
SB =−iPL(I)

SB(t)Pρ̂
(I)
SB− iPL(I)

SB(t)Qρ̂
(I)
SB, (32)

d
dt
Qρ̂

(I)
SB =−iQL(I)

SB(t)ρ̂
(I)
SB =−iQL(I)

SB(t)Pρ̂
(I)
SB− iQL(I)

SB(t)Qρ̂
(I)
SB. (33)

Solving this set of coupled equations leads to the the Nakajima-Zwanzig master equation [Mandel and Wolf, 1995;

Breuer and Petruccione, 2002; Nitzan, 2006; May and Kühn, 2011; Weiss, 2012; Rivas and Huelga, 2012; Valkunas

et al., 2013; Nakajima, 1958; Zwanzig, 1960]

d
dt

ρ̂
(I)
S (t) =− iTrB

{
L

(I)
SB(t)ρ̂B,eq

}
ρ̂

(I)
S (t)− iPL(I)

SB(t)G (t, t0)QρSB(t0)

−
∫ t

t0
dt ′TrB

{
L

(I)
SB(t)G (t, t ′)QL(I)

SB(t
′)ρ̂B,eq

}
ρ̂

(I)
S (t),

(34)

where G (t, t ′) = T exp
{
−i
∫ t

t ′ dτQL
(I)
SB(τ)

}
. The time-ordered operator T denotes chronological time ordering of

any product of operators such that the time arguments increase from right to left The first term of the right-hand side

of Eq. (34) describe the mean field contribution to the unitary dynamics of the open system S, (see Eq. 38 below).

The second term takes into account the initial correlations between the open system and the environment. Thus, For

a factorizing initial condition ρ̂SB(t0) = ρ̂S(t0)⊗ ρ̂B(t0), i.e., an uncorrelated initial state of the global system, the

second term of the Nakajima Zwanzig master equation vanishes. The last term describes the non-Markovian memory

effects on the open system dynamics derive from the coupling to the environment.
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The Nakajima-Zwanzig master equation (34) is an exact integro-differential equation that encompass a time

integration over the history of the open quantum system [Breuer and Petruccione, 2002]. Because of that, it is chal-

lenging to solve, almost as much as solving the entire global dynamics of the open system and the environment on

the whole. Nevertheless, it represents a starting reference to develop a perturbative analysis (see section 1.3.2). Alter-

natively to the Nakajima-Zwanzig master equation, it has been developed a time-convolutionless projection operator

technique that results in a first-order differential time-local equation [Breuer and Petruccione, 2002; May and Kühn,

2011; Valkunas et al., 2013; Rivas and Huelga, 2012; De Vega and Alonso, 2017].

1.3.2. Second-order quantum master equation. The projection operator formalism

analyzed above can be employed to perform a perturbation expansion at second-order of the system-environment

interaction Hamiltonian ĤSB (weak coupling limit / Born approximation) for the reduced density operator dynamics

[May and Kühn, 2011; Breuer and Petruccione, 2002; Nitzan, 2006]. This represents a good approximation if the

coupling between the system and the environment is weaker than the energy scales within the open system S. Rewriting

the equations of motion 32 and 33 for the relevant and irrelevant subspaces

TrB

[
d
dt
Pρ̂

(I)
SB(t)

]
=− i

}
TrB

[
Ĥ(I)

SB(t), ρ̂B,eqρ̂
(I)
S (t)+Qρ̂

(I)
SB(t)

]
, (35)

d
dt
Qρ̂

(I)
SB(t) =−

i
}
Q
[
Ĥ(I)

SB(t), ρ̂B,eqρ̂
(I)
S (t)+Qρ̂

(I)
SB(t)

]
, (36)

where the trace over the environment degrees of freedom was taken in the equation of motion of Pρ̂
(I)
SB, so that d

dt ρ̂
(I)
S =

TrB

{
d
dtPρ̂

(I)
SB

}
. Equations (35) and (36) allow for a systematic perturbative approach in terms of the strength of the

interaction term ĤSB. Since the contribution of Qρ̂
(I)
SB in TrBQρ̂

(I)
SB is of second orden in Ĥ(I)

SB, the first order contribution

corresponds to neglect the term Qρ̂
(I)
SB in Eq. (35). To explore more concretely this approximation, assume that the

system-environment interaction Hamiltonian ĤSB can be written in the general form [May and Kühn, 2011; De Vega

and Alonso, 2017]

Ĥ(I)
SB(t) = ∑

u
K̂(I)

u (t)Φ̂(I)
u (t), (37)
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being
{

K̂u
}

observables of the open system and
{

Φ̂u
}

observables of the environment.

At first-order approximation, the reduced density operator evolves according

d
dt

ρ̂
(I)(1)
S (t) =− i

} ∑
u

[
K̂(I)

u (t)
〈
Φ̂u
〉

B , ρ̂ (I)
S (t)

]
=− i

}

[
Ĥ(I)

mf (t), ρ̂
(I)
S (t)

]
, (38)

with Ĥ(I)
mf (t) = ∑u K̂(I)

u (t)
〈

Φ̂(I)
u

〉
B

being the mean field contribution. The expected value of the environment observ-

ables is given by
〈
Φ̂u
〉

B =
〈

Φ̂(I)
u (t)

〉
B
= TrB

{
Φ̂uρ̂B,eq

}
. Since the thermal equilibrium state of the environment has

identical form in the Schrödinger and interaction pictures ρ̂B,eq = ρ̂
(I)
B,eq. The mean field contribution introduces an

overall energy shift to the system Hamiltonian ĤS [May and Kühn, 2011; Nitzan, 2006]. Usually, this contribution is

neglected or taking into account by redefining the system Hamiltonian ĤS.

The second-order contribution is calculated by inserting a first-order solution of

Eq. (36) in ĤSB, which is obtained by neglecting the term Qρ̂ (I) in the right hand side of Eq. (36)

Qρ̂
(I)
SB(t) =−

i
}

∫ t

t0
dτQ

[
Ĥ(I)

SB(τ), ρ̂B,eqρ̂
(I)
S (τ)

]
, (39)

where it has taken Qρ̂
(I)
SB(t0) = 0, since initially the relevant system and the environment are decoupled, i.e., ρ̂SB(t0) =

ρ̂S(t0)⊗ ρ̂B,eq (uncorrelated initial global state). Replacing the Eq. (39) in the Eq. (35), and introducing the environ-

mental correlation functions Cuv(t,τ), the second-order reduced master equation for the open system reads [Breuer

and Petruccione, 2002; May and Kühn, 2011; Nitzan, 2006; Valkunas et al., 2013]

d
dt

ρ̂
(I)(2)
S (t) =− i

} ∑
u

〈
Φ̂u
〉[

K̂(I)
u (t), ρ̂ (I)

S (t)
]

−∑
uv

∫ t

t0
dτ

(
Cuv(t− τ)

[
K̂(I)

u (t), K̂(I)
v (τ)ρ̂ (I)

S (τ)
]
−Cvu(τ− t)

[
K̂(I)

u (t), ρ̂ (I)
S (τ)K̂(I)

v (τ)
])

.

(40)

This master equation is a time non-local integro-differential equation, that link the change of the state of S at time

t ρS(t) with its state at previous times t0 < τ < t. Then, the integral of the right-hand side of Eq. (40) accounts for

memory effects in the open system dynamics as a consequence of the interaction with the environment, and quantified
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through the environment correlation functions.

The environmental correlation functions are given by

Cuv(t− τ) =
1
}2

〈
Φ̂u(t)Φ̂v(τ)

〉
B−

1
}2

〈
Φ̂u
〉

B
〈
Φ̂v
〉

B

=
1
}2

〈
Φ̂u(t− τ)Φ̂v(0)

〉
B−

1
}2

〈
Φ̂u
〉

B
〈
Φ̂v
〉

B =
1
}2

〈
∆Φ̂u(t)∆Φ̂v(0)

〉
B ,

(41)

where
〈

Φ̂(I)
u (t)Φ̂(I)

v (τ)
〉

B
= TrB

{
Φ̂(I)

u (t)Φ̂(I)
v (τ)ρ̂B,eq

}
is the two-time correlation function. Since the state ρ̂B,eq is

stationary, the correlation functions are time-homogeneous Cuv(t,τ) = Cuv(t− τ), i.e., depend only on the difference

t− τ . The quantity ∆Φ̂(I)
u (t) = Φ̂(I)

u (t)−
〈

Φ̂(I)
u

〉
B

accounts for the fluctuations of the observables of the environment.

Therefore, the environmental correlation function measures the correlations between the fluctuations of the environ-

ment observables
{

Φ̂u
}

. These correlations decay according to the correlation time τB [Cohen-Tannoudji et al., 1998;

May and Kühn, 2011; Nitzan, 2006; Valkunas et al., 2013]. The correlation time τB provide information about for

how long the environment observables recall the effect of the interaction with the open system S [Levi et al., 2015;

Cohen-Tannoudji et al., 1998].

If the environment equilibrates quickly from its interaction with the system S, i.e., the dynamics of the envi-

ronment is much faster than that the system, the correlation functions decay to zero much faster that any characteristic

system timescale. This allows to consider a Markovian approximation in Eq. (40), asssuming that the timescale of

relaxation of the system τS is much larger than τB. Thus, it is acceptable approximate ρ̂
(I)
S (τ) by ρ̂

(I)
S (t) in Eq. (40),

provided that τS� τB. By means of this approximation Eq. (40) is local in time, i.e., the variation in time of ρ̂
(I)
S (t) rely

on its state at time t only, there is no contributions from previous times. Also, the integrand of Eq. (40) is negligible

for t� τ , it is feasible to extend the limit of integration to infinity after a change of variables leading to the Markovian

second-order master equation in Schrödinger picture [May and Kühn, 2011; Nitzan, 2006; Levi et al., 2015]

d
dt

ρ̂
(2)
S (t) =− i

}

[
ĤS +∑

u

〈
Φ̂u
〉

B K̂u(t), ρ̂S(t)
]

−∑
uv

∫ ∞

0
dτ

(
Cuv(τ)

[
K̂u,ÛS(τ)K̂vÛ

†
S(τ)ρ̂S(t)

]
−Cvu(−τ)

[
K̂u, ρ̂S(t)ÛS(τ)K̂vÛ

†
S(τ)

])
.

(42)
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1.3.3. The environment as an ensemble of harmonic oscillators. The effect of the

environment over the open system dynamics is encoded in the correlation functions Cuv(t,τ). However, the specific cal-

culation of these correlations functions is not achievable due to the lack of information of the state of the environment

[May and Kühn, 2011], which in practice corresponds to a macroscopic reservoir [Weiss, 2012; Breuer and Petruc-

cione, 2002; May and Kühn, 2011; Nitzan, 2006; Valkunas et al., 2013]. In order to gain physical insigths regarding

environmental correlations it is convenient to consider phenomenological system-plus-reservoir models [Weiss, 2012],

which allow to compute the correlation functions, and reach the expected classical limit [Weiss, 2012; May and Kühn,

2011; Schlosshauer, 2007].

A widespread approach consists in modeling the environment as a collection of independent harmonic oscil-

lators [Ullersma, 1966; Caldeira and Leggett, 1983; Weiss, 2012] described by the Hamiltonian

ĤB = ∑
n
}ωn

(
b̂†

nb̂n +
1
2

)
, (43)

where b̂†
n (b̂n) represents the creation (annihilation) operator, and ωn is the frequency of the nth environmental harmonic

oscillator. It is considered that the interaction between the open system S and each oscillator of the environment is weak

for a macroscopic environment [Weiss, 2012], which no means that necessarily the influence of the whole environment

being weak [Caldeira and Leggett, 1983]. Therefore, it makes sense to consider a linear coupling function of the

environment coordinates, which also allows eliminate the environment in an exact way [Ingold, 2002; Weiss, 2012].

The above is equivalent to linearizing a nonlinear coupling in the weak limit of coupling to the environment degrees

of freedom, performing a Taylor expansion of the interaction Hamiltonian ĤSB around the equilibrium positions of the

environmental oscillators [May and Kühn, 2011; Ingold, 2002].

Consequently, the interaction Hamiltonian ĤSB reads

ĤSB = ∑
n
}gnK̂nqn; qn =

√
}

2mnωn

(
b̂†

n + b̂n
)
, (44)
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where gn the coupling strength between the operator system K̂n and the environmental oscillators, and qn represents

the position of the nth environmental harmonic oscillator. Considering that only a single system operator K̂ is coupled

to the environment, the correlation function Cuv(t) is replaced by [May and Kühn, 2011]

C(t) =
∫ ∞

0
dω

[
coth

( 1
2}ωβ

)
cos(ωt)− i sin(ωt)

]
ω

2J(ω), (45)

where J(ω) represents the spectral density

J(ω) = ∑
n

g2
nδ (ω−ωn), (46)

which characterizes the frequency-dependent effect of the environment on the system S, and represents the bridge

with experiments[Pachón and Brumer, 2014], fundamental quantum chemistry calculations, and molecular dynamics

simulations [Levi et al., 2015; Pachón and Brumer, 2012; De Vega and Alonso, 2017]. The spectral density determines

the environmental correlations functions, that ultimately determine the effect of the environment on the open system

dynamics. Although, the spectral density is defined as a discrete quantity, when describing realistic physical environ-

ment adopts a continuous behavior. In the next chapter, it will be discussed the specific form that adopts the spectral

density in the context of light harvesting systems that are in contact with phonon and photon environments [Pachón

et al., 2017; Calderón and Pachón, 2020].

1.3.4. Redfield master equation. The second-order master equation 42 is also known as

the Redfield master equation [Redfield, 1957; May and Kühn, 2011; Nitzan, 2006; Weiss, 2012]. Considering the

eigenstate basis {|a〉} of the Hamiltonian ĤS, that satisfy the relation ĤS|a〉= Ea|a〉, Eq. (42) reads:

dρab(t)
dt

=−iωabρab(t)−∑
cd

Rab,cd ρcd(t), (47)

where ωab = (Ea−Eb)/} is the transition frequency between the eigenstates |a〉 and |b〉, ρab(t) =
〈
a
∣∣ρ̂(2)

S (t)
∣∣b〉, and

Rab,cd is the Redfield relaxation tensor. The first term of the right-hand side of Eq. (47) accounts for the unitary
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dynamics, and the Redfield relaxation tensor Rab,cd describes the dephasing and relaxation energy processes due to the

interaction with the environment [Redfield, 1957; Breuer and Petruccione, 2002; Nitzan, 2006; Weiss, 2012; May and

Kühn, 2011].

From the considerations made above, the Redfield master equation considers three approximations: first,

absence of initial correlations between the system S and the environment B. Second, weak coupling assumption

between the system S and the environment B. Third, the dynamics of ρ(t) is slow compared to the time scale of

relaxation of the environment B [Breuer and Petruccione, 2002; Nitzan, 2006; May and Kühn, 2011]. Through the

formalism of Redfield, four different kinds of processes associated with the relaxation tensor can be identified: popu-

lation transfer (a = b, c = d), coherence decay (a = c, b = d,a 6= b), exchange between populations and coherences

(a = b, c 6= d,c = d,a 6= b) and coherence exchange (none of the above combinations) [May and Kühn, 2011]. The

Redfield relaxation tensor is time-independent and contains non-secular terms [Pachón et al., 2013; Dodin et al., 2018]

Rab,cd = δac ∑
e

Γbe,ed(ωde)+δbd ∑
e

Γae,ec(ωce)−Γca,bd(ωdb)−Γdb,ac(ωca). (48)

The damping matrix elements that determine the time span for correlations are defined by

Γab,cd(ω) = ∑
u,v

∫ ∞

0
dτeiωτCu,v(τ)K̂u,abK̂v,cd . (49)

Here, K̂u,ab denote the observables of the system of interest that are coupled to the environment. Thus, the system-

environment interaction can be written as ∑u Φ̂u,ab ⊗ K̂u,ab, where Φ̂u,ab represent the observables of environment

that are coupled to the system. The bath correlation function is defined by Cu,v(t) = 1
}2

〈
Φ̂u,ab(t)Φ̂v,ab(0)

〉
B, title =

Coherent one-photon phase control in closed and open quantum systems: A general where
〈
Φ̂u,ab

〉
= 0 is assumed

[May and Kühn, 2011; Nitzan, 2006; Breuer and Petruccione, 2002]. The real part of Γab,cd describes an irreversible

redistribution of the amplitudes contained in the various parts of reduced density matrix. The imaginary part introduces

terms that can be interpreted as a modification of the transition frequencies of the respective mean-field matrix elements
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[May and Kühn, 2011; Nitzan, 2006; Breuer and Petruccione, 2002].

2. Nonadiabatic sunlight harvesting

In the last three decades, new experimental, theoretical and computational techniques have been developed

to resolve the interplay between the multiple electronic and vibrational degrees of freedom, together with the variety

of energy scales involved in molecular-aggregates energy-transfer-processes. [Pachón and Brumer, 2012; Chenu and

Scholes, 2015; Brunk and Rothlisberger, 2015; Curutchet and Mennucci, 2016; De Vega and Alonso, 2017; Jang and

Mennucci, 2018; Brumer, 2018]. In doing so, two-dimensional-electronic-spectroscopy experiments have revealed

long-lived oscillations in two-dimensional spectra of several photosynthetic light-harvesting complexes [Engel et al.,

2007; Collini et al., 2010; Panitchayangkoon et al., 2010] that

pointed out to the potential existence of quantum superpositions related to the interplay of the electronic and vi-

brational degrees of freedom [Ishizaki et al., 2010; Pachón and Brumer, 2011, 2012; Huelga and Plenio, 2013; Chenu

and Scholes, 2015]. In particular, the coupling between the electronic degrees of freedom and intramolecular vibra-

tions in quasi-resonance to excitonic transitions (vibronic coupling) has been proposed as a consistent physical design

principle that could explain the origin of long-lived oscillations observed in two-dimensional spectra, and possibly

related to the high efficiency of the energy transfer process [Christensson et al., 2012; Kolli et al., 2012; Tiwari et al.,

2013; Chin et al., 2013; Chenu et al., 2013; Novelli et al., 2015; Malý et al., 2016; Dean et al., 2016; Yeh et al., 2019].

Unexpectedly, during the course of potentially being supporting long-lived oscillations, the state of the intramolecular

vibrations evolve from a thermal state with non-quantum correlations into a state provided with genuinely quantum

correlations even at room temperature [Schlosshauer, 2007; O’Reilly and Olaya-Castro, 2014; Scholak and Brumer,

2017].

Two-dimensional-electronic-spectroscopy is a laser-pulsed non-linear technique [Mukamel, 1995] and there-

fore, the extent to which their results are representative for natural conditions with continuous incoherent light sources

has been intensively addressed in the literature [Mančal and Valkunas, 2010; Brumer and Shapiro, 2012; Tscherbul

and Brumer, 2014; Sadeq and Brumer, 2014; Grinev and Brumer, 2015; Dodin et al., 2016a,b; Pachón et al., 2017;

Brumer, 2018; Chenu et al., 2014, 2015; Chenu and Brumer, 2016]. It is by now clear that the dynamics induced by
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suddenly-turned-on incoherent sunlight are qualitatively different from coherent laser sources and also different from a

bare white-noise-source provided that incoherent light has a super-Ohmic character and does not induce pure dephas-

ing dynamics [Pachón and Brumer, 2013; Pachón et al., 2017]. The relevance of intramolecular vibrational modes,

their impact on the energy transfer, as well as their non-classical behaviour are explored in this thesis for the natural

scenario of illumination by sunlight. In this chapter will be consider vibronic dimers formed by two chromophores

treated within the two-level approximation and a quantized intramolecular vibrational mode in interaction with each

chromophore.

Under sunlight illumination, it is found that the introduction of intramolecular vibrational modes may increase

the population amplitudes in the vibronic dimers compared to the electronic ones. The amplitude of the single exciton

coherence increases up to one order of magnitude with the inclusion of the intramolecular vibrational modes, but co-

herence between site states is of the same order for both electronic and vibronic dimers. To account for the assistance

of intramolecular vibrational modes to long-decoherence times, the decoherence rate of vibronic single exciton state

superpositions is systematically analyzed in a broad regime of the dimer parameter space. It is shown that the deco-

herence rate displays a non-trivial behavior and that neither the nonadiabatic regime nor the values of electronic and

vibronic couplings of the dynamics analyzed lead to the lowest value in the decoherence rate.

2.1. Vibronic antenna systems under sunlight illumination

To model energy transfer dynamics in a light-harvesting complex under sunlight illumination, consider a

molecular aggregate (light-harvesting system) immersed within a protein and solvent environment, that is excited by

incoherent thermal radiation. From an open quantum systems perspective, the entire system (i.e., molecular aggregate

+ protein/solvent environment + thermal radiation), can be described by a global system-bath Hamiltonian [Pachón

and Brumer, 2012; Pachón et al., 2017] (see section 1.2)

Ĥ = ĤS + ĤSB + ĤB. (50)
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at T = 300K. The frequency of the two intramolecular vibrational modes is in full reso-
nance with the exciton splitting, i.e., a nonadiabatic scenario where $ = ¢e (see Fig. 3.1).
The vibronic coupling strength to each monomer is the same, i.e., g1 = g2 = g , specifically,
g = 267.1 cm°1 for the PEB dimer and g = 250 cm°1 for the DBV dimer.

In the seminal contribution discussed in Ref. [32] it was analyzed the importance of
the anticorrelated vibrational mode in the nonadiabatic dynamics of the FMO complex.
The correlated (+) and anticorrelated (°) vibrational modes of frequencies $+ = $° = $

are defined through the creation and annihilation operators
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In terms of the correlated and anticorrelated vibrational modes, i.e., delocalized vibra-
tional coordinates, the vibronic dimer Hamiltonian of Eq. (4.16) reads
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The correlated vibrational mode (center of mass mode) does not influence the energy
transfer between the chromophores [32,122]. On the other hand, the anticorrelated vibra-
tional mode (tuning mode) allows nonadiabatic energy transfer by tuning the electronic
energy gap between chromophores [32, 122].

The initial thermal state (T = 300K) of the intramolecular vibrations in the PEB dimer
has no non-classical character [127], the populations of the first four quantized levels are
h∫i = 0|Ω̂(t = 0)|∫i = 0i = 0.993769, h∫i = 1|Ω̂(t = 0)|∫i = 1i = 6.19244£10°3, h∫i = 2|Ω̂(t =
0)|∫i = 2i= 3.85868£10°5, h∫i = 3|Ω̂(t = 0)|∫i = 3i= 2.40444£10°7. Considering a coherent
excitation initial condition for the electronic degrees of freedom of the chromophores in
photosynthetic complexes, usually assumed in simulations of pulsed-laser-spectroscopic-
setups [49], the intramolecular vibrational dynamics turn out to display a non-classical
character [112].

In Fig. 4.1, the PEB dimer is assumed to have been prepared in the excitation of the
electronic site 1 (first two rows) and an exciton state [112] (last two rows). Thus, under
pulsed-laser-excitation conditions, the dimer is initially prepared in a coherent superpo-
sition of vibronic exciton states provided that the chromophore-chromophore dipole in-
teraction is finite. For these excitation conditions, the Mandel parameter adopts negative
values, indicating that during the dynamics, the state of the intramolecular vibrational
modes of frequencies $1 and $2, and the state of the anticorrelated vibrational mode of
frequency $° has a nonclassical character. In this simulations, the dynamics are unitary,
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The expected value of normally-ordered moments of the boson field, that is, all creation
operators to the left of annihilation operators, can be expressed in the form

D
â†m ân

E
=

Z
P (Æ)Æ§mÆnd2Æ= ≠

Æ§mÆnÆ
P . (4.13)

4.1.3. Mandel parameter

The Mandel parameter QM allows characterizing non-classicality in the case of bosonic
fields. Mandel established that the photon number distribution for the case of a coherent
state corresponds to a Poisson distribution, and therefore any distribution that is narrower
than this must correspond to a non-classical state [127,134]. The Mandel parameter reads
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For a coherent state the Mandel parameter readas QM = 0. For a Fock (number) state QM =
°1. A negative value of QM represents a sufficient condition for a state to be considered
non-classical. If QM > 0, nothing can be concluded about non-classicality [125, 127]. To
prove that a negative value of QM implies non-classicality in a quantum state, it can be
related to the distribution P (Æ) using Eq. (4.13)
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The value of QM will always positive if the distribution P (Æ) corresponds to a classical
probability distribution. Therefore, if the value of QM is negative, it is due to the non-
classicality of the distribution P (Æ) [127].

4.2. Intramolecular vibrational dynamics ignited by coher-
ent light excitation

The vibronic dimers considered in the previous chapter are described by the Hamiltonian
(see Eq. 5.34)
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Initially, the intramolecular vibrational modes of frequency $1 =$2 =$ = 1058 cm°1 for
the PEB dimer and $1 =$2 =$= 643 cm°1 for the DBV dimer are in thermal equilibrium
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â†2â2
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â†â
Æ2

≠
â†â
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Figure 6. Pictorial representation of a vibronic dimer described by the Hamiltonian of Eq. 51.

2.1.1. Light-harvesting system . For simplicity, the light-harvesting system (molecular ag-

gregate) corresponds to a set of N chromophores (sites) that interact through an inter-chromophore Coulomb coupling.

Each chromophore is modeled as a two-level system coupled to a quantized intramolecular vibrational mode of fre-

quency ϖi. Thus, the molecular aggregate is described by the Hamiltonian

ĤS =
N

∑
i=1

(
Egi 1̂i + εiσ̂

+
i σ̂
−
i
)
+

N

∑
i 6= j

Vi jσ̂
+
i σ̂
−
j +

N

∑
i=1

}giσ̂
+
i σ̂
−
i

(
b̂†

i + b̂i

)
+

N

∑
i=1

}ϖib̂
†
i b̂i, (51)

being Egi the ground state energy, εi the electronic energy of the ith site, σ̂
+
i (σ̂−i ) creates (annihilates) an electronic

excitation in the ith site, Vi j is the electronic coupling between the ith and the jth site. Here, b̂†
i (b̂i) is the creation

(annihilation) operator of the ith intramolecular vibrational mode, and gi =
√

Siϖi represents the coupling between

the ith excited electronic state and the ith intramolecular vibrational mode, and Si is the Huang-Rhys factor. This

model assumed that the chromophores are sufficiently far apart that the intermolecular states do not overlap; thus,

the electron transfer between chromophores is neglected [Pachón and Brumer, 2012]. Also, the ground and the first

electronic states (two-level approximation) suffice for describing the weak incoherent light-induced dynamics, and that

the intramolecular vibrational modes can be treated within the harmonic approximation [Pachón and Brumer, 2012;

Pachón et al., 2017].

The action of the operators σ̂
+
i and b̂†

i allows for defining, in a bare electronic-vibratio-nal basis, the vi-

bronic states (i.e., product of bare electronic and vibrational states). The electronic ground state with arbitrary vi-

brational excitations reads
∣∣gi,νi

〉
=
(

b̂†
i

)νi
/
√

νi!
∣∣gi,0i

〉
, where

∣∣gi
〉

denotes the electronic ground state, and
∣∣νi
〉
=(

b̂†
i

)νi
/
√

νi!
∣∣0i
〉

stands for the vibrational excited state with quantum number νi and
∣∣0i
〉

the vibrational ground



NONADIABATIC DYNAMICS IN OPEN QUANTUM SYSTEMS 40

state of the ith site. The electronic singly excited state
∣∣εi
〉

of the ith site with arbitrary vibrational excitations reads∣∣εi,νi
〉
= σ̂

+
i

(
b̂†

i

)νi
/
√

νi!
∣∣gi,0i

〉
, where

∣∣εi
〉
= σ̂

+
i

∣∣gi
〉
.

The eigenstates of the Hamiltonian ĤS correspond to the vibronic exciton states
{∣∣ψn

〉}
defined by ĤS

∣∣ψn
〉
=

ξn
∣∣ψn
〉
. The vibronic single exciton states2 are defined by

∣∣ψ(e)
n
〉
=

N

∑
i=1

∑
νi

Cn
i,νi

∣∣εi,νi
〉
. (52)

The localization of the nth vibronic single exciton state on the kth site is given by

lεk(ψ
(e)
n ) =

〈
ψ

(e),k
n |ψ(e)

n

〉
= ∑

νk

∣∣∣Cn
k,νk

∣∣∣2 , (53)

with
∣∣ψ(e),k

n
〉
= ∑νk

Cn
k,νk

∣∣εk,νk
〉

a vibronic single exciton state completely localized on the kth site.

For the case of vibronic dimers (two chromophores) considered here, the intersite mixing ratio for a superposi-

tion between the nth and the mth vibronic single exciton states is defined by [Malý et al., 2016] ζnm = lε1(ψ
(e)
n )lε2(ψ

(e)
m )+

lε1(ψ
(e)
m )lε2(ψ

(e)
n ). This ratio characterizes the type of coherence in the vibronic single exciton basis: ζnm = 1 for a

pure electronic coherence (superposition between vibronic single exciton states localized each one on different sites),

and ζnm = 0 for a pure vibrational coherence (superposition between vibronic single exciton states localized on the

same site).

2.1.2. Protein/solvent and incoherent radiation environments. The protein and

solvent environment surrounding the light-harvesting system can be treated as a local phonon bath [May and Kühn,

2011; Mukamel, 1995] that module the electronic energies and electronic couplings and represent the primary source of

decoherence and dissipation in the electronic-energy-transfer-process. Due to the highly mixed character of electronic-

2 For clarity in then notation, the superindex makes reference to the electronic ground state (g), electronic single
excited state (e) and electronic double excited state (f).
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vibrational coherences, it is then necessary to consider the coupling of the intramolecular vibrational modes to the

phonon bath, provoking vibrational relaxation [Yeh et al., 2019].

The sunlight is formally described as a blackbody radiation photon bath at 5600 K [Pachón et al., 2017;

Brumer, 2018; Blankenship, 2014]. The system-bath and (phonon+photon) baths Hamiltonians are given by

ĤSB =
N,∞

∑
i,l

}g(e)il σ̂
+
i σ̂
−
i

(
b̂(i)l + b̂(i)†l

)
+

N,∞

∑
i,m

}g(v)im (b̂†
i + b̂i)

(
b̂(i)m + b̂(i)†m

)
−

N

∑
j

µ̂ j · Ê(t), (54)

ĤB =
N,∞

∑
i,l

}ω
(i)
l b̂(i)†l b̂(i)l +∑

k,s
}ckâ†

k,sâk,s +
N,∞

∑
i,m

}ω
(i)
m b̂(i)†m b̂(i)m . (55)

Here, g(e)il (g(v)im ) represent the coupling between the electronic single excited state of the ith site (ith intramolecular

vibrational mode) and the lth (mth) phonon mode. b̂(i)†l

(
b̂(i)l

)
is the creation (annihilation) operator of a lth phonon

mode of frequency ω
(i)
l which interacts with the electronic single excited state of the ith site. b̂(i)†m

(
b̂(i)m
)

is the creation

(annihilation) operator of a mth phonon mode of frequency ω
(i)
m which interacts with the ith intramolecular vibrational

mode.

The dipole operator of the ith site is represented by µ̂ j, and the electric field of the radiation is given by

[Mandel and Wolf, 1995]

Ê(t) = Ê(+)(t)+ Ê(−)(t); Ê(+)(t) = i∑
k,s

(
}ω

2ε0V

)1/2

âk,s(εk,s)e−iωt , (56)

where Ê(−)(t) =
[
Ê(+)(t)

]†
, and â†

k,s (âk,s) being the creation (annihilation) operator for the kth radiation field mode

in the sth polarization state.

The effect of the incoherent radiation environment (blackbody bath) and the vibrational environment (phonon

bath) is encoded in the spectral densities JBB
j (ω) and JPB

j (ω), respectively. The blackbody radiation bath is character-
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ized by the super-Ohmic spectral density [Pachón et al., 2017]

ω
2JBB

j (ω) =
2}ω3

3(4ε0π2c3)
. (57)

This spectral density generates long-lasting coherent dynamics (see Fig. 8, Λ(e,v) = 0 case) provided by the lack of

pure dephasing dynamics and the strong dependence of the decoherence rate on the system level spacing [Pachón

et al., 2017] (see Fig. 10 A and B).

The spectral density of the phonon-baths reads

ω
2JPB

j (ω) =
2Ω(e,v)

j Λ(e,v)
j ω

}(ω2 +Ω(e,v)2
j )

, (58)

where Ω(e,v) represents the cutoff frequency and Λ(e,v) the reorganization energy of the phonon baths coupled to the

electronic (e) and intramolecular vibrational (v) degrees of freedom. The dynamics of light-harvesting systems with

spectral densities of the form (58) are commonly solved with the nonperturbative hierarchical equations of motion

(HEOM) method [Tanimura and Kubo, 1989; Ishizaki and Tanimura, 2005; Ishizaki and Fleming, 2009], since usually

the energy transfer dynamics remains in an intermediate coupling regime, where the electronic coupling between

chromophores is comparable to the reorganization energy of the phonon bath. However, this method does not readily

adapt to super-ohmic spectral densities, such as blackbody radiation. To circumvent this, the HEOM method has

been used to treat the phonon bath, whereas the non-unitary effect of the incoherent light has been accounted for by a

Lindblad dissipator [Fassioli et al., 2012; Chan et al., 2018]. However, this hybrid approach does not properly take into

account the influence of the super-Ohmic spectral density in the density matrix dynamics since it does not consider

the dependence of the decoherence rates on the system level spacing.

To adequately describe the correlations induced by the super-Ohmic spectral density of the blackbody radi-

ation together with the phonon bath effects, the dynamics are solved in the vibronic exciton basis {|ψn〉}, i.e., in the

eigenstates of the Hamiltonian in Eq. (51), by using the standard Redfield master equation (second-order and non-

secular) [May and Kühn, 2011; Pachón et al., 2017]. Recent works on energy transfer dynamics of vibronic dimers
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excited with coherent light have considered the Redfield approach and have shown similar results to the HEOM method

under parameters used in experimental conditions [Romero et al., 2014; Novoderezhkin and van Grondelle, 2017; Ben-

nett et al., 2018]. Further details about both methods and comparison between them are presented in the Appendix

1. However, the Redfield master equation approach provides accurate results for weak coupling to the phonon bath

(second-order approximation), i.e., low reorganization energies compared to the electronic coupling.

In consequence, the Redfield master equation that take into account the effects of the phonon baths and

blackbody radiation reads

dρab(t)
dt

=−iωabρab(t)−∑
c,d

(
RPB

ab,cd +RBB
ab,cd

)
ρcd(t). (59)

Here, the first term of the right-hand side accounts for the unitary dynamics, and the Redfield relaxation tensors RPB
ab,cd

and RBB
ab,cd describe the dephasing and relaxation energy processes due to the vibrational environment (phonon baths)

and the incoherent radiation environment (blackbody bath), respectively. These are given by

RPB,BB
ab,cd = δac ∑

e
ΓPB,BB

be,ed (ωde)+δb,d ∑
e

ΓPB,BB
ae,ec (ωce)−ΓPB,BB

ca,bd (ωdb)−ΓPB,BB
db,ac(ωca). (60)

The damping matrix elements that determine the time span for correlations are defined by

ΓPB,BB
ab,cd (ω) = ∑

u,v

∫ ∞

0
dτeiωτCPB,BB

u,v (τ)K̂PB,BB
u,ab K̂PB,BB

v,cd . (61)

Here, K̂PB,BB
u,ab denote the observables of the system of interest that are coupled to the phonon and blackbody baths (see

Eq. 54). Thus, the system-phonon bath and system-blackbody bath can be written as ∑u Φ̂PB,BB
u,ab ⊗ K̂PB,BB

u,ab , where Φ̂PB,BB
u,ab

represent the observables of the phonon and blackbody baths that are coupled to the vibronic dimer (see Eq. 54). The

bath correlation function is defined by CPB,BB
u,v (τ) = 1

}2

〈
Φ̂PB,BB

u,ab (t)Φ̂PB,BB
v,ab (0)

〉
PB,BB

, where
〈
Ô
〉

PB,BB
= Tr

[
ρ̂

PB,BB
equi Ô

]
and〈

Φ̂PB,BB
u,ab

〉
PB,BB

= 0. The real part of Γab,cd describes an irreversible redistribution of the amplitudes contained in the

various parts of reduced density matrix. The imaginary part introduces terms that can be interpreted as a modification

of the transition frequencies and of the respective mean-field matrix elements. The correlation function for each
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environment phonon/photon mode is given by

CPB,BB
i (t) =

∫ ∞

0
dωω

2JPB,BB
i (ω)

[
coth

(
}ωβ

2

)
cos(ωt)− i sin(ωt)

]
. (62)

2.2. Light-harvesting system dynamics in the presence of

blackbody radiation and phonon baths

Due to the exponential scaling of the dimension of the full Hilbert space, for all simulations below, only the

first four states (ground state and three excited levels) of each intramolecular vibrational mode are considered. Con-

vergence of the density matrix time evolution was verified with the case of four excited levels. For the vibronic dimers

considered here (two monomers and two intramolecular vibrations), the vibronic exciton manifold has then dimension

64: 16 vibronic ground exciton states {
∣∣ψ(g)

1

〉
, . . . ,

∣∣ψ(g)
16

〉
}, 32 vibronic single exciton states {

∣∣ψ(e)
17

〉
, . . . ,

∣∣ψ(e)
48

〉
} and

16 vibronic double exciton states {
∣∣ψ( f )

49

〉
, . . . ,

∣∣ψ( f )
64

〉
}.

The comparison with the case of an electronic dimer with no specific intramolecular vibrational modes, in

the site states {
∣∣ε1
〉
,
∣∣ε2
〉
} and in the single exciton states {

∣∣e〉, ∣∣e′〉}, follows after tracing over the intramolecular

vibrational degrees of freedom in the density matrix of the vibronic dimer. For electronic dimers, the Frenkel Hamil-

tonian [Van Amerongen et al., 2000; May and Kühn, 2011] corresponds to the first two terms of the Hamiltonian

described in Eq. (51), with site states {
∣∣ε̃1
〉
,
∣∣ε̃2
〉
} and single exciton states {

∣∣ẽ〉, ∣∣ẽ′〉}. Specifically, the two phyco-

erythrobilin (PEB50/61 C and PEB50/61 D) chromophores from the protein-antenna phycoerythrin 545 (PE545), and the

two dihydrobiliverdin (DBV50/61 C and DBV50/61 D) chromophores from the protein-antena phycocyanin 645 (PC645)

of marine cryptophyte algae are considered below.

The PEB dimer has a energy gap between excited electronic states ∆ε = 1042 cm−1, and due to the large

spatial separation between chromophores, the electronic coupling is small compared to the energy gap between excited

electronic states (V = 92 cm−1); in consequence, each excitonic state is highly localized over a specific chromophore,

with exciton energy splitting ∆e = 1058 cm−1. The DBV dimer has an energy gap between excited electronic states

∆ε = 73 cm−1, and an electronic coupling V = 319.4 cm−1 that results in the formation of delocalized exciton states
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with an exciton energy splitting ∆e = 643 cm−1.
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|Ĥ

S
|ψ

a
〉[e

V
]

Figure 7. Left panels: 〈ψa|ĤS|ψa〉 as a function of the ratio between the exciton energy splitting
∆e and the intramolecular vibrational frequency ϖ . Right panels: 〈ψa|ĤS|ψa〉 as a function of the
electronic coupling V . For both panels, upper figures: PEB dimer, and bottom figures: DBV dimer.
The vertical black dashed lines indicate the conditions considered in the simulations.

Figure 7 depicts the functional dependence of 〈ψa|ĤS|ψa〉 on the ratio between the exciton energy splitting

and the intramolecular vibrational frequency ∆e/ϖ , and on the electronic coupling V for the first ten vibronic single

exciton states (
∣∣ψ17

〉
, . . . ,

∣∣ψ26
〉
)3 for the PEB (top panels) and DBV (bottom panels) dimers. The vertical dashed lines

indicate the conditions considered in the simulations below, and corresponds to a nonadiabatic framework [Tiwari

et al., 2013; Yeh et al., 2019] that has been related to an enhancement of energy transfer process and the appearance

of non-classical correlations driven by strong vibronic interactions [O’Reilly and Olaya-Castro, 2014; Novelli et al.,

2015; Scholes et al., 2017].

Energy transfer starts with the rapid incoherent excitation of the electronic sites in their electronic ground

states with transition dipole moments of 11.87 D (PEB50/61 D),

12.17 D (PEB50/61 C), 13.1 D (DBV50/61 D) and 13.2 D (DBV50/61 C). Initially, the intramolecular vibrational modes

3 Since the analysis below will focus only on the vibronic single exciton states manifold, the superindex (e) will be
drop.
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Figure 8. Time evolution of vibronic single exciton states populations ρaa = 〈ψa |ρ̂|ψa〉 and
coherences (inset figures) Rρab = R〈ψa |ρ̂|ψb〉 (color coding is shown on top) in the PEB dimer
for the reorganization energies Λ(e) = 0,10,30,100 cm−1 and Λ(v) = 10 cm−1. Baths parameters
are T (e,v)

PB = 300K, TBB = 5600K

of frequency ϖ1 = ϖ2 = 1058 cm−1 for the PEB dimer and ϖ1 = ϖ2 = 643 cm−1 for the DBV dimer are in thermal

equilibrium at T = 300K. After the dynamics begin, the vibronic dimer remains coupled to the incident blackbody

radiation [Pachón and Brumer, 2013; Pachón et al., 2017]; this is in sharp contrast to the pulsed laser excitation condi-

tions [Brumer, 2018]. The frequency of the two intramolecular vibrational modes is in full resonance with the exciton

splitting, i.e., ϖ1 = ϖ2 = ∆e. The vibronic coupling strength to each monomer is the same, i.e., g1 = g2 = g , specif-

ically, g = 267.1 cm−1 for the PEB dimer and g = 250 cm−1 for the DBV dimer. For the simulations below, same

spectral densities on each monomer are taken, with Ω(e)
j = 100 cm−1 (for various values of the reorganization energy

Λ(e)
j ), and with Ω(v)

j = 50 cm−1 (for Λ(v)
j = 10 cm−1 provided that Λ(e)

j 6= 0).

2.2.1. Vibronic single exciton basis. Consider first the dynamics of the vibronic dimer in

interaction with blackbody radiation only, i.e., turning off the non-unitary effects related to the phonon baths and as-

sume that the system and the blackbody radiation are initially decoupled, i.e., ρ̂(t0) = ρ̂S(t0)⊗ ρ̂BB(t0). The transition

dipole moments are considered parallel to the incident electric field and constant in time so that the effect of different

orientations of the transition dipole moments is neglected.

Figure 8 (Λ(e,v) = 0 case) shows vibronic single exciton states with populations higher than 10−6, i.e., those
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Figure 9. Time evolution of vibronic single exciton states populations ρaa = 〈ψa |ρ̂|ψa〉 and
coherences (inset figures) Rρab = R〈ψa |ρ̂|ψb〉 (color coding is shown on top) in the DBV dimer
for the reorganization energies Λ(e) = 0,10,30,100 cm−1 and Λ(v) = 10 cm−1. Baths parameters
are T (e,v)

PB = 300K, TBB = 5600K.

with higher oscillator strength, and the coherent superpositions arising between them in the PEB dimer after suddenly-

turning-on the incoherent radiation. The linear increase of the populations is expected in low-intensity incoherent

radiation [Pachón et al., 2017]. In chromophores isolated from the vibrational phonon environment, suddenly turn-

ed-on incoherent-light-induced-dynamics are effectively coherent and last for hundreds of picoseconds [Pachón et al.,

2017]. Nevertheless, the amplitude of the vibronic coherences (∼ 10−8) is approximately two orders of magnitude

smaller than the populations; hence, they turn out to quickly become irrelevant for the dynamics of populations [Sadeq

and Brumer, 2014].

Most of these vibronic coherences display a highly mixed electronic-vibrational character, characteristic of a

nonadiabatic framework [Tiwari et al., 2013, 2017; Yeh et al., 2019], and quantified through the intersite mixing ratio

[Malý et al., 2016]. Specifically, for the coherences depicted in Fig. 8, ζ18,19 = 0.52, ζ18,20 = 0.50 and ζ19,20 = 0.48.

Therefore, vibronic coherence dynamics are influenced by the decoherence and dissipation of the electronic as well as

intramolecular degrees of freedom. This is the reason for introducing a thermal bath of each intramolecular vibrational

mode in Eqs. (54) and (55).

To incorporate the effect of the phonon bath (Λ(e,v) 6= 0), assume that it is initially decoupled from the dimers
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Figure 10. Decoherence rate γ18,20 [s−1] (color map) for the PEB dimer with the reorganiza-
tion energies Λ(e,v) = 0cm−1 (top panels), Λ(e) = 10cm−1, Λ(v) = 10 cm−1 (middle panels) and
Λ(e) = 100cm−1, Λ(v) = 10 cm−1 (bottom panels), as a function of the ratios g/∆ε , ϖ/∆ε , V/∆ε

and the transition dipole moment amplitude D, where ∆ε represents the site energy difference.
Green points represent the values adopted for the simulations of the density matrix dynamics in
the vibronic single exciton, exciton and sites bases, discussed in this chapter. Baths parameters are
T (e,v)

PB = 300 K, TBB = 5600 K.

ρ̂(t0) = ρ̂S(t0)⊗ ρ̂BB(t0)⊗ ρ̂PB(t0). Figure 8 depicts the populations of vibronic single exciton states for different

values of the reorganization energy Λ(e) = 10,30,100cm−1. Specifically, the population of the lowest energy vibronic

single exciton state
∣∣ψ17

〉
of the PEB dimer increases for increasing values of the reorganization energy. In the case of

the DBV dimer, there is an increase of two orders of magnitude in the population of the state
∣∣ψ17

〉
, see Fig. 9 . This

is a consequence of the intricate interplay between bath-enhanced rates and nonadiabatic dynamics of vibronic single
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Figure 11. Decoherence rate γ18,20 [s−1] (color map) for the DBV dimer with the reorganiza-
tion energies Λ(e,v) = 0cm−1 (top panels), Λ(e) = 10cm−1, Λ(v) = 10cm−1 (middle panels) and
Λ(e) = 100cm−1, Λ(v) = 10cm−1 (bottom panels), as a function of the ratios g/∆ε , ϖ/∆ε , V/∆ε

and the transition dipole moment amplitude D, where ∆ε represents the site energy difference.
Green points represent the values adopted for the simulations of the density matrix dynamics in
the vibronic single exciton, exciton and sites bases, discussed in this chapter. Baths parameters are
T (e,v)

PB = 300 K, TBB = 5600 K.

exciton states with small energy gaps.

Figure 8 also depicts the dynamics of superpositions between vibronic single exciton states (vibronic coher-

ences). The vibronic coherences, originated by the turning-on of the incoherent radiation, decay due to the interaction

with the phonon bath. Their influence on the population of the vibronic single exciton states is negligible, owing to the

amplitude of the vibronic coherences is approximately one (PEB dimer) and two (DBV dimer) orders of magnitude
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smaller than the populations of vibronic single exciton states.

To explore the role of the vibronic coupling and the incoherent light excitation process on the lifetime of

quantum superpositions between vibronic single exciton states, the decoherence rate of the highest amplitude vibronic

coherence Rρ18,20(t) in the PEB dimer is analyzed (see Fig. 8). Figure 10 depicts the functional dependence of

the decoherence rate γ18,20 on the ratio between the vibronic coupling and the site energy difference g/∆ε , the ratio

between the intramolecular vibrational frequency and the site energy difference ϖ/∆ε , the ratio between the electronic

coupling and the site energy difference V/∆ε , and the dipole moment amplitude D. The green points in Fig. 10 depict

the specific values for the PEB dimer, g/∆ε = 0.26, ϖ/∆ε = 1.02, V12/∆ε = 0.09 and D = 1 (For the DBV dimer

case, see Fig. 11 ).

In absence of thermal baths for the intra-molecular vibrational modes (not shown), the decoherence rate γ18,20

decreases for increasing values of the vibronic coupling g . However, in the more realistic scenario depicted in Fig. 10,

increasing the vibronic coupling may lead to regions of parameter space with higher decoherence rates. Thus, the

decoherence rate γ18,20 displays a non-trivial behavior under the variation of the physical quantities defined above and

neither the vibronic resonance condition ϖ1 = ϖ2 = ∆e (i.e., nonadiabatic regime) nor the values of electronic and

vibronic couplings of the dynamics discussed (see green points in Fig. 10) lead to the lowest value in the decoherence

rate. Thus, the longest decoherence time for vibronic single exciton state superpositions is not reached under the

physical conditions considered usually in two-dimensional-electronic-spectroscopy studies [Yeh et al., 2019; Duan

et al., 2019].

For natural light-matter coupling strengths (Figs. 10 A, B, D, E, G and H): (i) increasing the reorganization

energy increases the decoherence rate γ18,20 for Λ(e) = 0,10,100 [cm−1] as γ18,20 ∼ 108,1013,1013 [s−1], respectively.

(ii) For Λ(e) = 0, the decoherence rate γ18,20 is at least five orders of magnitude smaller than for cases with Λ(e) 6= 0.

This follows from the low intensity of sunlight and the energy-gap dependence of blackbody radiation decoherence

rates γBB
e,e′ ∼

(
µ2

e,e′ω
3
e,e′/3}πε0c3

)
coth(}ωe,e′/2kBT BB). Thus, for small energy gaps }ωe,e′ , the decoherence rate γBB

e,e′

may be considerably smaller than the case of an Ohmic thermal phonon bath γBB
e,e′ ∼ 4kBT PBΛ/}2Ω, which is energy-

gap independent [Pachón et al., 2017]. For the values of the reorganization energy considered in Fig. 10, the increase
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of the transition dipole moment amplitude leads to higher values in the decoherence rate γ18,20 (see Fig. 10 C, F and I).

Increasing of the vibronic coupling g in Fig. 10 for the values of the reorganization energy considered does not leads

to decrease of the decoherence rate.
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,ẽ
|ρ̂

t
|e,

ẽ〉
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Figure 12. Left panels—Dynamics in the single exciton basis for the vibronic dimer case
{
∣∣e〉, ∣∣e′〉}, and the electronic dimer case {

∣∣ẽ〉, ∣∣ẽ′〉} varying the reorganization energy Λ(e) [cm−1]

(Λ(v) = 10 cm−1) in the PEB dimer (color coding is shown on the top left box): A,B) Populations
of the lowest and highest energy single exciton states (solid and dashed lines represent the vibronic
and electronic dimer cases, respectively). C) Single exciton coherence in the vibronic dimer model.
D) Single exciton coherence in the electronic dimer model. Right panels—Dynamics in the site
basis {PEB50/61 D,PEB50/61 C} (vibronic dimer case {

∣∣ε1
〉
,
∣∣ε2
〉
}, and electronic dimer

∣∣ε̃1
〉
,
∣∣ε̃2
〉
)

varying the reorganization energy Λ(e) [cm−1] (Λ(v) = 10 cm−1) in the PEB dimer (same color cod-
ing as the top panels): E,F) Populations of the two site states in the vibronic dimer (solid lines)
and the electronic dimer (dashed lines). G) Coherence between site states in the vibronic dimer
model. H) Coherence between site states in the electronic dimer model. Baths parameters are
T (e,v)

PB = 300K, TBB = 5600K.
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2.2.2. Reduced exciton and site bases. The role of the high frequency intramolecular vi-

brational modes is explored by comparing the reduced electronic dynamics (tracing over the intramolecular vibrations)

of the vibronic dimers considered above with their corresponding electronic dimer dynamics (no specific intramole-

cular vibrational modes). Figures 12 and 13 show the populations and coherences in the exciton (top panels) and site

bases (bottom panels), with (vibronic dimer) and without (electronic dimer) intramolecular vibrational modes for the

PEB and DBV dimers, respectively.

In the exciton basis, and in the absence of the phonon baths (Λ(e,v) = 0 cm−1), the population of the lowest

energy exciton state of the vibronic dimer is higher than that of its corresponding electronic dimer case: one and

half times for the PEB dimer (see Fig. 12 A), and two orders of magnitude for the DBV dimer (see Fig. 13 A). The

amplitude of the coherence between single exciton states in the vibronic dimer model (see Fig. 12 C) is one order of

magnitude higher than in the electronic dimer case (see Fig. 12 D) for the PEB dimer, and two orders of magnitude in

the case of DBV dimer (see Fig. 13 C and D). The increase in population and coherence can be understood as the result

of the smaller energy gaps [Pachón and Brumer, 2011, 2012] induced by intramolecular vibrations, i.e., a consequence

of the nonadiabatic character of the dynamics (see Fig. 7). Hence, for Λ(e,v) = 0, the population of the lowest energy

exciton state and the coherence between single exciton states increase with the inclusion of intramolecular vibrational

modes.

In the presence of the phonon bath (Λ(e,v) 6= 0), the behavior of populations are similar to Λ(e,v) = 0. The

amplitude of the coherences increases slightly in the PEB dimer (see Fig. 12 C and D) and by up to one order of

magnitude in the DBV dimer (see Fig. 13 C and D). The population of the lowest energy exciton state of the PEB dimer

has higher amplitudes in the vibronic dimer than in the electronic dimer; however, as the value of the reorganization

increases, this population difference decreases. Moreover, the population rate of the reduced vibronic dimer barely

changes by increasing the reorganization energy, thus being robust against the fluctuations of the phonon environment

(see Figs. 12 A and 13 A). For small values of the reorganization energy (Λ(e) ∼ 10cm−1), a similar population

trend is found for the DBV dimer; however, for moderate (Λ(e) ∼ 30cm−1) and large values (Λ(e) ∼ 100cm−1) of

the reorganization energy, the population of the lowest energy exciton state has slightly higher amplitudes in the case
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ẽ′
|ρ̂

t
|e′

,ẽ
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Figure 13. Left panels—Dynamics in the single exciton basis for the vibronic dimer case
{
∣∣e〉, ∣∣e′〉}, and the electronic dimer case {

∣∣ẽ〉, ∣∣ẽ′〉} varying the reorganization energy Λ(e) [cm−1]

(Λ(v) = 10 cm−1) in the DBV dimer (color coding is shown on the top left box): A,B) Populations
of the lowest and highest energy single exciton states (solid and dashed lines represent the vi-
bronic and electronic dimer cases), respectively. C) Single exciton coherence in the vibronic dimer
model. D) Single exciton coherence in the electronic dimer model. Right panels—Dynamics in
the site basis {DBV50/61 D,DBV50/61 C} (vibronic dimer case {

∣∣ε1
〉
,
∣∣ε2
〉
}, and electronic dimer

{
∣∣ε̃1
〉
,
∣∣ε̃2
〉
}) varying the reorganization energy Λ(e) [cm−1] (Λ(v) = 10 cm−1) in the DBV dimer

(same color coding as the top panels): E,F) Populations of the two site states in the vibronic
dimer (solid lines) and the electronic dimer (dashed lines). G) Coherence between site states in
the vibronic dimer model. H) Coherence between site states in the electronic dimer model. Baths
parameters are T (e,v)

PB = 300K, TBB = 5600K.

of the electronic dimer than the vibronic dimer (see Fig. 13 A). This clearly shows the highly non-trivial interplay

between bath-enhanced population rates and nonadiabatic dynamics for highly localized (PEB) and highly delocalized

(DBV) excitons.

In the site basis, and for all values of the reorganization energy considered, the population of the chromophores
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PEB50/61 C and DBV50/61 C is higher than that of PEB50/61 D and DBV50/61 D, respectively, in the case of the vibronic

dimer than in the electronic dimer case (see Fig. 12 E and F, and Fig. 13 E and F). Since population is pumped from

the ground state and the transition dipole moments favor excitation to singly excited exciton states with low energy, the

population difference occurs due the localization lεi of the vibronic single exciton states on those chromophores; specif-

ically, lε1(ψ17) = 0.007, lε2(ψ17) = 0.993, lε1(ψ18) = 0.524, lε2(ψ18) = 0.476, lε1(ψ19) = 0.007, lε2(ψ19) = 0.993,

and lε1(ψ20) = 0.475, lε2(ψ20) = 0.525. Here, PEB50/61 D and DBV50/61 D are sites 1 whereas PEB50/61 C and

DBV50/61 C are sites 2.

For the PEB dimer, the amplitude of the coherence between site states of the vibronic dimer is higher than

that of its corresponding electronic dimer case. Also, the coherence between site states decreases with the coupling

to the phonon bath and shows to be robust against the fluctuations of the phonon environment. For the DBV dimer,

the coherence between site states increases with the coupling to the phonon bath and remains of the same order for

electronic and vibronic dimers. Therefore, for the vibronic dimers analyzed here, and for the highest values of the

reorganization energy, quantized vibrational modes barely enhance populations or coherences in the site basis.

The role of intramolecular vibrations resonant with excitonic transitions in light-harvesting systems was ana-

lyzed under natural sunlight illumination. The inclusion of the intramolecular vibrational modes reinforces the exciton

coherence by up to one order of magnitude, as was shown for the DBV dimer. However, the comprehensive analysis

shows that the populations of single exciton and site states of vibronic dimers are not significantly affected as com-

pared to their corresponding electronic dimers. There is no direct evidence of an enhancement in the energy transport

mediated by the inclusion of resonant intramolecular vibrational degrees of freedom under natural conditions, as it

was analyzed in the previous chapter. Recently, similar conclusions were elucidated on the impact of the vibronic

coupling in the electronic and vibrational coherences observed in two-dimensional-electronic-spectroscopies [Duan

et al., 2019].

3. Intramolecular vibrational modes dynamics under sunlight illumination

More than a decade ago, the coherent oscillations in nonlinear spectra of photosynthetic light-harvesting

complexes ignited an intense debate on the existence of non-trivial quantum effects in light-initiated reactions in
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biology [Engel et al., 2007; Sarovar et al., 2010; Collini et al., 2010; Panitchayangkoon et al., 2010; Pachón and

Brumer, 2011; Huelga and Plenio, 2013; Chenu and Scholes, 2015; Curutchet and Mennucci, 2016; Scholes et al.,

2017]. Despite the conceptual difference between excitation by coherent (lab conditions) and incoherent light (natural

conditions) [Brumer, 2018; Mančal, 2020], the discussion on the quantum/classical character of energy transport has

focused either on modeling light-harvesting system by classical formulations or on measuring quantum fluctuations

of the protein-complex states. By a consistent quantum formulation of the natural conditions, it will be shown in this

chapter that the state of intramolecular vibrations evolves devoid of non-trivial quantum correlations [O’Reilly and

Olaya-Castro, 2014]. Therefore, energy transport in light-harvesting complexes under natural conditions is not driven

by non-classical intramolecular vibrational processes [Calderón and Pachón, 2020].

Despite the fact that incoherent sources are expected to induce incoherent dynamics [Brumer and Shapiro,

2012], the suddenly-turning-on of incoherent radiation generates effectively coherent dynamics in the vibronic single

exciton basis. This may equivocally leads to the conclusion that the temporal coherence of the light source plays a

minor role on the energy-transfer process. By focusing on the non-classical behaviour of the states of intramolecular

vibrational degrees of freedom, it is unambiguously shown that under sunlight illumination conditions, the state of the

two vibrational modes and that of the anticorrelated vibrational mode evolve devoid of non-classical correlations. This

is in sharp contrast to the case of illumination by coherent light sources [O’Reilly and Olaya-Castro, 2014] and can be

considered as a genuine and experimentally verifiable difference between natural and in-lab conditions, independent

of the suddenly-turning-on condition.

In the first section of this chapter, it will be introduce the basic concepts of single mode quantum optics states,

namely, number and coherent states [Mandel and Wolf, 1995; Gerry and Knight, 2005; Grynberg et al., 2010; Agarwal,

2013]. The diagonal coherent state representation will be analyzed, with the purpose to define the Mandel parameter,

which allows for quantifying the non-trivial quantum character of a bosonic state by comparing the occupation number

distribution for a given bosonic state with the occupation number distribution of a coherent state [Mandel and Wolf,

1995; Gerry and Knight, 2005; Agarwal, 2013]. The concepts developed in Section 3.1 will not be applied in the

context of quantum optics, i.e, for electromagnetic field states, but phonon states, i.e., intramolecular vibrational
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modes in photosynthetic dimers, in order to discuss their non-classical character. Coherent (Sec. 3.2) and incoherent

(Sec. 3.3) excitation conditions will be analyzed for the intramolecular vibrational modes dynamics. [Calderón and

Pachón, 2020].

3.1. Non-classicality of bosonic states

In quantum optics has been developed different methods to quantify theoretically and experimentally the

quantum character of the electromagnetic field, that follows a bosonic statistics [Mandel and Wolf, 1995; Gerry and

Knight, 2005; Grynberg et al., 2010; Agarwal, 2013]. It is possible to represent the density operator by means of

distribution functions in phase space [Hillery et al., 1984; Carmichael, 2009; Agarwal, 2013]. In particular, the P(α)

distribution introduced by Glauber and Sudarshan [Glauber, 1963; Sudarshan, 1963], allows for a diagonal coher-

ent state representation, that results useful to evaluate correlations with normal ordering [Carmichael, 2009]. The

phase space content all the variables associated with the real and imaginary parts of α . The density operator can be

represented by means of the P(α) distribution as

ρ̂ =
∫

P(α) |α 〉〈α|d2
α,

∫
P(α)d2

α = 1. (63)

The P(α) distribution does not have all the classical probability distribution properties since it can adopt

negative values or display singularities for some bosonic quantum states. Quantum states with P(α)≥ 0 are considered

“classical” since their expected values can be simulated by averaging over random classical fields with probability

distribution P(α) [Gerry and Knight, 2005; Garrison and Chiao, 2008]. Quantum states with P(α)< 0 in some region

of the phase space are considered “non-classical” [Scully and Zubairy, 1997; Gerry and Knight, 2005; Agarwal, 2013].

The distribution P(α) is given by [Scully and Zubairy, 1997; Gerry and Knight, 2005; Agarwal, 2013]

P(α) =
1

π2 e|α|
2
∫
〈−β |ρ̂|β 〉e|β |2−(βα∗−β ∗α)d2

β . (64)

The expected value of normally-ordered moments of the boson field, that is, all creation operators to the left of
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annihilation operators, can be expressed in the form

〈
â†mân〉= ∫ P(α)α∗mα

nd2
α = 〈α∗mα

n〉P . (65)

3.1.1. Mandel parameter. The Mandel parameter QM allows characterizing non-classicality

in the case of bosonic fields. Mandel established that the photon number distribution for the case of a coherent state

corresponds to a Poisson distribution, and therefore any distribution that is narrower than this must correspond to a

non-classical state [Agarwal, 2013; Mandel, 1979]. The Mandel parameter reads

QM =

〈
n̂2
〉
−〈n̂〉2
〈n̂〉 −1 =

〈
(â†â)2

〉
−
〈
â†â
〉2−

〈
â†â
〉

〈â†â〉 . (66)

For a coherent state the Mandel parameter readas QM = 0. For a Fock (number) state QM =−1. A negative value of

QM represents a sufficient condition for a state to be considered non-classical. If QM > 0, nothing can be concluded

about non-classicality [Gerry and Knight, 2005; Agarwal, 2013]. To prove that a negative value of QM implies non-

classicality in a quantum state, it can be related to the distribution P(α) using Eq. (65)

QM =

〈
â†2â2

〉
−
〈
â†â
〉2

〈â†â〉 =

〈
α∗2α2

〉
P−〈α∗α〉

2
P

〈α∗α〉P
=

〈
(α∗α−〈α∗α〉P)2

〉
P

〈α∗α〉P
. (67)

The value of QM will always be positive if the distribution P(α) corresponds to a classical probability distribution.

Therefore, if the value of QM is negative, it is due to the non-classicality of the distribution P(α) [Agarwal, 2013].

3.2. Intramolecular vibrational dynamics ignited by coherent light excitation

The vibronic dimers considered in the previous chapter are described by the Hamiltonian (see Eq. 105)

ĤS = ε1σ̂
+
1 σ̂
−
1 + ε2σ̂

+
2 σ̂
−
2 +V12

(
σ̂
+
1 σ̂
−
2 + σ̂

+
2 σ̂
−
1
)
+}ϖ

(
b̂†

1 b̂1 + b̂†
2 b̂2

)
+}g

[
σ̂
+
1 σ̂
−
1

(
b̂†

1 + b̂1

)
+ σ̂

+
2 σ̂
−
2

(
b̂†

2 + b̂2

)]
.

(68)
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Initially, the intramolecular vibrational modes of frequency ϖ1 = ϖ2 = ϖ = 1058 cm−1 for the PEB dimer and

ϖ1 = ϖ2 = ϖ = 643 cm−1 for the DBV dimer are in thermal equilibrium at T = 300K. The frequency of the two

intramolecular vibrational modes is in full resonance with the exciton splitting, i.e., a nonadiabatic scenario where

ϖ = ∆e (see Fig. 7). The vibronic coupling strength to each monomer is the same, i.e., g1 = g2 = g , specifically,

g = 267.1 cm−1 for the PEB dimer and g = 250 cm−1 for the DBV dimer.

In the seminal contribution discussed in Ref. [Tiwari et al., 2013] was analyzed the importance of the anti-

correlated vibrational mode in the nonadiabatic dynamics of the FMO complex. The correlated (+) and anticorrelated

(−) vibrational modes of frequencies ϖ+ = ϖ− = ϖ are defined through the creation and annihilation operators

b̂+ =
1√
2
(b̂1 + b̂2), b̂†

+ =
1√
2
(b̂†

1 + b̂†
2 ), (69)

b̂− =
1√
2
(b̂1− b̂2), b̂†

− =
1√
2
(b̂†

1 − b̂†
2 ). (70)

In terms of the correlated and anticorrelated vibrational modes, i.e., delocalized vibrational coordinates, the

vibronic dimer Hamiltonian of Eq. (68) reads

ĤS = ε1σ̂
+
1 σ̂
−
1 + ε2σ̂

+
2 σ̂
−
2 +V12

(
σ̂
+
1 σ̂
−
2 + σ̂

+
2 σ̂
−
1
)
+}ϖ

(
b̂†
+b̂++ b̂†

−b̂−
)

+
}g√

2

[(
σ̂
+
1 σ̂
−
1 − σ̂

+
2 σ̂
−
2
)(

b̂†
−+ b̂−

)
+
(
σ̂
+
1 σ̂
−
1 + σ̂

+
2 σ̂
−
2
)(

b̂†
++ b̂+

)]
.

(71)

The correlated vibrational mode (center of mass mode) does not influence the energy transfer between the chro-

mophores [Tiwari et al., 2013, 2017]. On the other hand, the anticorrelated vibrational mode (tuning mode) allows

nonadiabatic energy transfer by tuning the electronic energy gap between chromophores [Tiwari et al., 2013, 2017].

The initial thermal state (T = 300K) of the intramolecular vibrations in the PEB dimer has no non-classical

character [Agarwal, 2013], the populations of the first four quantized levels are 〈νi = 0|ρ̂(t = 0)|νi = 0〉= 0.993769,

〈νi = 1|ρ̂(t = 0)|νi = 1〉 = 6.19244× 10−3, 〈νi = 2|ρ̂(t = 0)|νi = 2〉 = 3.85868× 10−5, 〈νi = 3|ρ̂(t = 0)|νi = 3〉 =

2.40444×10−7. Considering a coherent excitation initial condition for the electronic degrees of freedom of the chro-

mophores in photosynthetic complexes, usually assumed in simulations of pulsed-laser-spectroscopic-setups [Brumer,
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2018], the intramolecular vibrational dynamics turn out to display a non-classical character [O’Reilly and Olaya-

Castro, 2014].

In Fig. 14, the PEB dimer is assumed to have been prepared in the excitation of the electronic site 1 (first

two rows) and an exciton state [O’Reilly and Olaya-Castro, 2014] (last two rows). Thus, under pulsed-laser-excitation

conditions, the dimer is initially prepared in a coherent superposition of vibronic exciton states provided that the

chromophore-chromophore dipole interaction is finite. For these excitation conditions, the Mandel parameter adopts

negative values, indicating that during the dynamics, the state of the intramolecular vibrational modes of frequencies

ϖ1 and ϖ2, and the state of the anticorrelated vibrational mode of frequency ϖ− has a nonclassical character. In this

simulations, the dynamics are unitary, so it is to be expected that this nonclassical character will be diminished by the

presence of decoherence interactions with the phonon baths [O’Reilly and Olaya-Castro, 2014].

Fig. 14 shows the changes in the population dynamics of the intramolecular vibrational modes quantized

levels. The deviation from his initial thermal equilibrium state is a consequence of the transient formation of vibronic

exciton states using the coherent initial excitation condition that also generates coherences between vibrational states

(see Fig. 15, second and third columns).

3.3. Classicality of intramolecular vibrations dynamics under sunlight illumination

In the previous section, it was well established that intramolecular quantized vibrational modes initially

in a thermal state could develop a genuinely non-classical character due to coherent exciton-vibration interactions

[O’Reilly and Olaya-Castro, 2014]. The detailed analysis of the potential generation of non-classicality, in the context

of incoherent light excitation, allows to conclude that the quantized vibrational modes do not display non-classical

correlations quantified by the Mandel parameter [Mandel and Wolf, 1995].

As it was discussed above the Mandel parameter identifies the non-classical character of bosonic states

through the comparison of occupation number distribution for a given bosonic state with the occupation number

distribution of a coherent state [Mandel and Wolf, 1995]. For the case of a coherent state the occupation number

distribution corresponds to a Poisson distribution Q = 0. Thus, for any occupation number distribution narrower than

a Poisson distribution, i.e., with Q < 0, the associated bosonic state has a quantum character with no classical analog.
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Figure 14. Values of the Mandel parameter Q for the vibrational modes of frequencies ϖ1, ϖ2, and
ϖ− and populations of the first three quantized levels of the intramolecular vibrational mode of fre-
quency ϖ1 localized in chromophore PEB50/61 D. Different initial electronic excitation conditions
are considered: coherent excitation of the electronic site 1

〈
ε1
∣∣ρ̂(t = 0)

∣∣ε1
〉
= 1 (first two rows),

coherent excitation of the highest energy excitonic state
〈
e′
∣∣ρ̂(t = 0)

∣∣e′〉= 1 (last two rows). The
effect of the phonon baths has not been considered, so the dynamics is unitary.

For different values of the reorganization energy and under sunlight illumination conditions, Fig. 16 depicts

the Mandel parameter for the two vibrational modes of frequencies ϖ1 and ϖ2 considered in the vibronic model of

the PEB and DBV dimers. The reduced dynamics of the anticorrelated vibrational mode of frequency ϖ−, previously

analyzed in the seminal contribution in Ref.[Tiwari et al., 2013], and responsible for the nonadiabatic character of the

dynamics (see Fig. 7), is also considered. For every case considered, the Mandel parameter adopt positive values,
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Figure 15. Coherences between the first four quantized levels (n = 0,1,2,3) of the intramolecu-
lar vibrational mode of frequency ϖ1 localized in chromophore PEB50/61 D under different initial
electronic excitation conditions: incoherent light excitation (first column), coherent excitation of
the electronic site 1

〈
ε1
∣∣ρ̂(t = 0)

∣∣ε1
〉
= 1 (second column), and coherent excitation of the highest

energy excitonic state
〈
e′
∣∣ρ̂(t = 0)

∣∣e′〉= 1 (third column). The effect of the phonon baths has not
been considered, so the dynamics is unitary.

indicating that during the dynamics, the state of the intramolecular vibrations modes has a classical character. Even,

in the case of absence of phonon bath (Λ(e,v) = 0), the value of the Mandel parameter remains positive [Calderón and

Pachón, 2020].

Under sunlight illumination conditions, dimers are initially in their the electronic

ground state while intramolecular vibrations, that are decoupled from the ground state, are initially at thermal equilib-

rium; therefore, the initial condition is devoid of quantum superpositions. Under pulsed-laser-excitation conditions,

vibrations are also assumed to be at thermal equilibrium; however, in sharp contrast to natural conditions, the dimer is

assumed to have been prepared in, e.g., an exciton state. Therefore, under pulsed-laser-excitation conditions, the dimer

is initially prepared in a coherent superposition of vibronic exciton states provided that the chromophore-chromophore

dipole interaction is finite.
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Figure 16. Values of the Mandel parameter Q for the vibrational modes of frequencies ϖ1, ϖ2,
and ϖac (top pannels: PEB dimer, bottom panels: DBV dimer), for different values of the reorga-
nization energies Λ(e) [cm−1] and Λ(v) = 10 cm−1 (color coding is shown on the top left). Baths
parameters are T (e,v)

PB = 300K, TBB = 5600K.
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Figure 17. Populations of the first three quantized levels of the intramolecular vibrational mode of
frequency ϖ1 localized in chromophore PEB50/61 D (top pannels), and chromophore DBV50/61 D

(bottom panels), for different values of the reorganization energies Λ(e) [cm−1] and Λ(v) = 10 cm−1

(color coding is shown on the top left). Baths parameters are T (e,v)
PB = 300K, TBB = 5600K.

Fig. 17 depicts the populations of the first three quantized levels of the intramolecular vibrations mode of

frequency ϖ1 localized in chromophores PEB50/61 D and DBV50/61 D, under sunlight illumination conditions. Con-

sidering that the initial state for the intramolecular vibrations is a thermal one, it is clear from the quantized levels
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populations dynamics that the state will remain thermal. Nevertheless, in sharp contrast to the pulsed-laser-excitation

scenario depicted in Fig. 14. Fig. 15 (first column) shows the coherences between the first four quantized levels of the

intramolecular vibrational mode of frequency ϖ1 localized in the chromophore PEB50/61 D. These coherences are ap-

proximately one to three orders of magnitude smaller than the populations depicted in Fig. 17 (top pannels); therefore

their influence on the populations dynamics is negligible.

For vanishing chromophore-chromophore dipole interaction, the electronic and vibrational contributions to

the vibronic Hamiltonian in Eq. (105) commute; thus indicating that a product state of electronic and vibrational

single eigenstates will also be an eigenstate –not a coherent superposition of eigenstates– of the vibronic Hamiltonian.

The fact that for this product state the Mandel parameter adopts only positive values led to conclude [O’Reilly and

Olaya-Castro, 2014] that the transient formation of vibronic exciton states establishes non-classical correlations in the

vibrational modes. However, the chromophore-chromophore dipole interaction is finite under sunlight illumination but

no non-classical correlations are established provided lack quantum correlations in the initial state. Therefore, non-

classical correlations does not emerge due to the transient formation of vibronic exciton states, but as a consequence of

the initial quantum correlations established in the light-harvesting system by the pulsed-laser-preparation of the initial

state.

Summarizing, the role of intramolecular vibrations resonant with excitonic transitions in light-harvesting

systems was analyzed under natural sunlight illumination and the standard pulsed-laser-coherent-excitation. Under

incoherent light excitation conditions, the initial state of the light-harvesting system is of incoherent nature, namely, an

incoherent mixture of eigenstates. For this scenario (see Fig. 16), it was further shown that intramolecular vibrational

modes evolve devoid of non-classical correlations. Therefore, the generation of non-classical correlations via the

transient formation of vibronic exciton states lacks of theoretical support since the quantum correlations come from

the quantum superposition encoded in the initial state. Thus, that picture should be replaced in favor of the natural

dynamics of the initial quantum correlations established in the light-harvesting system by the pulsed-laser-preparation
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of the initial state.

4. Quantum to classical cavity molecular electrodynamics

Quantum cavity chemistry addresses the possibility of altering the chemical landscape giving place to new

photophysical phenomena [Ebbesen, 2016; Ribeiro et al., 2018; Ruggenthaler et al., 2018; Flick et al., 2018; Dovzhenko

et al., 2018; Herrera and Spano, 2018; Feist et al., 2018; Kockum et al., 2019; Hertzog et al., 2019; Herrera and Owrut-

sky, 2020] by coupling molecular systems to the confined photonic degrees of freedom in microcavities [Kavokin et al.,

2007]. It presents as a promising tool to control room-temperature photophysical processes in organic molecules. Evi-

dence of this new phenomena have been discussed in the context of singlet fission processes [Martínez-Martínez et al.,

2018], triplet harvesting [Martínez-Martínez et al., 2019], energy transfer [Zhong et al., 2016, 2017; Sáez-Blázquez

et al., 2018; Du et al., 2018; Sáez-Blázquez et al., 2019], remote control of chemical reactions [Du et al., 2019], and

nonadiabatic effects [Galego et al., 2015; Kowalewski et al., 2016a; Gu and Mukamel, 2020].

In classical control theory [Shapiro and Brumer, 2003], properties of light such as intensity of phase are

utilized to modify the intrinsic dynamics of molecular reactions with classical laser-control schema, in quantum cavity

chemistry is the quantum nature of light that becomes essential for controlling the chemical landscape of molecular

reactions. However, despite the nonadiabatic effects in the populations of the adiabatic ground state, evidence in the

NaI molecule [Kowalewski et al., 2016a; Csehi et al., 2017] points to the lack of noticeable difference between the

ignited by classical laser radiation and cavity-induced dynamics. This situation has raised the interest in analyzing

under what conditions classical radiation fields can produce the same molecular dynamics as light quantum states

[Csehi et al., 2019].

Traditionally, semiclassical methods have been studied in the context of light-matter interaction by making a

full quantum treatment of the molecular degrees of freedom and considering different classical dynamics schema for

the photonic degrees of freedom [Hoffmann et al., 2019a,b; Chen et al., 2019; Li et al., 2020]. Recently, by using mixed

quantum-classical dynamics techniques [Gerasimenko, 1982; Grunwald et al., 2009] to solve the Ehrenfest mean-field

dynamics have been able to account, to some extend, for spontaneous emission, interference, strong coupling, and

correlated light-matter dynamics [Hoffmann et al., 2019a,b; Chen et al., 2019; Li et al., 2020].
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Here, by making use of a mixed representation of molecule operators and radiation phase-space distributions

[Kapral and Ciccotti, 1999; Toutounji and Kapral, 2001; Kapral, 2015] and by tracing out the radiation degrees of

freedom, an effective master equation was derived to account exclusively for the dynamics of the molecule degrees

of freedom. The closeness condition of this master equation is obtained by considering contributions up to second-

order-in-the-light-matter-interaction. The closed master equation allows for a direct comparison between the full

quantum dynamics, the traditional semiclassical light-matter interaction and an alternative semiclassical non-local in

time description. Therefore, the purpose of this chapter is not to show the implementation of trajectory methods

[Hoffmann et al., 2019b; Li et al., 2020] but to discuss the influence of the photonic degrees of freedom on molecular-

only dynamics in terms of statistics of the radiation field.

In a nutshell, up to second order in the light matter interaction, quantum effects can be mimic by classical

light sources if the mean-field contribution, the symmetrized two-time correlation function, and the linear response

function defined through the antisymmetrized two-time correlation function are equal in both scenarios. Note that this

condition does not refers to the classical limit of the quantum light source but the possibility of tailoring classical light

sources that mimic, up to second order, the effect of radiation on the molecule degrees of freedom.

In doing so, the impact of the quantum fluctuations of three quantum light field states, namely, a Fock state,

a Fock state superposition, and a squeezed vacuum state are analyzed in system models. These states have a non-

trivial quantum character [Mandel and Wolf, 1995; Gerry and Knight, 2005; Agarwal, 2013], and let to explore the

effect of the vanishing and non-vanishing mean-field contribution and of the symmetrized/antisymmetrized two-time

correlation functions on the molecular-only dynamics.

This chapter is organized as follows: the description of a molecular system coupled to a quantized light field

is provided in Section 4.1, in close resemblance to the Section 1.3.2. Section 4.2 introduces a quantum-classical

projection operator formalism to deduce a quantum-classical second-order master equation for the molecular sys-

tem that treats the light degrees of freedom classically. Besides, the standard semiclassical approach is analyzed,

together with a methodology to determine an effective electric field. Sec. 4.3 discusses numerical results comparing

the quantum-classical, standard semiclassical, and the exact quantum dynamics of Hamiltonians used in theoretical
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molecular polaritonics considering different light field states with a nonclassical character.

4.1. Quantum cavity molecular-only dynamics

Consider a molecular system interacting with a quantized light field and assume that the dipole approximation

holds and frame the interaction in the length gauge [Flick et al., 2017; Ruggenthaler et al., 2018]. In this setup, the

general correlated electron-nuclear-photon Hamiltonian consisting of nel electrons, nnul nuclei, and nph photon modes

can be written as a sum of the electro-nuclear (bare molecular) Hamiltonian Ĥbm and the photon Hamiltonian Ĥph.

The bare molecular Hamiltonian Ĥbm comprises five terms, the kinetic energy of the electrons T̂el, the kinetic energy

of the nucleons T̂nuc, the interaction between electrons V̂el−el, between nucleons V̂nuc−nuc and the electron-nucleons

interaction V̂el−nuc, it reads Ĥbm = T̂el + T̂nuc + V̂el−el + V̂nuc−nuc + V̂el−nuc. The photon Hamiltonian incorporates the

coupling to the molecular degrees of freedom and reads

Ĥph =
1
2

nph

∑
α=1

[
p̂2

α +ω
2
α

(
q̂α + e λ α · R̂/ωα

)2
]

= Ĥbph + Ĥph-m + Ĥrm,

(72)

with R̂ = ∑nnuc
I=1 ZIX̂I −∑nel

i=1 x̂i being the total dipole operator including both sets of electronic {x̂i} and nuclear {X̂I}

coordinates and ZI stand for the nuclear charges. Ĥbph =
1
2 ∑

nph
α=1(p̂

2
α +ω2

α q̂2
α) denotes the bare photon Hamiltonian,

Ĥph-m = ∑
nph
α=1 ωα q̂α λ α · eR̂ does so for the interaction between photons and molecular degrees of freedom, with λ as

the dipole coupling strength. Finally, Ĥrm = 1
2 ∑

nph
α=1

(
λ α ·eR̂

)2 accounts for the renormalization of the bare molecular

Hamiltonian due to the coupling to light.

To provide a general insight into the quantum aspects of light in molecular systems, consider the molecular

system-light field Hamiltonian

Ĥ = Ĥm + Ĥbph + Ĥph-m (73)

with the molecular Hamiltonian Ĥm = Ĥbm + Ĥrm. The dynamics of the state ρ̂ of the entire system described by Ĥ

follows from the von Neumann equation, d
dt ρ̂ = − i

}
[
Ĥ, ρ̂

]
. Because interest here is in the influence that coupling to

photons induces on the molecular systems, the partial trace over the states of the photons is applied to ρ̂ , so that the
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reduced state of the molecular systems follows from ρ̂m = trphρ̂ . To focus exclusively on the dynamics induced by the

light-matter coupling, it is convenient to calculate the equation of motion of ρ̂m in the interaction picture by introducing

the unitary transformation ρ̂(I)(t) = Û†(t − t0)ρ̂(t)Û(t − t0) with Û(t − t0) = exp
[ i
} Ĥm(t − t0)

]
exp
[ i
} Ĥbph(t− t0)

]
.

Therefore,

d
dt

ρ̂
(I)
m (t) =− i

}
trph

[
Ĥ(I)

ph-m(t), ρ̂
(I)(t)

]
. (74)

By continuing the discussion in the interaction picture, the shear complexity of the intrinsic molecular dynamics is left

out and the light-matter interaction becomes the focus of the description below.

To develop a perturbative approach, it is convenient to introduce the Feshbach projection formalism [Wu et al.,

2009]. The traditional application of this formalism in atomic and molecular physics deals with the representation

of a state in terms of its bounded Hbd and continuum Hcn support, i.e., it has to do Hilbert spaces of the form

Hbd−cn = Hbd⊕Hcn. Here, by contrast, the Hilbert space is of the form H = Hm⊗Hbph. The physical difference

between both configurations is that in the former case, the probability is conserved in the total Hilbert space Hbd−cm

whereas in the latter case, probability is conserved in the each subspace Hm and Hbph.

Define Pρ̂(I)(t) = ρ̂ph(t0)⊗ trphρ̂(I)(t), with ρ̂ph(t0) = ρ̂
(I)
ph . Because trphρ̂ph(t0) = 1, then P is a projector

super-operator with orthogonal complement Q = 1−P . The equation of motion for both subspaces reads

trph

[
P

d
dt

ρ̂
(I)(t)

]
=− i

}
trph

[
Ĥ(I)

ph-m(t), ρ̂ph(t0)⊗ ρ̂
(I)
m (t)+Qρ̂

(I)(t)
]
, (75)

Q
d
dt

ρ̂
(I)(t)=− i

}
Q
[
Ĥ(I)

ph-m(t), ρ̂ph(t0)⊗ ρ̂
(I)
m (t)+Qρ̂

(I)(t)
]
, (76)

where the trace over the photon field was taken in the equation of motion of Pρ̂(I) so that d
dt ρ̂

(I)
m = trph

[
P d

dt ρ̂(I)
]
.

Equations (75) and (76) allow for a systematic perturbative approach in terms of the strength of the interaction term
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Ĥ(I)
ph-m. Since the contribution of Qρ̂(I) in trphQρ̂(I) is of second-order in Ĥ(I)

ph-m, the first order contribution corresponds

to neglect the term Qρ̂(I) in Eq. (75). To explore more concretely this approximation, assume that Ĥph-m can be written

as Ĥ(I)
ph-m(t) = ∑u K̂(I)

u (t)Φ̂(I)
u (t) being {K̂u} observables of the molecular system and {Φ̂u} observables of the radiation

field. To first order in the interaction, the Eq. (74) reads

d
dt

ρ̂
(I)(1)
m (t) =− i

}

[
Ĥ(I)

mf (t), ρ̂
(I)
m (t)

]
=− i

} ∑
u
〈Φ̂(I)

u 〉
[
K̂(I)

u (t), ρ̂(I)
m (t)

]
,

(77)

with Ĥ(I)
mf (t) = ∑u K̂(I)

u (t)〈Φ̂(I)
u 〉 being the mean field contribution and

〈Φ̂(I)
u 〉 = Trph

[
Φ̂(I)

u (t)ρ̂ph(t0)
]
. Therefore, up to first order, the interaction with the quantum radiation field can be

mimicked by a classical field having electric field Ecl = 〈Φ̂(I)
u 〉. However, for radiation states such as Fock states

〈Φ̂(I)
u 〉 = 0; thus, a classical field obtained from the assignation rule 〈Φ̂(I)

u 〉 → Ecl fails at reproducing, e.g., the NaI

molecule results [Kowalewski et al., 2016a; Csehi et al., 2017] and therefore, a higher order contribution in needed.

The second-order contribution is calculated by inserting a first order solution of Eq. (76) in Ĥph-m, which is

obtained by neglecting the term Qρ̂ int in the right hand side of Eq. (76). Thus,

Qρ̂
(I)(t) =− i

}

∫ t

t0
dτQ

[
Ĥ(I)

ph-m(τ), ρ̂ph(t0)⊗ ρ̂
(I)
m (τ)

]
, (78)

where it has taken Qρ̂(I)(t0) = 0, since initially the matter system and the photon field are decoupled, i.e., ρ̂(t0) =

ρ̂m(t0)⊗ ρ̂ph(t0). Therefore, replacing the Eq. (78) in Eq. (75), the second-order reduced master equation for the

molecular system reads

d
dt

ρ̂
(I)(2)
m (t) =− i

} ∑
u

〈
Φ̂(I)

u (t)
〉[

K̂(I)
u (t), ρ̂(I)

m (t)
]

− 1
}2

∫ t

t0
dt ′∑

u,v

[
Cu,v(t, t ′)−

〈
Φ̂(I)

u (t)
〉〈

Φ̂(I)
v (t ′)

〉][
K̂(I)

u (t),
[
K̂(I)

v (t ′), ρ̂(I)
m (t ′)

]]
− i

2}

∫ t

t0
dt ′∑

u,v
χu,v(t, t ′)

[
K̂(I)

u (t),
[
K̂(I)

v (t ′),ρ̂(I)
m (t ′)

]
+

]
.

(79)
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Here, χu,v(t, t ′) = 2
}Au,v(t, t ′) is the linear response function [May and Kühn, 2011], where the real

(symmetrized) Cu,v(t, t ′)= 1
2

(〈
Φ̂(I)

u (t)Φ̂(I)
v (t ′)

〉
+
〈
Φ̂(I)

v (t ′)Φ̂(I)
u (t)

〉)
and imaginary (antisymmetrized) Au,v(t, t ′)= 1

2i

〈[
Φ̂(I)

u (t),Φ̂(I)
v (t ′)

]〉
parts of two-time correlation function [Ingold, 2002; Cohen-Tannoudji et al., 1998] g(t, t ′) =

〈
Φ̂(I)

u (t)Φ̂(I)
v (t ′)

〉
=

Trph
(
Φ̂(I)

u (t)Φ̂(I)
v (t ′)ρ̂ph(t0)

)
, and [·, ·]+ symbolizes an anticommutator.

States with 〈Φ̂(I)
u 〉 = 0 can be now accounted for and treated by means of Eq. (79). There, it is then clear

that the dynamics exhibited, e.g., by the NaI molecule [Kowalewski et al., 2016a; Csehi et al., 2017] is ignited by

the quantum statistics of the Fock states encoded in Cu,v(t, t ′) and χu,v(t, t ′). To advance on discussing the ability

of classical fields to mimic the dynamics induced by quantum fields, the radiation degrees of freedom are translated

below into phase-space distributions and derive an equivalent expression to Eq. (79).

4.2. Quantum-classical cavity molecular-only dynamics

After tracing out the light fields, the central argument here is that as long as the reduced equation of motion of

ρ̂m under quantum and classical light coincides, then it is possible to effectively mimic the molecule dynamics ignited

by quantum light fields with classical ones. In establishing so, it is necessary to derive the analog of Eq. (79) under

the action of classical fields.

To do so, first perform a partial Wigner-Weyl transform [Weyl, 1927; Wigner, 1932] on the Hilbert space of

the light field so that a phase-space picture of the light field degrees of freedom is obtained. The partial Wigner-Weyl

representation for the state ρ̂ reads

ρ̂
W(q,p) =

1
(2π})np

∫
du〈q+

u
2
|ρ̂|q− u

2
〉e− i

}p·u, (80)

where the integration is performed over the entire phase-space of light field degrees of freedom (q,p) = ({qα},{pα}).

The state ρ̂W retains its operator nature since the molecular degrees of freedom still represent quantum operators in

the molecule Hilbert space Hm. After performing the Wigner-Weyl transform, the molecule-light field dynamics is
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governed by the von-Neumann–Moyal equation [J. E. Moyal, 1949; Beck and Sergi, 2013]

∂ ρ̂W

∂ t
=
{

ĤW, ρ̂W
}

M
=− i

}
(ĤWe

i}
2 Λ

ρ̂
W− ρ̂

We
i}
2 ΛĤW), (81)

where {·, ·}M symbolizes the Moyal bracket, with e
i}
2 Λ = lim

N→∞
∑N

l=0
1
l! (

i}
2 Λ)l , where

Λ = ∑
nph
α=1

←−
∂

∂qα

−→
∂

∂pα
−
←−
∂

∂pα

−→
∂

∂qα
, the arrows indicate the direction in which derivates acts. In this representation there

is no approximation invoked.

The classical limit for the light degrees of freedom of Eq. (81) corresponds to the von-Neumann–Poisson

equation that is reached by disregarding O(}2) terms in the expansion of the phase-space operator e
i}
2 Λ. Thus, the

quantum-classical dynamics [Kapral and Ciccotti, 1999; Kapral, 2015] of the state ρ̂W reads

∂ ρ̂W

∂ t
=− i

}

[
ĤW, ρ̂W

]
+

1
2

({
ĤW, ρ̂W

}
P
−
{

ρ̂
W, ĤW

}
P

)
, (82)

where {·, ·}P denotes the classical Poisson bracket. It is essential to point out that the dynamics generated by the

quantum-classical Liouvillian superoperator LW coincides with the Moyal bracket’s quantum dynamics as the light

field Hamiltonian is quadratic in its quadratures. In this partial Wigner representation, the Hamiltonian of the Eq. (73)

reads

ĤW = Ĥm + ĤW
ph-m +HW

ph . (83)

The interaction between the light field and the molecular degrees of freedom is defined by the Hamiltonian of the

general form ĤW
ph-m = ∑u K̂uΦW

u , where K̂u represents an operator in the Hilbert space of the molecular system, and

ΦW
u the phase-space representation of operator Φ̂u of the light field. Note that the photon Hamiltonian HW

ph is not an

operator anymore.

The partial trace over the light degrees of freedom is obtained as

ρ̂m = Trph ρ̂
W =

∫
dqdpρ̂

W. (84)
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After replacing the Hamiltonian (83) in the Eq. (82), and taking into account that[
HW

ph , ρ̂
W]= {Ĥm, ρ̂

W}
P = 0, the evolution of the reduced state of the molecular system reads

∂ ρ̂m

∂ t
=− i

}
[
Ĥm, ρ̂m

]
− i

} ∑
u

[
K̂u,Trph

(
ΦW

u ρ̂
W
)]

+
1
2∑

u

[
K̂u,Trph

{
ΦW

u , ρ̂W
}

P

]
+
+Trph

{
HW

ph , ρ̂
W
}

P
. (85)

The full influence of the quantum/classical cavity into the molecular dynamics is encoded in ΦW
u provided that no

approximation is involved in Eq. (85). Therefore, deviations from the quantum description can be discussed in terms

of the quantum/classical correlations of ΦW
u (see below).

4.2.1. Derivation of the Reduced Master Equation in the Mixed Wigner Repre-

sentation. Since the dynamics of ΦW
u , at first-order, depends on the interaction with the molecule itself, Eq. (85)

is not closed from a mathematical viewpoint. This can be overcome after introducing a projection operator technique

in the quantum classical Hilbert–phase-space of the entire molecular-light field system. For simplicity, consider the

second-order regime in the molecule-light interaction thorough the Liouvillian superoperators in the interaction pic-

ture of the partial Wigner transform ρ̂W(I)(t) = eiL W
0 t

ρ̂W(t), with L W
0 = Lm +L W

ph . Where Lm• = 1
}
[
Ĥm,•

]
, and

L W
ph •= i

{
HW

ph ,•
}

P
.

Therefore, the quantum/classical Liouville equation in the interaction picture reads

∂

∂ t
ρ̂

W(I)(t) =−iL W(I)
ph-m (t)ρ̂W(I)(t), (86)

where L
W(I)

ph-m (t) = eiL W
0 tL W

ph-m. The factorized interaction Hamiltonian in the interaction representation assumes the

time-dependent form ĤW(I)
ph-m (t) = ∑u K̂(I)

u (t)Φ(I)
uW(t). Thus, the interaction Liouvillian in the interaction representation

reads L
W(I)

ph-m (t)• = 1
}
[
ĤW(I)

ph-m (t),•
]
+ i

2

({
ĤW(I)

ph-m (t),•
}

P−
{
•, ĤW(I)

ph-m (t)
}

P

)
. Using the concept of partial trace over the

phase-space light-field-degrees-of-freedom, and since Trph ρ
W(I)
ph (t0) =

∫
dqdpρ

W(I)
ph (t0) = 1, it is then possible to

define the quantum/classical projection superoperator

Pρ̂W(I)(t) = ρ
W(I)
ph (t0)Trph ρ̂W(I)(t), with orthogonal complement Q = 1̂−P . The equations of motion for
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both subspaces read

Trph

(
P

d
dt

ρ̂
W(I)(t)

)
=−iTrph

(
PL

W(I)
ph-m (t)ρW(I)

ph (t0)× ρ̂
(I)
m (t)+PL

W(I)
ph-m (t)Qρ̂

W(I)(t)
)
, (87)

Q
dρ̂W(I)(t)

dt
=−i

(
QL

W(I)
ph-m (t)ρW(I)

ph (t0)ρ̂
(I)
m (t)+QL

W(I)
ph-m (t)Qρ̂

W(I)(t)
)
. (88)

To second-order, the term QL
W(I)

ph-m (t)Qρ̂W(I)(t) is disregarded. The mixed-Wigner-representation Equations (87,88)

are analog to Eqs. (75,76), respectively.

Considering the factorized initial condition Qρ̂W(I)(t0) = 0, the solution of Eq. (88) reads Qρ̂W(I)(t) =

−i
∫ t

t0 dt ′QL
W(I)

ph-m (t ′)ρW(I)
ph (t0)ρ̂

(I)
m (t ′). After replacing this result in

Eq. (87), the first and second-order reduced master equations for the molecular system read

d
dt

ρ̂
(I)(1)
m (t) =− i

} ∑
u

〈
ΦW(I)

u (t)
〉[

K̂(I)
u (t), ρ̂(I)

m (t)
]
, (89)

d
dt

ρ̂
(I)(2)
m (t) =− i

} ∑
u

〈
ΦW(I)

u (t)
〉[

K̂(I)
u (t), ρ̂(I)

m (t)
]

− 1
}2

∫ t

t0
dt ′∑

u,v

(
C W

u,v(t, t
′)−
〈
ΦW(I)

u (t)
〉〈

ΦW(I)
v (t ′)

〉)[
K̂(I)

u (t),
[
K̂(I)

v (t ′), ρ̂(I)
m (t ′)

]]
− i

2}

∫ t

t0
dt ′∑

u,v
χ

W
u,v(t, t

′)
[
K̂(I)

u (t),
[
K̂(I)

v (t ′), ρ̂(I)
m (t ′)

]
+

]
,

(90)

where

C W
u,v(t, t

′)=
1
2

(〈
ΦW(I)

u (t)ΦW(I)
v (t ′)

〉
+
〈
ΦW(I)

v (t ′)ΦW(I)
u (t)

〉)
, (91)

χ
W
u,v(t, t

′) =
〈{

ΦW(I)
u (t),ΦW(I)

v (t ′)
}

P

〉
, (92)

represent the phase-space versions of real (symmetrized) part of the two-time correlation function g(t, t ′) and the linear

response function [Ingold, 2002; Cohen-Tannoudji et al., 1998] of the light field operator that couples to the molecular
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system.
〈
ΦW(I)

u (t)
〉
= Trph

[
ΦW(I)

u (t)ρW(I)
ph (t0)

]
represents the expected value of the light field observable that couples

to the molecular system.

The reduced master equation in Eq. (90) is analog to Eq. (79), but it admits analysing the influence of classical

or quantum descriptions of light fields on the same foot-stage. The correlations C W
u,v(t, t

′) and χW
u,v(t, t

′), derived in

the quantum-classical projection operator approach, correspond to the classical limit of the quantities Cu,v(t, t ′) and

χu,v(t, t ′) in the Eq. (79), respectively. The analogy can be understood in terms of the light field two-time correlation

function given by

gW
u,v(t, t

′) =
〈
ΦW(I)

u (t)ΦW(I)
v (t ′)

〉
=
∫

dqdpΦW(q,p; t)ΦW(q,p; t ′)ρW(I)
ph (q,p; t0).

(93)

In the classical limit, the symmetrized correlation function coincides with the two-time correlation function

C W
u,v(t, t

′) = gW
u,v(t, t

′). The antisymmetrized correlation function is defined through the phase-space Poisson bracket

A W
u,v (t, t

′) = 1
2i

{
ΦW(I)

u (t),ΦW(I)
v (t ′)

}
P. It is useful to express the symmetrized correlation function in the form given

in Eq. (91) for the comparison with the quantum case discussed below. The quantum limit of the Poisson bracket in the

phase-space linear response function corresponds to{
ΦW(I)

u (t),ΦW(I)
v (t ′)

}
P→

1
i}
[
Φ̂(I)

u (t),Φ̂(I)
v (t ′)

]
.

Since the state of the photon field is aimed not to be measured, up to second-order in the light-molecule

interaction, it is then not possible to distinguish between the dynamics induced by a classical electric field having the

same statistics as the quantum electric field Eq. (90) and the actual dynamics generated by the quantum photon field

Eq. (79). However, since the light degrees of freedom evolve independently of the molecular dynamics, Eq. (90) and

(79) do not consider the back-action of the molecular dynamics on the light field [Csehi et al., 2019].

This formalism can be extended to (i) generalize the effect of classical vibrational baths composed of harmonic

oscillators or to (ii) include higher orders in the light-matter interaction; thus, a quantum-classical master equation of

the type Nakajima-Zwanzig or time-convolution-less could be deduced through this approach. In addition, if interest

is in the dynamics of the light state instead of the molecule state, the role of the system could be inverted above (see
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Appendix 3). However, these extensions are beyond the scope of this contribution.

4.2.2. Traditional Semiclassical Approach. To fully appreciate the difference of the

present approach to the standard semiclassical approach and the conundrum posed by the results in the NaI molecule

[Kowalewski et al., 2016a; Csehi et al., 2017], the standard semiclassical approach is reviewed next. The semiclassical

Hamiltonian reads

Ĥsc = Ĥm− µ̂ ·E(t) (94)

with µ̂ representing the total molecular dipole operator and the classical electric given by E(t) = E0 cos(ωct+φ). The

classical field amplitude E0 comprises the polarization state which it is assumed parallel to the total molecular dipole

operator. The molecular dynamics follow the unitary evolution given by the master equation

d
dt

ρ̂
(I)
m =− i

}
E(t) ·

[
−µ̂

(I), ρ̂(I)
]
. (95)

By identifying 〈Φ̂(I)
u 〉= E(t) and 〈ΦW(I)

u (t)
〉
= E(t) in and Eqs. (77) and (89), respectively, then the standard semiclas-

sical description of the light-matter interaction in Eq. (95) corresponds to the first-order approximations in Eqs. (77)

and (89).

As mentioned above, for quantum states such as the Fock state 〈Φ̂(I)
u 〉 = 〈ΦW(I)

u (t)
〉
= 0, so that there is no

reason for even making use Eq. (95) to account for results such those for the NaI molecule [Kowalewski et al., 2016a;

Csehi et al., 2017] but Eqs. (79) and (90). However, results claimed in Ref. [Csehi et al., 2017] using the standard

semiclassical description in Eq. (95) fits remarkably well the quantum results in Ref. [Kowalewski et al., 2016a]. To

resolve this conundrum the concept of effective electric field is introduce next.

4.2.2.1. Effective Electric Field. To define an effective electric field for case with 〈Φ̂(I)
u 〉 =

〈ΦW(I)
u (t)

〉
= 0 it is convenient to follow the strategy discussed in the seminal contribution in Ref. [Jiang and Brumer,

1991], (see also Ref. [Brumer, 2018]). Assuming unitary dynamics and pure states, the first key point is to perturba-

tively solve Eq. (95) at the level of the wave function ρ̂
(I)
m (t) = |Ψ(I)

m (t)〉〈Ψ(I)
m (t)|. Up to first oder in the light-matter
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interaction,

|Ψ(I)
m (t)〉=

[
1+

i
}

∫ t

t0
dt ′µ̂(I)(t ′) ·E(t ′)

]
|Ψ(I)

m (t0)〉, (96)

with µ̂
(I)(t) = Û†

m(t, t0)µ̂Ûm(t, t0), and Ûm(t) = e
i
}Hm(t−t0). The molecule density matrix correspondingly reads

ρ̂
(I)
m (t) =

[
1+
(

i
}

)2 ∫ t

t0
dt ′µ̂(I)(t ′) ·E(t ′)

∫ t

t0
dt ′′µ̂(I)†(t ′′) ·E∗(t ′′)

]
|Ψ(I)

m (t0)〉〈Ψ(I)
m (t0)|. (97)

The second key point is clear from Eq. (90): classical states of light are also represented by phase-space

distributions. Therefore, the expression for ρ̂
(I)
m (t) needs to be averaged over the phase-space distribution of the

classical light field. Assuming the polarization state is parallel to the total molecular dipole operator

ρ̂
(I)
m (t) =

[
1+
(

i
}

)2 ∫ t

t0
dt ′
∫ t

t0
dt ′′µ̂(I)(t ′)µ̂(I)†(t ′′)

〈
E(t ′)E∗(t ′′)

〉]
|Ψ(I)

m (t0)〉〈Ψ(I)
m (t0)|. (98)

Thus, up to second order in the interaction, the dynamics of the molecule density matrix is governed by the two-point

correlation function of the light field. Therefore, as discussed below, it may be possible to define an effective electric

field Eeff that mimics the quantum dynamics as long as the two-point correlation function of Eeff coincides with the

two-point correlation function of the quantum field, even for fields with 〈Φ̂(I)
u 〉= 〈ΦW(I)

u (t)
〉
= 0. An analog result was

previously derived in the context of light-haversting systems [Brumer, 2018] under sunlight illumination [Calderón

and Pachón, 2020].

Even-though this approach may lead to define an effective electric field, its semi-classical origin brings a

conceptual drawback. From a fully quantum perspective, the two-point correlation function of the electric field

〈Ê(t ′)Ê†(t ′′)〉= trphtrm[Ê(t ′)Ê†(t ′′)ρ̂] (99)

depends upon the light-matter entangled state ρ̂ . Therefore, unless ρ̂ = ρ̂ph ⊗ ρ̂m, for every molecule state, it is

necessary to define an effective electric field. Below, a molecule-state-dependent effective electric field is presented
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for a number of model systems and molecule states.

4.3. Cavity dynamics with different light field states

Below, the impact of light fields on the reduced molecular dynamics in Eq. (90) is analyzed for three system

models: (i) the Rabi model, (ii) the Dicke model and (iii) a vibronic dimer model. By introducing the concept of

effective electric field Eeff, the results from Eq. (95) are also discussed. The results are confronted to the exact

quantum solution.

4.3.1. Rabi Model. To introduce the general framework analyzed here in a concrete model

system, consider the Rabi model, namely, a two-level system in interaction with a cavity taking into account the

counter-rotating terms described by the Hamiltonian

ĤR = 1
2}ω0σ̂z +}ωcâ†â+}gσ̂x(â† + â). (100)

Following Eq. (90), the classical description of the light field yields the following master equation for the two-level

system tracing over the light degrees of freedom

˙̂ρ I(2)
(m)

(t) =− i
}
〈
ΦW(I)(t)

〉[
σ̂
(I)
x (t), ρ̂(I)

m (t)
]

− 1
}2

∫ t

t0
dt ′
[
C W(t, t ′)−

〈
ΦW(I)(t)

〉〈
ΦW(I)(t ′)

〉]
×
[
σ̂
(I)
x (t),

[
σ̂
(I)
x (t ′), ρ̂(I)

m (t ′)
]]

− i
2}

∫ t

t0
dt ′χW(t, t ′)

[
σ̂
(I)
x (t),

[
σ̂
(I)
x (t ′), ρ̂(I)

m (t ′)
]
+

]
.

(101)

Here, the quantum counterpart of the phase-space light field observable ΦW(t) corresponds to Φ̂(I)(t) = }g(â†eiωct +

âe−iωct). For all models discussed here, many-modes-cavity-effects are neglected and focus is only on one mode of

frequency ωc. The possible space dependence of the light-matter coupling strength g is omitted [Kavokin et al., 2007].

Besides, the dipole self-energy term [Rokaj et al., 2018; Schäfer et al., 2020] is neglected in all Hamiltonians discussed

in this section.
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Following an approach similar to the discussion around Eq. (98), the effective electric field is given by

Eeff = 2}g
√
〈nc〉+na cosωct, (102)

where na is the number of initial excitations in the two-level system [0,1]. This can be understood in relation to

the field factors associated with absoption and emission processes [Gerry and Knight, 2005; Cohen-Tannoudji et al.,

1998]. Note that this effective electric field depends upon a the state of matter and the state of light. Therefore, the

semi-classical Hamiltonian

Ĥeff =
1
2}ω0σz +(σ̂−+ σ̂

+)Eeff, (103)

allows, up to second order, to mimic the quantum dynamics. The results from this approach are compared to the

quantum-classical master-equation formalism [Eq. (101)] and to the full quantum results.

In the simulations below, it is considered that the phase-space correlations [Carmichael, 1999, 2009] in

Eq. (101) follow their quantum-mechanical counterparts. Figure 18 depicts the ground electronic state population

dynamics 〈g |ρ̂m(t)|g〉 of the two-level system, comparing the exact quantum (red), the quantum-classical master

equation (blue), and the standard semiclassical (yellow) dynamics induced by the corresponding effective electric

field. Initially, all the population is in the excited electronic state 〈e |ρ̂m(t = 0)|e〉= 1, and different states for the light

field with non-classical signatures [Mandel and Wolf, 1995; Gerry and Knight, 2005; Agarwal, 2013] are considered.

The numerical integration of Eq. (101) goes beyond the secular approximation [Dodin et al., 2018; Damanet et al.,

2019] and incorporates non-Markovian effects as dynamics are non-local in time [Pachón et al., 2013].

Consider first the case of a Fock state
∣∣ψc
〉
=
∣∣nc
〉

with nc photons in the cavity; thus, ρ̂ph(t0) = |nc 〉〈nc|. The

Wigner representation of this state has negative regions consistent with a non-classical character [Mandel and Wolf,

1995; Gerry and Knight, 2005; Agarwal, 2013]. For this light field state, the expected value of the light field opera-

tor
〈
Φ̂(I)(t)

〉
= 0, the symmetrized correlation function C (t, t ′) = }2g2(2nc+1)cosωc(t−t ′), and the antisymmetrized

correlation function

A (t, t ′) = −}2g2 sinωc(t − t ′). The value of the antisymmetrized correlation function is independent of the cavity
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Figure 18. Populations of the ground state for the Rabi model (color coding is shown on top).
Initially, the population of the excite state 〈e |ρ̂m(t = 0)|e〉 = 1. (A) ωc = 0.9ω0, g = 0.005ω0
and nc = 0. (B) ωc = 0.75ω0, g = 0.01ω0 and nc = 10. (C) ωc = 0.75ω0, g = 0.015ω0 and∣∣ψc
〉
=
√

0.2
∣∣0〉+√0.8

∣∣1〉. (D) ωc = 0.9ω0, g = 0.0025ω0 and
∣∣ψc
〉
=
√

0.5
∣∣4〉+√0.5

∣∣5〉. (E)
ωc = 0.75ω0, g = 0.01ω0 and

∣∣ψc
〉
=
∣∣ξ ;r = 0.6

〉
. (F) ωc = 0.9ω0, g = 0.01ω0 and

∣∣ψc
〉
=
∣∣ξ ;r =

0.2
〉
.

state and relies from the commutation relation [â, â†] = 1̂ (see Appendix 4).

Fig. 18(A) shows the population of the ground electronic state 〈g |ρ̂m(t)|g〉 considering the light field in a

vacuum state
∣∣ψc
〉
=
∣∣0〉 of frequency ωc = 0.9ω0, and a coupling strength of g = 0.01ω0. Compared with the exact

quantum results, the quantum-classical master equation dynamics display better results than the standard semiclassical

approach. The standard semiclassical dynamics show an oscillatory behavior overestimated compared with the exact

quantum results, since no complex part of two-time correlation function is taking into account in the effective electric

field. In the Fig. 18(B) the light field is given by a Fock state of ten photons
∣∣ψc
〉
=
∣∣10
〉

in resonance with the

frequency of the two-level system ωc = 0.99ω0, and a coupling strength of g = 0.001ω0. For this case, the standard

semiclassical dynamics display a better match with the exact quantum results provided the increase in the photon
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number.

Now, consider a Fock state superposition of the form
∣∣ψc
〉
= cn

∣∣n〉+ cn+1
∣∣n+ 1

〉
. For this state C (t, t ′) =

}2g2
(
|cn|2(2nc +1)+ |cn+1|2(2nc +3)

)
cosωc(t− t ′), and as discussed above, the linear antisymmetrized correlation

function A (t, t ′) = −}2g2 sinωc(t − t ′), since it is independent of the light field state. For this state, the expected

value of the light field operator is different from zero
〈
Φ̂(I)(t)

〉
= 2}g

√
n+1cncn+1 cosωt. It is important to stand out

that this light field state has a non-trivial quantum character quantified by a negative value of the Mandel parameter

[Mandel and Wolf, 1995; Gerry and Knight, 2005; Agarwal, 2013]. Fig. 18 (C and D cases) depicts the ground state

population of the two-level system.

In the Fig. 18(C) the light field state is superposition of the vacuum state and a Fock state of one photon∣∣ψc
〉
=
√

0.2
∣∣0〉+√0.8

∣∣1〉, with a frequency of ωc = 0.75ω0, and a coupling strength g = 0.015ω0. In the Fig. 18(D)

the light field state is given by
∣∣ψc
〉
=
√

0.5
∣∣4〉+√0.5

∣∣5〉, with a frequency of ωc = 0.9ω0, and a coupling strength of

g = 0.0025ω0. At first glance, being the Wigner representation of Fock states has negative regions in the phase-space

that imply non-classicality would imply that the dynamics generate over the molecular system have to deviate from

that one generate for classical sources, but this is not the case as it has been considered so far [Kowalewski et al.,

2016a; Csehi et al., 2017, 2019]. Compared with the exact quantum results, the quantum-classical master equation

dynamics display better results than the standard semiclassical approach. The standard semiclassical dynamics show

an oscillatory behavior overestimated compared with the exact quantum results.

Consider the case of a squeezed vacuum state [Breuer and Petruccione, 2002; Agarwal, 2013]
∣∣ψc
〉
=
∣∣ξ〉 (see

Appendix 4), with ϕ = 0, so ξ = r, where r represents the squeezed parameter. For this state the symmetrized correla-

tion function reads C (t, t ′) = }2g2
(
(2sinh2 r + 1)cosωc(t − t ′)

−2(coshr sinhr)cosωc(t + t ′)
)
, and the expected value of the light field operator

〈
Φ̂(I)(t)

〉
= 0. The non-classicality

of the vacuum squeezed state is provided by the negative value of the squeezing parameter [Agarwal, 2013] S =

− 1
2 (1− e−2r).

Fig. 18 (E and F cases) depicts the ground state population in the two-level system considering two values

for the squeeze parameter r = 0.2 and r = 0.6. For these values of the squeeze parameter the quantum-classical
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Figure 19. Top panels: Populations of the excited state of one of the TLS in the Dicke model of 4
atoms initially in their excited states (color coding is shown on top). (A) ωc = 0.9ω0, g = 0.005ω0
and nc = 10. (B) ωc = 0.99ω0, g = 0.00075ω0 and nc = 10. Bottom panels: Populations of the
acceptor excited state in the vibronic dimer model. Initially, the population of donor the excite
state 〈εD |ρ̂m(t = 0)|εD〉 = 1. (C) ωc = 0.973ω0, g = 0.0005ω0 and nc = 0. (D) ωc = 0.973ω0,
g = 0.0035ω0 and nc = 0.

master equation dynamics display better results than the standard semiclassical approach, since standard semiclassical

dynamics show an oscillatory behavior overestimated compared with the exact quantum results (see above). However,

for high values of the squeeze parameter r, even if it is for a weak light-matter coupling strength, the quantum-classical

master equation and the standard semiclassical approach do not model the molecular-only dynamics correctly (not

shown). The above mentioned represents an evident deviation from the dynamics produced by classical light sources

[Triana et al., 2018], and therefore, a purely quantum signature at the molecular-only dynamics.

4.3.2. Dicke Model. The Dicke model describes an ensemble of N two-level atoms collectively

coupled to a single quantized cavity mode [Kirton et al., 2019]. The Dicke model has a ground-state transition to a

superradiant phase. The Dicke Hamiltonian reads

ĤD = 1
2}ω0

N

∑
i=1

σ̂z(i)+}ωcâ†â+}g
N

∑
i=1

σ̂x(i)(â
† + â). (104)
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This Hamiltonian has been widely studied and represents a cornerstone of many-body dynamics in quantum optics.

It has recently been studied in the context of atom-only dynamics using the non-secular Redfield master equation

approach [Damanet et al., 2019]. Fig. 19 (A and B cases) depicts the population of the excited state of one of the four

two-level atoms that initially are in their excited states. In the Fig. 19(A) the quantized cavity mode corresponds to

a Fock state of ten photons
∣∣ψc
〉
=
∣∣10
〉
, with a frequency of ωc = 0.9ω0, and a coupling strength of g = 0.005ω0.

Fig. 19(B) consider a quantized cavity mode in a Fock state of ten photons
∣∣ψc
〉
=
∣∣10
〉

in resonance with the two-

level atom excitation energy ωc = 0.99ω0, and a coupling strength of g = 0.00075ω0. For both cases considered, the

quantum-classical master equation approach display better results than the standard semiclassical dynamics concerning

the exact quantum dynamics.

4.3.3. Vibronic dimer model. Recently, energy transfer dynamics have been a widely dis-

cussed topic in natural light-induced excitation and coherent pulsed laser excitation of photosynthetic light-harvesting

systems [Brumer and Shapiro, 2012; Pachón and Brumer, 2012; Dodin et al., 2016a,b; Pachón et al., 2017; Reppert

and Brumer, 2018; Brumer, 2018; Jung and Brumer, 2020; Calderón and Pachón, 2020]. To account for nonadiabatic

effects and vibronic coherence dynamics in photosynthetic complexes [Tiwari et al., 2013, 2017; Bennett et al., 2018;

Yeh et al., 2019; Calderón and Pachón, 2020], consider N chromophores, each with electronic energy εi, that interact

through an inter-chromophore Coulomb coupling Ji j. Each chromophore is coupled to a quantized intramolecular

vibrational mode of frequency ϖi. The molecular aggregate Hamiltonian reads (see Chapter 2)

Ĥvd=
N

∑
i6= j

(
εiσ̂

+
i σ̂
−
i +Ji jσ̂

+
i σ̂
−
j +}λiσ̂

+
i σ̂
−
i
(
b̂†

i +b̂i
)
+}ϖib̂

†
i b̂i

)
(105)

where σ̂
+
i (σ̂−i ) creates (annihilates) an electronic excitation in the ith chromophore. Here, b̂†

i (b̂i) is the creation

(annihilation) operator of the ith intramolecular vibrational mode, λi =
√

Siϖi represents the coupling between the ith

excited electronic state and the ith intramolecular vibrational mode, and Si is the Huang-Rhys factor. The presence of

intramolecular vibrational modes resonant with the excitonic energy difference promote better efficiency in the energy

transport under initial coherent excitation conditions [Yeh et al., 2019].
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To explore the effect of the cavity on a photosynthetic complex prototype, consider the following donor-

acceptor vibronic dimer model [Bennett et al., 2018], with a quantized intramolecular vibrational mode coupled to the

acceptor. The vibronic dimer is coupled to a light field single-cavity-mode of frequency ωc. The Hamiltonian reads

Ĥvd−c =εDσ̂
+
D σ̂
−
D + εAσ̂

+
A σ̂
−
A + JDA(σ̂

+
D σ̂
−
A + σ̂

+
A σ̂
−
D )

+}λA σ̂
+
A σ̂
−
A

(
b̂†

A + b̂A

)
+}ϖAb̂†

Ab̂A +}gσ̂D,x(â+ â)+}gσ̂A,x(â+ â)+}ωcâ†â,

(106)

where εD is the electronic energy of the donor, εA is the electronic energy of the acceptor, and JDA is the donor-acceptor

electronic coupling. Fig. 19 (C and D cases) depicts the population of the excited state of the acceptor, considering

parameters that correspond to the PEB dimer, the two phycoerythrobilin (PEB50/61 C and PEB50/61 D) chromophores

from the protein-antenna phycoerythrin 545 (PE545) [Doust et al., 2004; Novoderezhkin et al., 2010]. At t = 0 all the

population is in the excited state of the donor, and for both cases the cavity is found in a vacuum state of frequency

ωc = 0.973ω0, in resonance with half of the donor-acceptor energy difference ω0.

The results in Fig. 19(C) correspond to a coupling strength g = 0.0005ω0. In this regime of weak light-matter

interaction, the molecular-only dynamics display barely the same results as in absence of the cavity. Therefore, the

quantum-classical master equation, the standard semiclassical, and the exact quantum dynamics coincide. Increas-

ing the coupling strength to g = 0.0035ω0 leads to an increasing of the rate of donor-acceptor energy transfer [see

Fig. 19(D)], which shows the nonadiabatic enhancement driven by the coupling to light field [Kowalewski et al.,

2016a,b; Gu and Mukamel, 2020; Csehi et al., 2017; Szidarovszky et al., 2018; Csehi et al., 2019]. In this coupling

regime, the effect of the single vacuum cavity mode is better captured by the quantum-classical master equation ap-

proach than the standard semiclassical dynamics. However, even in a weak light-matter coupling regime, if a vacuum

squeezed state has a high value of the squeeze parameter r, neither the quantum-classical master equation nor the stan-

dard semiclassical approach does not model the molecular-only dynamics correctly, which implies non-trivial quantum
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molecular-only dynamics.

5. Conclusions

The role of intramolecular vibrations resonant with excitonic transitions in light-harvesting systems was analyzed

under natural sunlight illumination Calderón and Pachón [2020]. The inclusion of the intramolecular vibrational

modes reinforces the exciton coherence by up to one order of magnitude, as was shown for the DBV dimer. However,

the comprehensive analysis shows that the populations of single exciton and site states of vibronic dimers are not

significantly affected as compared to their corresponding electronic dimers. Therefore, there is no direct evidence

of an enhancement in the energy transport mediated by the inclusion of resonant intramolecular vibrational degrees

of freedom under natural conditions. Recently, similar conclusions were elucidated on the impact of the vibronic

coupling in the electronic and vibrational coherences observed in two-dimensional-electronic-spectroscopies Duan

et al. [2019].

Under incoherent light excitation conditions, the initial state of the light-harvesting system is of incoherent

nature, namely, an incoherent mixture of eigenstates. For this scenario (see Fig. 16), it was further shown that intra-

molecular vibrational modes evolve devoid of non-classical correlations. Therefore, the generation of non-classical

correlations via the transient formation of vibronic exciton states lacks of theoretical support since the quantum cor-

relations come from the quantum superposition encoded in the initial state. Thus, that picture should be replaced

in favor of the natural dynamics of the initial quantum correlations established in the light-harvesting system by the

pulsed-laser-preparation of the initial state.

The perspective to contribute to the development of sustainable energy sources will always be an exciting

challenge. To try to implement more sophisticated and physical models for energy transfer dynamics in natural and

synthetic light-harvesting complexes excited by sunlight, it is necessary to include complete vibrational-electronic

degrees of freedom interactions in diverse energy scales. Thus, this work could be extended to include the effect of

the phonon bath at an intermediate energy regime, beyond the Redfield approach, respecting the blackbody-radiation-

induce dynamics, and focusing on efficiency issues with the help of thermodynamics.

A second-order quantum-classical master equation formalism was developed to analyze the conditions under
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which classical light field states can mimic the effects of quantum light sources on molecular systems Calderón and

Pachón [2021]. The molecular-only dynamics were simulated, comparing the quantum-classical, quantum-exact, and

the standard semiclassical approaches for different systems considered in the field of molecular polaritonics. An

effective electric field used in the standard semiclassical light-matter approximation was discussed in the base of

the second-order light-field correlation function. At second-order in light-matter interaction, the quantum-classical

approach better fits the quantum exact molecular-only dynamics than the standard semiclassical approach. Thus, in

principle, it is impossible to distinguish between the dynamics induced by a classical electric field having the same

statistics as the quantum electric field.

Therefore, the non-classical character of a light quantum state does not guarantee that the molecular dynamics

induced by the light field will be different from that in the excitation from a classical source, as it was shown in the case

of Fock states. Previously, also confirmed by other studies in polaritonic chemistryCsehi et al. [2017, 2019]. Thus, the

effects of the cavity can be mimic by classical light fields outside of the cavity. However, even in a weak light-matter

coupling regime, if a vacuum squeezed state has a high value of the squeeze parameter r, neither the quantum-classical

master equation nor the standard semiclassical approach does not model the molecular-only dynamics correctly, which

implies non-trivial quantum molecular-only dynamics induced by quantum light.

The quantum-classical open quantum system approach discussed in this thesis could be extended to consider

many cavity modes with the subsequent dissipation and decoherence effects that are not taking into account in light-

matter interaction wave function approaches. It is also important to highlight that shedding light on these semiclassical

methodologies could motivate the searching of experimental setups where the quantum fluctuations of the light field

play a critical role and classify interesting light-induced-molecular-effects that could be reproduced without using

sophisticated microcavities setups.
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Appendices

Appendix A Comparison between the Redfield master equation and the hierarchical equations of motion method

Figure 20 shows the vibronic dynamics of the PEB dimer solved with the Redfield master equation (RME)4

and the hierarchical equations of motion (HEOM) method [Ishizaki and Tanimura, 2005; Johansson et al., 2012] for

several values of the reorganization energy Λ(e) of the phonon bath coupled to the electronic degrees of freedom (e),

and characterized by the spectral density

ω
2JPB

j (ω) =
2Ω(e)

j Λ(e)
j ω

}(ω2 +Ω(e)2
j )

. (107)

The subspace of vibronic single exciton states can be described by the effective Hamiltonian [O’Reilly and Olaya-

Castro, 2014]

Ĥ =
∆ε

2
σz +V σx−

g√
2
(b̂†

ac + b̂ac)σz +ωacb̂†
acb̂ac, (108)

being ∆ε the site energy difference, V the electronic coupling and g the vibronic coupling. Here, σz = σ
+
2 σ
−
2 −σ

+
1 σ
−
1

and σx = σ
+
1 σ
−
2 +σ

+
2 σ
−
1 , where σ

+
i=1,2 (σ−i=1,2) creates (annihilates) an electronic excitation at the site i = 1,2. The

creation (annihilation) operator b̂†
ac (b̂ac) of the anticorrelated vibrational mode of frequency ωac = ω1 = ω2 reads

b̂†
ac = (b̂†

1 − b̂†
2 )/
√

2
(

b̂ac = (b̂1− b̂2)/
√

2
)

, where b̂†
i=1,2 (b̂i=1,2) creates (annihilates) an intramolecular vibrational

excitation at the site i = 1,2.

Figure 20 shows the population dynamics of the reduced lowest energy single exciton state
〈
e
∣∣ρ̂t
∣∣e〉 and

coherence dynamics
〈
e
∣∣ρ̂t
∣∣e′〉 between the reduced single exciton states

∣∣e〉 and
∣∣e′〉, assuming as initial electronic

state, the state prepared by the incoherent blackbody radiation bath only after 2.0 [ps], and a equilibrium thermal state

4 See section 1.3.4.
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Figure 20. Comparison between the Redfield master equation (RME) and the hierarchical equa-
tions of motion (HEOM) method for several values of reorganization energy Λ(e) [cm−1] of the
PEB dimer. Top panels: Population dynamics of the reduced lowest energy single exciton state∣∣e〉. Bottom panels: Coherence dynamics (absolute value) between the reduced single exciton
states

∣∣e〉 and
∣∣e′〉.

(T = 300 K) for the anticorrelated vibrational mode. The values adopted for the simulations are ∆ε = 1042 cm−1,

V = 92 cm−1, g = 267.1 cm−1, ωac = 1058 cm−1 and T (e)
PB = 300K.
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Appendix B Coherent states

A harmonic oscillator of frequency ω described through the Hamiltonian

Ĥ = }ω

(
n̂+

1
2

)
, (109)

where n̂= â†â represents the number operator, â† (â) the creation (annihilation) operator, that satisfies the commutation

relation
[
â, â†

]
= 1. The eigenstates

∣∣n〉 of the number operator n̂ satisfy the equation

n̂
∣∣n〉= n

∣∣n〉; n = 0,1,2,3, . . . ,∞. (110)

The states
∣∣n〉 are called Fock states or number states [Mandel and Wolf, 1995; Gerry and Knight, 2005;

Grynberg et al., 2010; Agarwal, 2013], and related to the creation operator by means of

∣∣n〉= (â†)n
√

n!

∣∣0〉, (111)

with the vacuum state
∣∣0〉 given by â

∣∣0〉= 0. The collection of states
∣∣n〉 represent a complete orthonormal basis

〈
n|n′
〉
= δnn′ ,

∞

∑
n=0
|n〉〈n|= 1. (112)

A coherent state
∣∣α〉 is defined as an eigenstate of the annihilation operator â [Mandel and Wolf, 1995; Gerry

and Knight, 2005; Grynberg et al., 2010; Agarwal, 2013], that satisfies

â
∣∣α〉= α

∣∣α〉, (113)

where α is a complex number. The coherent states represent the most “classical” quantum states of the harmonic

oscillator, since can represent states with well-defined amplitude and phase, such as the electromagnetic field states

associated with laser sources [Mandel and Wolf, 1995; Gerry and Knight, 2005; Grynberg et al., 2010; Agarwal, 2013].
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The solution of Eq. (113) for
∣∣α〉 can be described in terms of Fock states |n〉

∣∣α〉= e−
1
2 |α|2

∞

∑
n=0

αn
√

n!

∣∣n〉. (114)

The mean boson number for the coherent state 〈α|n̂|α〉 = 〈n̂〉 = |α|2. The probabily to find n bosons in the

coherent state
∣∣α〉 follows the Poisson distribution

p(n) = 〈n|α〉〈α|n〉= e−|α|
2 (|α|2)n

n!
=

e−〈n〉 〈n〉n
n!

. (115)

The variance of this distribution is equal to its mean value

〈
n̂2〉−〈n̂〉2 = 〈n̂〉 . (116)

The collection of coherent states is a complete set that satisfies

1
π

∫
|α 〉〈α|d2

α = 1, α = x+ iy, d2
α = dxdy, −∞≤ x,y≤ ∞. (117)

However, coherent states are not orthogonal

〈α|β 〉= exp
(

α
∗
β − 1

2
|α|2− 1

2
|β |2

)
. (118)



NONADIABATIC DYNAMICS IN OPEN QUANTUM SYSTEMS 105

Appendix C Light-field dynamics

At first order in the interaction Hamiltonian, the evolution equation for the light field is given by

Q
dρ̂W(I)(t)

dt
=−iQL

W(I)
ph-m (t)ρ̂W(I)

ph (t0)ρ̂
(I)
m (t). (119)

Taking the partial trace over the molecular degrees of freedom ρW
ph = Trm ρ̂W and making use of the orthogonal

complement Q = 1̂−P , thus

∂ρ
W(I)
ph (t)

∂ t
=

1
2 ∑

u
Trm

[
K̂(I)

u (t), ρ̂(I)
m (t)

]
+

×
{

ΦW(I)
u (t),ρW(I)

ph (t0)
}

P
.

(120)

In the Schrödinger picture the above equation reads

∂ρW
ph (t)

∂ t
=

{
HW

ph +∑
u

Trm
(
K̂uρ̂m(t)

)
ΦW

u ,ρW
ph (t)

}
P
. (121)

The last equation can be compared with the full quantum case

dρ̂ph(t)
dt

=− i
}

[
Ĥph +∑

u
Trm

(
K̂uρ̂m(t)

)
Φ̂u, ρ̂ph(t)

]
. (122)
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Appendix D Light field correlation functions

The ladder operators acting on the Fock states are given by:

â
∣∣n〉=√n

∣∣n−1
〉
, (123)

â†∣∣n〉=√n+1
∣∣n+1

〉
. (124)

The light field operator that couples to the molecular system reads

Φ̂(I)(t) = }g
(

â†eiωt + âe−iωt
)
. (125)

Symmetic and antisymmetric correlation functions

To calculate the symmetric and antisymmetric parts of two-time correlation function, first compute the oper-

ators

Φ̂(I)(t)Φ̂(I)(t ′) = }2g2(â†eiωt + âe−iωt)(â†eiωt ′ + âe−iωt ′)
= }2g2(â†â†eiω(t+t ′)+ â†âeiω(t−t ′)

+ ââ†e−iω(t−t ′)+ ââe−iω(t+t ′)),

Φ̂(I)(t ′)Φ̂(I)(t) = }2g2(â†eiωt ′ + âe−iωt ′)(â†eiωt + âe−iωt)
= }2g2(â†â†eiω(t+t ′)+ â†âe−iω(t−t ′)

+ ââ†eiω(t−t ′)+ ââe−iω(t+t ′)).
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By using the commutator relation [â, â†] = 1̂,

Φ̂(I)(t)Φ̂(I)(t ′)+ Φ̂(I)(t ′)Φ̂(I)(t) = }2g2
(

2â†â†eiω(t+t ′)

+2ââe−iω(t+t ′)+(2â†â+1)
(
e−iω(t−t ′)+ eiω(t−t ′))),

Φ̂(I)(t)Φ̂(I)(t ′)− Φ̂(I)(t ′)Φ̂(I)(t) =−2i}2g2 sinω(t− t ′).

Observables are related to the real or imaginary parts of two-time correlation function. For the analysis of one mode

of the radiation, the antisymmetric part of two-time correlation function is independent of the state of the light field

considered.

Fock state superposition

Consider a state of the light field given by a superposition of Fock states of the form

∣∣ψc
〉
= cn

∣∣n〉+ cn+1
∣∣n+1

〉
, (126)

where |cn|2 + |cn+1|2 = 1.

The action of the operator Φ̂(I)(t) on the state
∣∣ψc
〉

reads

Φ̂(I)(t)
∣∣ψc
〉
= }g

(
â†eiωt + âe−iωt

)(
cn
∣∣n〉+ cn+1

∣∣n+1
〉)

= }g[(cn
√

n+1
∣∣n+1

〉
+ cn+1

√
n+2

∣∣n+2
〉
)eiωt

+(cn
√

n
∣∣n−1

〉
+ cn+1

√
n+1

∣∣n〉)e−iωt ]

The average value of the light field operator for the state defined in the Eq. (126) reads

〈ψc|Φ̂(I)(t)|ψc〉= }g
√

n+1
(

c∗ncn+1e−iωt + c∗n+1cneiωt
)
. (127)
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Provided that the coefficients cn and cn+1 are real

〈ψc|Φ̂(I)(t)|ψc〉= 2}g
√

n+1cncn+1 cosωt. (128)

The symmetric correlation function reads

Cu,v(t, t ′) = 〈ψc| 12
(
Φ̂(I)(t)Φ̂(I)(t ′)+ Φ̂(I)(t ′)Φ̂(I)(t)

)
|ψc〉

= }2g2(|cn|2(2n+1)+ |cn+1|2(2n+3)
)

cosω(t− t ′).

(129)

The antisymmetric correlation function is given by

Au,v(t, t ′) = 〈ψc|− i
2

(
Φ̂(I)(t)Φ̂(I)(t ′)− Φ̂(I)(t ′)Φ̂(I)(t)

)
|ψc〉

=−}2g2 sinω(t− t ′).

(130)

Vacuum squeezed state

Defining the unitary operator

S(ξ ) = exp
(

1
2

ξ â†2 +ξ
∗â2
)
, (131)

with ξ = reiϕ , and where the squeeze parameter 0 ≤ r < ∞, and 0 ≤ ϕ ≤ 2π . The vacuum squeezed state is defined

by ∣∣ξ〉= S(ξ )
∣∣0〉. (132)

This state could be decomposed in term of Fock states as

∣∣ξ〉= 1√
coshr

∞

∑
n=0

√
(2n)!

2nn!
einϕ(tanhr)n∣∣2n

〉
. (133)

〈ξ |â†â|ξ 〉= sinh2 r. (134)
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〈ξ |â2|ξ 〉= 〈ξ |â†2|ξ 〉∗ =−coshr sinhreiϕ . (135)
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