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Descripción: Esta tesis presenta un conjunto de estrategias para modelar y procesar el ruido causado por

la dispersión sísmica cercana a la super�cie (NSS, Near-surface Seismic Scattering) en datos sísmicos

multicomponente. Para lograr esto, se implementó un enfoque sistemático que incluyó el modelado
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computacionales y mejorar la precisión del modelado, se desarrolló un solucionador de ondas elásticas

3D acelerado por GPU. Utilizando dicho solucionador, se introdujo una estrategia para simular la

separación NSS y comprender mejor el ruido sísmico terrestre y contribuir al avance de tal ruido. Se

creó un �ltro de polarización multiestación para la separación de tipos de ondas, mejorando la calidad

de los datos sísmicos de tres componentes (3C) submuestreados, especialmente en presencia del ruido

NSS. Finalmente, se aplicaron técnicas de aprendizaje automático para la atenuación automática de

NSS, lo que mejoró la calidad de los datos sísmicos. El rendimiento de estas estrategias se probó a

través de varios experimentos con datos reales y sintéticos, conduciendo a un progreso signi�cativo en
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la atenuación del ruido NSS en datos sísmicos terrestres.
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Description: This thesis presents a set of strategies for modeling and processing noise caused by near-

surface seismic scattering (NSS) in multicomponent seismic data. To achieve this, a systematic ap-

proach was implemented which included numerical modeling of 3D elastic wave propagation in hete-

rogeneous near-surface media with irregular topographies emulating real-world settings. To address

computational complexities and improve modeling accuracy, a GPU-accelerated 3D elastic wave solver

was developed. Using such solver, a strategy for simulating NSS separation was introduced, leading

to a better understanding of land seismic noise which contributes to the advancement of near-surface

noise attenuation techniques. A multi-station polarization �lter was created to improve wave type

separation, enhancing undersampled three-component (3C) seismic data quality, especially in the pre-

sence of NSS noise. Finally, machine learning techniques were applied for automatic NSS attenuation

leading to signi�cant noise reduction and seismic data quality enhancement. The performance of the-

se strategies was tested through various experiments with real and synthetic data, conducting to

signi�cant progress in attenuating NSS noise in land seismic data.
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Introduction

Seismic imaging of complex structures in mountainous areas poses a signi�cant challenge in

land seismic exploration. The scattered waves, generated by a heterogeneous near-surface

and rough topography, considerably interfere with the phase and amplitude of the recorded

signal. This obscures the body wave re�ections from deep structures Regone et al. (2017). In

seismic re�ection surveying, these scattered waves are treated as coherent noise, as they only

contain information about the shallow structure that the model used for interpreting the

data does not include. Consequently, seismic migration and inversion can be substantially

a�ected if this Near-surface Seismic Scattering (NSS) is not properly removed during the

�ltering stage.

In complex acquisition areas such as foothills, the upcoming body wave from deeper

structures is scattered by near-surface heterogeneities, decreasing the quality of the signal

carrying information of interest. Scattering also impacts Rayleigh waves, resulting in a high-

energy ground roll cone that masks the weaker body wave re�ections.

To illustrate this, Figure 1 presents three-shot gathers acquired in a Foothill region.

The shot gather from the �at area exhibits Rayleigh waves with a uniform behavior within

a certain velocity range, which can be e�ectively removed using f −k �ltering. However, the

other two shot gathers from the mountainous region show most of the energy trapped and

scattered in the near-surface, making body-wave re�ections di�cult to observe. In these cir-

cumstances, traditional �ltering methods fail to accurately eliminate NSS noise from seismic
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shot gathers due to frequency overlap with re�ections.

Figure 1. Scattered waves in foothills acquisition area. Courtesy of Ecopetrol S.A.

Given that frequency information is insu�cient to separate scattering noise, additional

information is required. Multicomponent data o�er the advantage of utilizing polarization

information to distinguish between wave types (Bale et al., 2013). Such polarization and

multicomponent data can be used to identify new domains for facilitating the separation of

the NSS noise and the signal. As an example, the vectorial information can be incorporated

into the �ltering process through the calculation of polarization attributes (Sánchez-Galvis

et al., 2016). However, it is crucial that any representation of the multicomponent data

ensures the vectorial �delity of the seismic wave modes.
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Thesis statement

This thesis addresses the research question: How can the quality of seismic ima-

ges be improved when data are contaminated with near-surface scattering noise?

To answer this question, I �rst propose to model elastic wave propagation in complex near-

surface models to generate realistic synthetic data with di�erent types of NSS. Subsequently,

polarization methods and machine learning work�ows will be designed to attenuate NSS noise

in multicomponent data. The objectives of this thesis are presented below:

Main Objective.

To develop strategies based on elastic wave propagation, polarization methods, and

machine learning, to model and process the near-surface scattering noise in multicom-

ponent seismic data.

Speci�c Objectives.

To generate synthetic seismic data with realistic scattering by 3D elastic wave modeling

in complex near surface media.

To remove scattering noise from multicomponent seismic shot gathers implementing a

work�ow based on polarization methods and machine learning.

To evaluate the performance of the designed scattering-noise removal work�ow with

synthetic and real seismic data.
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Thesis organization and main contributions

This thesis is divided into two parts: modeling and processing, as detailed in Figure

2.

Near-surface settings
to simulate realistic

scattering (Chapter 1)

3D-FDM for elastic wave
modeling accelerated

with GPUs (Chapter 2)

Numerical modeling
of near-surface seismic
scattering (Chapter 3)

Polarization analysis and
�ltering of 3C seismic
data (Chapter 4)

Attenuation of near-surface
seismic scattering with

autoencoders (Chapter 5)

Modeling

Processing

Figure 2. Thesis organization.

The modeling part, comprised of three chapters, focuses on the generation of realistic

noisy synthetic data through 3D �nite-di�erence elastic wave propagation. Chapter 1 pre-

sents the limitations of the current SEAM phase II Foothills model, particularly its restricted

representation of near-surface heterogeneity and a low-velocity layer. The chapter underlines

the need for more comprehensive models that can accurately capture scattered surface wave
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energy in seismic simulations in mountainous onshore regions. Chapter 2 introduces a no-

vel 3D solver, PMFD3D-GPU, designed for GPU acceleration to handle the computational

complexities of modeling seismic wave propagation in intricate terrains. This solver employs

an unstructured index array representation to accommodate complex near-surface models,

proving to be both highly e�cient in computational speed and accurate when compared to

established solvers. In Chapter 3, the partitioned domain method (PDM) is presented to

augment NSS modeling accuracy. Utilizing two stages of elastic wave modeling to generate

synthetic seismic data, this method e�ectively models NSS, thereby contributing to a bet-

ter understanding of land seismic noise and fostering the development of new attenuation

techniques.

The processing part of the thesis encompasses two chapters and concentrates on de-

signing methods and work�ows to attenuate NSS in multicomponent shot gathers. Chapter

4 introduces a novel two-step method, the 3C Frequency-Slowness Polarization Filter (3C-

FSPF), for polarized wave type separation in seismic data. It addresses the limitations of

existing polarization �lter techniques and demonstrates potential for enhancing the quality

of 3C seismic data, particularly in regions with complex near-surface structures and spatial

undersampling. The �lter was evaluated using a real 3C shot gather obtained from seismic

data collected in the Middle Magdalena Valley in Colombia, demonstrating the ability of the

3C-FSPF to successfully separate di�erent types of waves in the ground roll cone. Finally,

Chapter 5 extends the work of Chapter 4 by introducing machine learning work�ows to au-

tomate the NSS attenuation process. Leveraging autoencoders, this method shows promise
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in reducing NSS noise and enhancing the quality of deeper re�ections in 3C seismic data.

This contributes to the wider �eld of exploration geophysics. Future research will aim to

validate these methods with real data and re�ne the techniques further using a more diverse

range of training datasets.

The main contributions of this thesis are:

1) Development of a GPU-accelerated 3D solver for elastic wave modeling in media with

irregular topography. Compared to CPU implementations, this solver substantially

lowers computational costs enabling more realistic and detailed seismic simulations

even in areas with complex near-surface structures.

2) A novel strategy for accurate near-surface seismic scattering (NSS) modeling was de-

signed. This strategy permits the generation of synthetic data with or without NSS,

leading to a more profound understanding of land seismic noise and aiding in the

development of innovative noise attenuation methods.

3) An innovative multi-station polarization �lter was created for wave type separation in

3C seismic data. This �lter, which makes use of tailored functions from elliptical spectra

in the frequency-slowness domain, showed excellent performance. Its e�ectiveness was

validated using both synthetic and real data, providing signi�cant improvements to

the quality of undersampled seismic data, particularly those acquired in areas with

complex near-surface structures.

4) Machine learning work�ows were implemented for the processing of multicomponent

seismic data. Through the incorporation of machine learning techniques, the process
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of NSS attenuation was automated. This approach greatly mitigates NSS noise and

enhances the quality of deeper re�ections in 3C seismic data, suggesting a promising

path for further enhancements in seismic data processing.
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CHAPTER 1. Simulation of near-surface seismic scattering on mountainous

onshore areas: understanding the ground roll �energy cone�

1.1. Abstract

Accurately simulating seismic surface waves on complex land areas is essential for unders-

tanding the propagation of seismic waves. The SEAM phase II Foothills model, proposed by

the SEG Advanced Modeling Consortium, is a comprehensive e�ort to understand seismic

wave propagation in foothills areas. However, despite including rough topography, alluvial

sediments, and complex geological structures, synthetic data from the SEAM consortium do

not reproduce the qualitative characteristics of scattering energy that is generally interpreted

as the ground roll energy cone on shot records of real data.

Simulating scattering in a near-surface elastic model in mountainous areas must in-

clude three elements: (1) rough topography and bedrock, (2) low-velocity layer, and (3)

small-scale heterogeneities (approximately Rayleigh wavelength size). The SEAM Foothills

model integrates only the �rst element and partially the second. In this chapter, the hetero-

geneous near-surface is examined as a random medium characterized by two parameters: the

average size of the heterogeneities and fractional �uctuation. The e�ect of each parameter on

the synthetic data, and its similarity to real data collected in a foothills region in Colombia,

is analyzed.

This study indicates the necessity of incorporating the low-velocity layer and small-

scale distributed heterogeneities in the shallow section of the SEAM model to achieve synthe-
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tic data with realistic scattered surface wave energy. As a result, it highlights the importance

of recognizing the limitations of existing models, as well as the requirement for more inclusive

models, to accurately simulate near-surface seismic scattering in complex land areas.

1.2. Introduction

In the last two decades, the geophysics community has become aware of the importance of a

detailed near-surface model to understand the complexity and richness of the recorded wave-

�eld. The near-surface commonly consists of a soil column and low-velocity, unconsolidated,

heterogeneous, and weathered layers of rock (Yilmaz, 2015). Most seismic sources are on the

surface or a few meters below it, completely or partially contained in this near-surface layer.

The near-surface has generally low velocities so that most of the seismic energy is trapped

at this layer that acts as a natural waveguide.

Dispersion, scattering, and attenuation are important surface wave propagation phe-

nomena controlled by the near-surface properties. Dispersion of surface waves is commonly

produced by vertical velocity variations in the soil column that cause each frequency com-

ponent of the wavefront to travel at a di�erent phase velocity. Normally, dispersion curves

of surface waves are inverted to estimate one-dimensional S-wave velocity pro�les of the

near-surface (Xia et al., 1999; Socco and Strobbia, 2004). Scattering of surface waves is the

irregular and di�use dispersion of energy caused by near-surface heterogeneities that act as

secondary sources during the wave propagation. Depending on the type of heterogeneity,

the scattering can include body-to-body, body-to-surface, surface-to-body, and surface-to-

surface wave scattering (Levander, 1988). Heterogeneous near-surface includes rough topo-
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graphy, irregular bedrock, and localized scatterers. Rough topography and irregular bedrock

are commonly included in the design of velocity models to compute synthetic data, while

localized scatterers are rarely included in the near-surface model. According to Stork (2020),

very small-scale heterogeneities in the near-surface on the scale of 0.5-10 meters can pro-

duce high levels of scattered energy because the surface wavelength is about 1-10 meters

in the top 10-30 m of the earth, where S-wave velocities are about 100-200 m/s, for high

frequency energy in the range of 20-80 Hz. The third property, attenuation of surface waves,

is produced by �uids in pores in the near-surface acting as a low-pass �lter a�ecting strongly

high-frequency wave motion. For this work, seismic waves are modeled as elastic waves so

that attenuation is not considered.

An accurate simulation of seismic waves in mountainous areas requires a numerical

method to model elastic wave propagation in complex areas. Surface topography and curvili-

near interfaces are the principal challenges to be faced because most of the numerical solution

generates spurious values by the staircase adaptation of the grid in irregular interfaces. Seve-

ral numerical methods have been developed to improve the accuracy and performance of the

modeling in such conditions. Some of the most relevant numerical methods are rectangular

�nite-di�erence (Robertsson, 1996; Hayashi et al., 2001; Cao and Chen, 2018), curvilinear

�nite-di�erence (Tessmer and Koslo�, 1994; Hestholm and Ruud, 1998; de la Puente et al.,

2014), �nite-elements, such as the spectral element method (Komatitsch et al., 1999; Koma-

titsch and Tromp, 1999; Peter et al., 2011), and the discontinuous Galerkin method (Monk

and Richter, 2005). However, the accuracy of surface wave modeling depends not only on
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the numerical method to solve the elastic wave equation but also on the velocity model.

The near-surface model must include the following three elements to simulate the

�ground roll energy cone�: (1) rough topography, (2) low-velocity layer, and (3) signi�cant

small-scale heterogeneities that act as scatterers. Despite that, most of the near-surface

velocity models designed to study seismic wave propagation do not ful�ll all the conditions

that make complex surface wave propagation. For instance, The SEG Advanced Modeling

(SEAM) phase II foothills model includes the element (1) and partially the element (2), with

350 m/s minimum S-wave velocities and mean ratio between P-wave and S-wave velocities

of approximately 1.8.

This study of this chapter proposes an approach to the elements (2) and (3) by

incorporating a low-velocity surface layer with a high ratio between P-wave and S-wave

velocities, along with a random media model that represent the heterogeneities in a modi�ed

version of the near-surface of the SEAM Foothills model. A comparison is made between

synthetic data recorded on a modi�cation of the SEAM model and real data acquired in

a foothills area in Colombia, equivalent to the SEAM model. This comparison serves to

underscore the signi�cance of the heterogeneous near-surface in reproducing the surface

waves behavior of real data within the synthetic data.

1.3. Data and models

Synthetic surface waves in associated to SEAM foothills model are compared to real

data acquired in a foothills area in Colombia. Data and models used in the study are presented

below:
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1.3.1. SEAM phase II foothills model. The SEAM Phase II Foothills mo-

del was designed by the SEAM Consortium (Society of Exploration Geophysicists Advanced

Modeling) between 2011 and 2016 to understand the complexity of seismic wave propagation

in mountainous onshore areas, particularly in the Andean foothills (Oristaglio, 2013; Regone

et al., 2017). The model covers a horizontal extent of approximately 14.5 by 12.5 km and

a depth extent of 11 km, with an elevation map taken from an area in the Llanos foothills

in Colombia (see Figure 3). The P-wave velocities in the model range from approximately

500 to 4956 m/s, the S-wave velocities from approximately 350 to 2854 m/s, and the density

from approximately 1.7 to 2.7 Mg/m3. This model is ideal for studying the e�ects of complex

geological structures on seismic wave propagation. However, synthetic data computed on this

model do not exhibit the complex characteristics of the ground roll energy cone observed

on real shot records. Therefore, several shot gathers in the synthetic data were meticulously

examined and one with a ground roll cone closely resembling that observed in real shot

gathers was chosen. Reciprocally, real shot gather most similar to the synthetic one was also

selected for further analysis.

1.3.2. Numerical modeling validation. The purpose of our study is to

compute synthetic data with realistic surface wave behavior by modifying the near-surface

of the SEAM Foothills model. Synthetic data on the modi�ed models are computed using

a solver named PMFD3D-GPU, which will be introduced in chapter 2. This solver is a

rectangular �nite-di�erence code that uses the parameter-modi�ed method introduced by
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Figure 3. Elevation map of the SEAM phase II foothills model. The selected portion of the
model (highlighted by the black-dashed box) is from 2000 to 7000 m in the x-axis, from 3000
to 4000 m in the y-axis, and from 1600 to 4000 m in the z-axis.

Cao and Chen (2018) to solve the free-surface condition for irregular topography.

The SEAMConsortium computed synthetic seismic data by using the spectral-element

solver SPECFEM 3D (Komatitsch and Tromp, 2002; Peter et al., 2011). Seismic sources were

imposed as vertical component point forces at the surface, simulating an ideal Vibroseis

source with a 40 Hz Klauder wavelet (Oristaglio, 2013).

The solver is validated by comparing a representative shot gather generated by SPEC-

FEM 3D to a shot gather produced by PMFD 3D. To calculate synthetic data using PMFD

3D, a segment of the SEAM model that spans 5000 m x 1000 m x 2400 m is chosen, with

velocities varying from 500 to 4800 m/s and density ranging from 1.85 to 2.6 Mg/m3. The
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black-dashed box in Figure 3 indicates the portion of the model selected for this work. It

spans from 2000 to 7000 m on the x-axis, from 3000 to 4000 m on the y-axis, and from 1600

to 4000 m on the z-axis. Figure 4(a) shows a 3D view of the P-wave velocity model for a

portion to the SEAM, while Figure 4(b) shows a 2D section at 3500 m on the y-axis.

The PMFD 3D solver requires a spatial sampling of 15 grid points per minimum

wavelength to accurately resolve surface waves. The original model is speci�ed on a grid

with cubic cells measuring 10 m on each side. Linear interpolation is utilized to resample

the model on cubic cells measuring 2.5 m on each side. In these simulations, seismic sources

are imposed as normal-stress point forces, emulating an ideal explosive source with a 10 Hz

Ricker wavelet.

For the modeling, the source is located at 2750 m on the x-axis and 3500 m on the

y-axis, and the receivers are placed along the 3500 m stretch of the y-axis, from 2050 m to

5500 m, and at 50 m intervals on the 3500 m stretch of the x-axis. Some similarities are

observed between the shot gathers generated by using SPECFEM 3D and PMFD3D-GPU,

observed in Figures 5(a) and 5(b), respectively. The �rst arrivals are quite similar, as well

as the surface wave behavior. There is a reduction in amplitude for traces between 3450 m

and 3750 m on the x-axis, caused by the impedance contrast of the high-velocity outcrop

highlighted in Figure 4(b). However, some di�erences can be noted in the shot gathers. It

appears that, for PMFD 3D, more energy is trapped at the surface, and a minor energy of

re�ections is recorded.

Two sources of uncertainty exist in the validation process. The source wavelet di�ers
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Figure 4. P-wave velocity variations in the portion of the SEAM phase II foothills model
used to analyze the surface waves behavior. (a) 3D view of the model. (b) 2D section at 3500
m in the y-axis. The dashed lines highlight a high-velocity outcrop between 3450 m and 3750
m in the x-axis.

for each solver, and for PMFD3D-GPU, only a portion of the model is used, while the SEAM

Consortium employed the entire model for SPECFEM3D. Despite these uncertainties, the

focus remains on the surface wave behavior of the synthetic data. Figures 5(c) and 5(d)

present the dispersion image for each shot gather. It is observed that the dispersion curves of

the fundamental and higher modes of the Rayleigh waves bear signi�cant similarity, showing

that PMFD3D-GPU can accurately resolve the surface waves.
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(a) (b)

(c) (d)

Figure 5. Synthetic data recorded on the SEAM Foothills model. (a) Shot gather generated
by using the spectral �nite-elements solver (SPECFEM 3D). (b) Shot gather generated by
using the parameter modi�ed �nite-di�erence method (PMFD 3D). (c) The dispersion image
from (a). (d) The dispersion image from (b).

1.3.3. Real data in the Colombian Foothills. This study utilizes a real

dataset gathered from the Llanos Foothills of Colombia, whose topography matches that
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of the SEAM Phase II Foothills model. Figure 6 indicates the acquisition area for the real

data. A representative shot gather is selected to facilitate a comparison between the real and

synthetic data (Figure 9(a)). Traces between 4600 m and 4750 m along the x-axis exhibited

noise and were nulli�ed during a preprocessing step. Figure 7(a) displays the locations of

the source and receivers for both the real and synthetic data corresponding to the selected

shot gather. Despite the shot and receivers not being precisely in the same location, they

are su�ciently close for surface wave analysis, and the elevation structure of the receivers is

almost identical (Figure 7(b)).

10 km

N

➤➤

N

Figure 6. The geographic area of the real data acquisition in the Llanos Foothills of Colombia,
South America. Location of the receivers are represented by yellow points.

1.4. Modi�cation of the near surface in the SEAM phase II foothills model:

This section elaborates on the modi�cations introduced to the near-surface of the

SEAM Foothills model with the aim to generate more complex surface waves in the synthetic

data. Two key modi�cations are contemplated for this objective. Firstly, the inclusion of a



Modeling and Processing of Near-surface Seismic Scattering 43

(a)

(b)

Figure 7. Acquisition geometry for the real and synthetic data of the selected shot gather.
(a) Location of receivers and source in the x-axis and y-axis. (b) Elevation of receivers.

low-velocity layer in the near-surface, and secondly, the implementation of a perturbation to

that layer through a random heterogeneous medium. To distinguish each model, the following

acronym will be utilized:

P-SEAM: Portion of the original SEAM Foothills model presented in Figure 4.

LV-SEAM: First modi�cation of the P-SEAM model by including a low-velocity layer

in the near-surface.

RHLV-SEAM: Second modi�cation of the P-SEAM model by including a low-velocity
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layer in the near-surface and perturbing that layer by using a random heterogeneous

medium.

Details about each modi�cation are presented below.

1.4.1. Low-velocity surface layer. A portion was extracted from the P-

SEAM model where P-wave and S-wave velocities are below 1500 and 830 m/s, respectively.

This extracted segment is attributed with background P-wave and S-wave velocities of 1400

and 400 m/s, respectively. These velocities are chosen to be higher than those referenced by

Stork (2020) because utilizing lower velocities would necessitate smaller discretization sizes

for numerical modeling, thereby increasing the computational cost. Nonetheless, the VP/VS

ratio was maintained at 3.5, aligning with the near-surface models used in the simulations

documented in Yilmaz (2015). Table 1 shows the elastic parameter information for the near-

surface of the low-velocity layer SEAM model (LV-SEAM).

Table 1
Elastic near-surface parameters for the low-velocity layer SEAM model (LV-SEAM).

VP (m/s) VS (m/s) ρ (Mg/m3) VP/VS Maximum thickness (m)

1400 400 1.85 3.5 110

1.4.2. Random heterogeneous near-surface model. The low-velocity la-

yer incorporated in the initial modi�cation is perturbed with a random medium for each

elastic parameter in the following manner:
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VP = VP0 + δVP (x),

VS = VS0 + δVS(x),

ρ = ρ0 + δρ(x),

(1)

where x is the coordinate in the random heterogeneous media, δρ, δVP and δVS denotes the

variation of density, and P− and S− wave velocities, respectively. Subscript zero denotes

a homogeneous background medium. The background medium parameters are presented in

Table 1.

In this study, we establish a proportionality relationship between P-wave and S-wave

velocities and density to simplify the characterization of the medium. As suggested by Maeda

et al. (2008), we assume the following proportionality:

ξ(x) =
δVP (x)

VP0

=
δVS(x)

VS0

=
1

χ0

δρ(x)

ρ0
. (2)

Here, ξ represents the fractional �uctuation of the parameters, and χ0 is a constant

that captures the linear relationship. We calculate the value of χ0 using the Birch law (Birch,

1961), which relates P-wave velocity and density. In our study, we adopt χ0 = 0.04, which is

derived from the equation VP = 3.05ρ − 1.87, with a reference background P-wave velocity

of VP0 = 1400 m/s.

In heterogeneous stationary random media, the fractional �uctuation can be charac-
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terized by using an Autocorrelation Function (ACF) (Sato et al., 2012).

R(x) = ⟨ξ(y + y), ξ(x)⟩ , (3)

which gives a statistical measure of the spatial scale and the magnitude of medium hetero-

geneity. There are several types of ACFs of random media that can be assumed in seismic

wave propagation (Gaussian, exponential, and van Karman). In this study, it is assumed the

Gaussian , which is de�ned as follows:

R(x) = ϵ2e−|x|2/a2 , (4)

where a is the correlation length (average size of the heterogeneities), and ϵ is the root mean

square of the fractional �uctuation. Details about how to compute a realization of a random

fractional �uctuation from a speci�c ACF can be found in (Sato et al., 2012). Figure 8(a)

shows an example of a RHVL-SEAM model, which contains a random heterogeneous near-

surface perturbed with the fractional �uctuation realization of Figure 8(b). The realization

is generated with the Gaussian ACF with a = 36.8 m and ϵ = 0.2.

1.5. Parametric analysis of the heterogeneous random near-surface model

The primary objective of the parametric analysis is to examine the impact of the

parameters a and ϵ on the synthetic data. Elastic wave modelling is performed across six

distinct realizations of the RHLV-SEAM model. For the �rst three models, ϵ = 0.2 is set, and

three varying values of a are used, functioning as a proportion of the Rayleigh wavelength
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Figure 8. Modi�cation of the elastic parameters in the shallow part of the portion of the
SEAM phase II foothills model. (a) 3D P-wave velocity variations of the model perturbed by
a random heterogeneous near-surface. (b) A fractional �uctuation realization used to perturb
the elastic parameters at the near-surface. This realization is generated with a Gaussian ACF
with a = 36.8 m and ϵ = 0.2.

a = (0.5λR, λR, 2λR). The Rayleigh wavelength is calculated by λR = 0.92VS0/fc, where fc

represents the central frequency of the wavelet source. With VS0 = 400 m/s and fc = 10 Hz,

the Rayleigh wavelength is λR = 36.8 m. For the remaining three models, a = λR is set and

three di�erent values of fractional �uctuations ϵ = (0.05, 0.1, 0.2) are utilized.

The corresponding shot gathers for the real and synthetic data are displayed in Figure
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9. The shot gather of real data exhibits complex surface waves with a high level of scattered

energy (Figure 9(a)). On the contrary, the synthetic shot gather recorded on the P-SEAM

exhibits a more homogeneous behavior of the surface waves, even body-wave re�ections

events can be visually identi�ed within the ground roll cone (Figure 9(b)). The shot gather

recorded on LV-SEAM shows a slower velocity of the Rayleigh wave closer to the real data

and clearly di�erent from the data recorded on the P-SEAM model. The shot gathers from

the six di�erent realizations of the RHLV-SEAM model are displayed from Figure 9(d) to

Figure 9(i). In these shot gathers, we observe an evident increase of the scattering energy

compared with the data recorded on the P-SEAM and LV-SEAM models. Further, there is

a gradual increase in the scattering energy as ϵ increase and a gets closer to the Rayleigh

wavelength.

One of the most used domains to analyze surface waves is the dispersion image in the

frequency-phase velocity domain. This domain is generally computed when the shot location

is in the same line of receivers. For the synthetic data, the source is located at the same

receivers' line while in the real acquisition the shot location is about 50 m of perpendicular

distance o�ine (Figure 7(a)). This distance can be neglected relative to the 2750 m of

maximum o�set. Figure 10 shows the dispersion images for the corresponding shot gather

panels in Figure 9. For the real dispersion image, the fundamental mode of the Rayleigh

wave FR and a higher mode of Rayleigh wave HR are identi�ed (Figure 10(a)).

We observe that the fundamental mode is not discernible for frequencies higher than

5 Hz, while the higher mode appears between 16 and 18 Hz. Synthetic data recorded on the
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P-SEAM model shows that the dispersion image contains continuous curves spanning the

entire frequency range for both the fundamental and higher modes (Figure 10(b)). Figure

10(c) displays a shift in the curves for the fundamental and higher modes due to the lower

velocity in the LV-SEAM model. Additionally, patches of energy can be identi�ed at frequen-

cies exceeding 15 Hz. These patches of energy are interpreted as Rayleigh waves scattering

(SR), as the synthetic data computed on the LV-SEAM model exhibits shorter Rayleigh

wavelengths that are more susceptible to scattering with topographical variations.

These blotches of scattered energy are more noticeable in the dispersion image from

data recorded on the RHLV-SEAM models. Figures 10(d) to 10(f) illustrate the impact of

the correlation length, a. The fundamental mode in all cases is no longer easily identi�able.

The in�uence of the parameter ϵ can be observed in Figures 10(g) to 10(i). It can be noted

that the larger the parameter ϵ, the greater the scattering energy, which complicates the

identi�cation of dispersion curves for the fundamental and higher modes of Rayleigh waves.

1.6. Discussion

The numerical experiments show that the modi�cations performed on the SEAM

Foothills model allow computing synthetic data with more complex surface waves behavior.

This complex behavior corresponds to the scattering energy produced by the topographic

variations and the heterogeneities included in the near-surface. The scattering is a pheno-

menon that strongly depends on the relative length scale between the heterogeneity size and

the seismic wavelength. If the heterogeneity size is large compared to the seismic wavelength,

then the scattering energy is mainly concentrated in the axis of the propagation ray path
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and can be considered as re�ection and refraction instead of scattering. On the other hand,

If the heterogeneity size is small compared to the seismic wavelength, then the scattering

becomes approximately isotropic with energy that vanishes as the medium behaves like a

homogeneous solid. According to Aki and Chouet (1975), the scattering e�ects are strongest

when the heterogeneity size is comparable with the seismic wavelength.

In the �rst modi�cation, a low-velocity layer is incorporated at the near-surface. This

facilitates the generation of shorter Rayleigh wavelengths that demonstrate greater suscep-

tibility to scatter with the topographic variations of the P-SEAM model. These variations

range in elevation from -45 m to 27 m from the mean, quite close to the central Rayleigh

wavelength, which is about 36.8 m for the LV-SEAM model. The second modi�cation invol-

ves the inclusion of heterogeneities in the near-surface through a random media model with

Gaussian ACF. The size of the heterogeneities and the impedance contrast are controlled

with parameters a and ϵ, respectively. From the results presented in Figures 9 and 10, we

observe that surface waves are more complex for ϵ = 0.2 and a = (0.5λR, λR), validating

the increase in scattering energy with the impedance contrast and with a heterogeneity size

close to the Rayleigh wavelength. Visually, the panel with parameters ϵ = 0.05 and a = λR

is considered the most similar to the real data.

In this study, we assume that the random heterogeneous media is a stationary process,

meaning the average size of the heterogeneity remains independent of depth and position. Ho-

wever, in reality, a gradational behavior might be more accurate, with the size and impedance

of the heterogeneities functioning as a variable of depth under certain sedimentary condi-
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tions. A modi�ed random media model could, therefore, incorporate variations in the size of

the heterogeneity and impedance as a function of depth. Additionally, it may be worthwhile

to include isolated localized heterogeneities that are frequently found in real-world scenarios.

It's important to clarify that this study focuses on the forward problem, and there is

no attempt to estimate model parameters by �tting the modeled and real data. The work

by Irving et al. (2010), which estimates the parameters of the ACF of the random media by

inverting the scattering energy, may be of interest to readers.

In the numerical modeling, a Ricker wavelet source of 10 Hz is assumed. To ensure a

closer alignment between synthetic and real data, a source wavelet should be estimated from

the real data. The frequency of the source controls the range of exciting wavelengths pro-

pagating through the heterogeneous media. Therefore, the source frequency plays a critical

role in the scattering phenomenon as the scattering energy intensi�es when the wavelength

is on a similar scale to the heterogeneity size.

Finally, the domain to measure the realism of the synthetic data is worthy of discus-

sion. In this study, synthetic and real data are compared in two di�erent domains: the shot

gather (t − x domain) and the dispersion image (f − v domain). An extended comparison

could be conducted using seismic attribute analysis in pre-stack (Sánchez-Galvis et al., 2016;

Sánchez-Galvis et al., 2017; Xia et al., 2018). It is believed that a comparative analysis in

the pre-stack attribute space can provide more detailed information about the closeness of

the synthetic data to the real one.
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1.7. Conclusions

This study presents an approach to reproducing the complex ground roll energy cone

seen in synthetic seismic data on mountainous onshore areas. The approach proposed aims to

construct realistic near-surface models that ideally incorporate three key elements: (1) rough

topography and bedrock, (2) a low-velocity layer, and (3) small-scale distributed heteroge-

neities. The focus of this study was on elements (2) and (3) to simulate the complex ground

roll cone. The behavior of surface waves was compared between a real dataset, acquired from

the Llanos foothills in Colombia, and synthetic datasets that were recorded on modi�cations

of a portion of the SEAM Foothills model. A modi�cation to the near-surface model was

proposed, which included a low-velocity surface layer with a high P-wave to S-wave velocity

ratio, along with a random distribution of heterogeneities following a Gaussian autocorrela-

tion function. A parametric analysis was conducted to examine the in�uence of the average

size of heterogeneities and the contrast impedance on the synthetic data. The results suggest

that scattering energy is more pronounced for higher impedance contrasts and when the size

of the heterogeneity is close to the Rayleigh wavelength. Therefore, the �ndings from this

study underscore the necessity to include a low-velocity layer and small-scale distributed

heterogeneities in the near-surface of the SEAM model. This allows for the computation of

synthetic data that can realistically mimic scattered surface wave energy.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 9. Synthetic and real data comparison for parametric analysis. (a) Shot gather of real
data acquired in a Colombian foothills area equivalent to the SEAM Foothills model. Shot
gather for synthetic data computed on (b) portion of the original SEAM Foothills model (P-
SEAM) showed in Figure 4, (c) modi�ed SEAM Foothills model by including a low-velocity
layer in the surface (LV-SEAM), (d) modi�ed SEAM Foothills model by perturbing the
near-surface with a random medium (RHLV-SEAM) with a Gaussian ACF of a = 0.5λR and
ϵ = 0.2, (e) with a = λR and ϵ = 0.2 (f) with a = 2λR and ϵ = 0.2 (g) with a = λR and
ϵ = 0.05 (h) with a = λR and ϵ = 0.1 (i) with a = λR and ϵ = 0.2. Figure 9(e) and 9(i) are
actually the same, that are repeated for comparison purposes.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 10. Dispersion images computed from the corresponding data in Figure 9. In each
panel, FR is the interpreted fundamental mode of the Rayleigh wave, HR are the interpreted
higher modes, and SR are the interpreted scattered Rayleigh waves. In a visual inspection, it
is observed that the panel (g) is the most similar to the real data (panel (a)). The scattering
energy increase as the impedance contrast increase (controlled by parameter ϵ) and with
heterogeneity size (controlled by parameter a) close to Rayleigh wavelength. This explain
why models with higher impedance contrast (ϵ = 0.2) produce more noisy data.
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CHAPTER 2. 3D-FDM for elastic wave modeling in the presence of irregular

topography by using unstructured index array representation on

a GPU

2.1. Abstract

Simulation of seismic wave propagation in complex, mountainous regions is a challenging

task in exploration geophysics. As highlighted in Chapter 1, these challenges emphasize the

need for realistic seismic wave simulations in foothill areas to contend with complex near-

surface models, including rough topography, irregular bedrock interfaces, low-velocity surface

sediment, and signi�cant heterogeneities. The existing numerical methods, capable of solving

the seismic wave equation under these conditions, typically necessitate a discretization model

with a small grid size, thus leading to a high computational cost. To address this concern,

we introduce a novel solver for 3D elastic wave modeling in the presence of irregular topo-

graphy based on parameter modi�ed (PM) formulation and �nite-di�erence method (FDM)

and designed for GPU acceleration (PMFD3D-GPU). This solver incorporates an innovative

approach that involves an unstructured index array representation (UIAR) to implement

the PM formulation to satisfy the free-surface condition for topographic variations. Vali-

dation of the PMFD3D-GPU solver against the well-known SPECFEM3D solver has been

carried out, demonstrating L2 mis�t errors of less than 1% in most cases of rough topo-

graphy. Furthermore, an acceleration in the simulations is achieved by this solver, marking

a speed-up approximately 20 times faster compared to the CPU implementation. There-
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fore, the PMFD3D-GPU solver enables cost-e�ective, realistic, and detailed simulations of

near-surface seismic scattering in heterogeneous earth models with irregular topography.

2.2. Introduction

There is a variety of numerical methods in the literature, each with unique advan-

tages and limitations. The two most common approaches employed to model seismic waves

are FDM and �nite-element method (FEM). FDMs, while easy to implement and e�cient

for large-scale problems due to their local nature, struggle with complex geometries such

as interface discontinuities and topographic variations (Virieux, 1986; Robertsson, 1996;

Hayashi et al., 2001). This is due to the staircase artifacts produced by the rectangular

grid. Furthermore, high-order accuracy generally requires high-order �nite di�erence sten-

cils, which increases both computational cost and complexity (LeVeque, 2007; Durran, 2013).

Several modi�cations of FDM for curved or irregular domains have been proposed to reduce

these staircase artifacts (Hestholm and Ruud, 1998; de la Puente et al., 2014; Solano et al.,

2016). However, these modi�cations often complicate the interpretation of the solution and

may introduce potential distortion to the solution grid reference. In contrast, FEM can ma-

nage complex geometries and heterogeneous materials (Bathe, 2006; Hughes, 2012). Despite

its versatility, it is more computationally demanding and di�cult to implement than FDM

(Trefethen, 1996; Moczo et al., 2014). Modern extensions of FEM, like the Spectral Element

Method (SEM) and the Discontinuous Galerkin Method (DGM), have been developed to

overcome some of FEM's limitations. SEM improves accuracy and rate of convergence by

approximating the solution within each element with high-degree polynomial basis functions
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(Komatitsch et al., 1999; Komatitsch and Tromp, 2002; Capdeville et al., 2005). Additio-

nally, the highly parallelizable nature of SEM aids in reducing computation time (Martin

et al., 2008; Komatitsch et al., 2010). Similar to SEM, DGM can manage discontinuities in

the solution, making it particularly suitable for problems with shocks or other sharp features

(Käser and Dumbser, 2006; Dumbser and Káser, 2006; Käser et al., 2007). Both SEM and

DGM allow for high computational e�ciency on parallel computers due to their high degree

of parallelism Komatitsch et al. (2010); Breuer et al. (2016). Despite these advantages, they

are generally more complex to implement and computationally intensive due to the higher

degree of freedom in each element.

Since several methods have been studied, many solvers are available to model elastic

waves, each one with its unique strengths and limitations in addressing the intrinsic challen-

ges of complex media and complex computational implementation. Some of the most used

solvers are presented below:

SEISMIC_CPML: This solver employs a Convolutional Perfectly Matched Layer

(CPML) alongside a FDM for the numerical simulation of wave propagation (Koma-

titsch and Martin, 2007; Martin et al., 2010). However, it does not accommodate media

with topographic variations.

EWEFD: This comprises a suite of programs designed to solve the 2D and 3D an-

isotropic elastic wave equations . The programs runs on NVIDIA GPUs, providing a

signi�cant computational speed-up. Although the codes are part of the open-source

Madagascar software package, they are not designed to handle irregular topography

http://geoweb.cse.ucdavis.edu/cig/software/seismic_cpml/
https://reproducibility.org/RSF/book/uwa/geo2013ElasticModellingGPU/paper_html/
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(Weiss and Shragge, 2013).

SPECFEM3D: This is a widely-recognized software package that employs a spectral-

element method to solve the wave equation in three dimensions on unstructured meshes

(Komatitsch et al., 1999; Komatitsch and Tromp, 1999; Komatitsch et al., 2010). Whi-

le it can handle complex geometries and irregular topography, SPECFEM3D mesher

requires each layer to be homogeneous, which is a limitation in realistic scenarios whe-

re elastic parameters are often heterogeneous. External meshers can be incorporated

to address this issue. However, open-source meshers like Gmsh struggle with complex

models Geuzaine and Remacle (2009), and more robust meshers, such as CUBIT, come

at a charging fees.

SeisSol: This is an open-source, high-performance solver developed by the Geophysics

Section of the Department of Earth and Environmental Sciences at LMU Munich. It

is particularly suitable for seismic wave propagation, including dynamic rupture pro-

cesses. SeisSol uses the Arbitrary high-order DERivative (ADER) with DGM, allowing

it to handle complex geometries and scenarios with irregular topography (Käser and

Dumbser, 2006; Dumbser and Káser, 2006; Käser et al., 2007) . However, it shares the

meshing limitations common to SPECFEM3D.

SALVUS: This is a robust software for simulating waves in intricate 3D geological

models by e�ectively accommodating irregular topography via SEM (Afanasiev et al.,

2019). Yet, it is not fully open-source and charges to use it are required.

Due to the lack of available open-source software capable of simulating 3D elastic wa-

https://geodynamics.org/resources/specfem3dcartesian
https://seissol.readthedocs.io/en/latest/
https://mondaic.com/
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ve propagation in random heterogeneous media with irregular topography, a solver named

PMFD3D-GPU was developed. This solver, based on the Finite Di�erence Method (FDM), is

speci�cally designed for GPU acceleration. Utilizing an unstructured index array strategy, the

solver incorporates the parameter-modi�ed (PM) formulation introduced by Cao and Chen

(2018). This formulation satis�es the free-surface condition for arbitrary surface topographies

on rectangular grids. The PM formulation has been shown to achieve accuracy results com-

parable to SPECFEM3D for spatial sampling of 15 grid points per minimum wavelength

(Cao and Chen, 2018). In comparisons with SPECFEM3D, PMFD3D-GPU achieved mis�t

errors close to 1% in a homogeneous model with rough topography. Moreover, compared to

the CPU implementation, this solver increases speed-up approximately 20 times faster by

leveraging GPU acceleration. Finally, a numerical example using the SEAM Foothills Phase

II model is presented, demonstrating the capacity of the solver to generate realistic synthetic

data.

2.3. Elastic wave equation

In the context of seismic exploration, seismic waves are predominantly modeled as

acoustic waves due to computational cost considerations. However, there is an increasing

trend towards modeling these waves as elastic waves to capture the realism of Earth's sub-

surface behavior at the scales and frequencies relevant to seismic exploration. In such cir-

cumstances, rock formations undergo deformation when subjected to stress and consequently

return to their original state once the stress is removed (Sheri�, 2002; Yilmaz, 2015).

In the derivation of the elastic wave equation, the approach outlined by Shearer (2009)
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is followed, which entails combining the equation of motion with the constitutive relation for

elastic materials. Adopting the index notation, the equation of motion is represented as:

ρ∂2
t ui = ∂jσij. (5)

Here, ui denotes the displacement in the i, j = {x, y, z} direction, σij represents the

stress tensor, and ρ is the material density. The operators ∂t and ∂i represent the partial

derivatives with respect to time and space, respectively.

On the other hand, the constitutive relation is expressed as:

σij = λδijekk + 2µeij. (6)

In this equation, λ and µ are the Lamé parameters and eij denotes the strain tensor,

which is de�ned as

eij = (∂iuj + ∂jui) . (7)

Substituting equation (7) into (6), the constitutive relation becomes:

σij = λδij∂kuk + µ (∂iuj + ∂jui) . (8)

Subsequently, integrating equation (8) into the equation of motion (5) yields:
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ρ∂2
t ui = ∂iλ∂kuk + ∂jµ(∂iuj + ∂jui) + λ∂i∂kuk + µ∂i∂juj + µ∂j∂jui (9)

Equation (9) govern the elastic wave propagation in heterogeneous media. Alternati-

vely to the index notation, this equation can be expressed in the operator notation as:

Lij(ρ, λ, µ, t)uj(x, t) = 0, (10)

where

Lij(ρ, λ, µ, t) = δijρ(x)∂
2
t − ∂i[λ(x)∂j]− ∂j[µ(x)∂i]− δij∂k[µ(x)∂k]. (11)

Here, x denotes the position vector.

Another common approach to express the elastic wave equation for heterogeneous

media is using the vector notation as follows:

ρü = ∇λ(∇ · u) +∇µ ·
[
∇u+ (∇u)T

]
+ (λ+ 2µ)∇∇ · u− µ∇×∇× u, (12)

where u = (ux, uy, uz) represents the displacement vector, and ∇ = (∂x, ∂y, ∂z) denotes the

nabla operator.

In this chapter, the focus is on solving this equation numerically using the FDM.
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2.4. Review of 3D FDM

Several FDM schemes have been proposed for elastic wave modeling (Clayton and

Engquist, 1977; Virieux, 1986; Moczo et al., 2014). In this study, the staggered-grid scheme

proposed by Virieux (1986) is followed for the �rst-order velocity-stress form.

2.4.1. First order velocity-stress form. The derivation of the elastic wave

equation leads to a second-order partial di�erential equation. However, this can be alterna-

tively expressed as a system of �rst-order partial di�erential equations. This transformation

can be accomplished by introducing the velocity vector v = ∂u/∂t. By replacing each com-

ponent of vector v = (vx, vy, vz) into the equation of motion (5), the system of �rst-order

partial di�erential equations is expressed as follows:

∂vx
∂t

=
1

ρ

(
∂σxx

∂x
+

∂σxy

∂y
+

∂σzx

∂z

)
,

∂vy
∂t

=
1

ρ

(
∂σxy

∂x
+

∂σyy

∂y
+

∂σyz

∂z

)
,

∂vz
∂t

=
1

ρ

(
∂σzx

∂x
+

∂σyz

∂y
+

∂σzz

∂z

)
.

(13)

In the same way, by replacing each component of the velocity vector in equation (8),

and subsequently applying time di�erentiation to both sides of the equations, the following

expression is obtained:
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∂σxx

∂t
=(λ+ 2µ)

∂vx
∂x

+ λ
∂vy
∂y

+ λ
∂vz
∂z

,

∂σyy

∂t
=λ

∂vx
∂x

+ (λ+ 2µ)
∂vy
∂y

+ λ
∂vz
∂z

,

∂σzz

∂t
=λ

∂vx
∂x

+ λ
∂vy
∂y

+ (λ+ 2µ)
∂vz
∂z

,

∂σxy

∂t
=µ

(
∂vy
∂x

+
∂vx
∂y

)
,

∂σyz

∂t
=µ

(
∂vz
∂y

+
∂vy
∂z

)
,

∂σzx

∂t
=µ

(
∂vx
∂z

+
∂vz
∂x

)
.

(14)

Equations (13) and (14) are collectively known as the �rst-order velocity-stress form

of the elastic wave equation.

2.4.2. Staggered grid scheme. The staggered grid scheme is widely utilized

in geophysical simulations, particularly for modeling seismic wave propagation, primarily due

to its improved accuracy, stability, conservation properties, and computational e�ciency

Moczo et al. (2014). Initially, the 3D space domain is discretized into a numerical grid

with spatial steps ∆x,∆y,∆z, as depicted in Figure 11(a). This scheme then arranges the

components of the velocity and stress tensors at varied locations in the numerical grid to

achieve more precise and stable results, as displayed in Figure 11(b). Here is a brief overview

of the component arrangement:

The normal stress tensor components σxx, σyy, and σzz are situated at the integral-grid

points (i, j, k). The medium parameters (µ, λ, ρ) are also assumed to be located at these

points.
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The shear stress tensor components σxy, σyz, and σzx are located at half-grid points,

shifted from the integral points (Figure 11(b)).

Similarly, the velocity components vx, vy, vz are positioned at corresponding half-grid

points, also shifted from the integral points (Figure 11(b)).

(a) (b)

Figure 11. Staggered grid scheme. (a) 3D grid. (b) 3D cell.

Notice that the medium parameters are not de�ned at half-grid points as they are

assumed to be situated at integral grid points (i, j, k). To overcome this, a parameter avera-

ging method is typically utilized to determine the values of the parameters at the half-grid

points.

2.4.3. Parameter averaging method. The averaging method proposed by

Moczo et al. (2002) is typically used to estimate parameter values at half-grid points. Ac-

cording to this method, the parameter ρ at a half-grid point is calculated as the arithmetic

mean of parameter values at the nearest integral grid points, as illustrated below:
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ρx =
1

2
(ρi,j,k + ρi+1,j,k), ρy =

1

2
(ρi,j,k + ρi,j+1,k), ρz =

1

2
(ρi,j,k + ρi,j,k+1). (15)

Here, ρx, ρy, and ρz denote the density values at the locations of the velocity com-

ponents vx, vy, and vz, respectively, as shown in Figure 11(b). However, in the majority of

FDM implementations, the reciprocal value of density is preferred, which is computed at the

half-grid points as follows:

bx =
2

ρi,j,k + ρi+1,j,k

, by =
2

ρi,j,k + ρi,j+1,k

, bz =
2

ρi,j,k + ρi,j,k+1

. (16)

On the other hand, the parameter µ at a half-grid point is determined as the harmonic

mean of parameter values at the nearest integral grid points, de�ned as:

⟨µ⟩xy =
[
1

4

(
1

µi,j,k

+
1

µi+1,j,k

+
1

µi,j+1,k

+
1

µi+1,j+1,k

)]−1

,

⟨µ⟩yz =
[
1

4

(
1

µi,j,k

+
1

µi,j+1,k

+
1

µi,j,k+1

+
1

µi,j+1,k+1

)]−1

,

⟨µ⟩zx =

[
1

4

(
1

µi,j,k

+
1

µi+1,j,k

+
1

µi,j,k+1

+
1

µi+1,j,k+1

)]−1

.

(17)

In the above equations, ⟨µ⟩xy, ⟨µ⟩yz, and ⟨µ⟩zx represent the µ values at the positions of

the shear stress tensor components σxy, σyz, and σzx respectively, as indicated in Figure 11(b).
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2.4.4. FDM equations. By incorporating the parameter averaging method,

the FDM resulting equations are:

D−
t vx = bx

(
D+

x σxx +D−
y σxy +D−

z σzx

)
,

D−
t vy = by

(
D−

x σxy +D+
y σyy +D−

z σyz

)
,

D−
t vz = bz

(
D−

x σzx +D−
y σyz +D+

z σzz

)
,

(18)

and,

D+
t σxx = (λ+ 2µ)D−

x vx + λD−
y vy + λD−

z vz,

D+
t σyy = λD−

x vx + (λ+ 2µ)D−
y vy + λD−

z vz,

D+
t σzz = λD−

x vx + λD−
y vy + (λ+ 2µ)D−

z vz,

D+
t σxy = ⟨µ⟩xy

(
D+

x vy +D+
y vx
)
,

D+
t σyz = ⟨µ⟩xy

(
D+

y vz +D+
z vy
)
,

D+
t σzx = ⟨µ⟩xy

(
D+

z vx +D+
x vz
)
,

(19)

where D+
i and D−

i are the forward and backward di�erencing operators with respect to the

variable i = {x, y, z, t}. These operators depend on the order of approximation N of the

stencil. For example, operator D+
x and D−

x are de�ned as:
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D+
x p

n
i,j,k =

1

∆x

N/2−1∑
α=0

Wα

(
pni+α+1,j,k − pni−α,j,k

)
,

D−
x p

n
i,j,k =

1

∆x

N/2−1∑
α=0

Wα

(
pni+α,j,k − pni−α−1,j,k

)
.

(20)

Similar de�nitions are used for D+
y , D

−
y , D

+
z and D−

z . The coe�cients Wα depends on the

order of approximation of the staggered-grid scheme. For the case of fourth-order approxi-

mation (N = 4), W =
[
9
8
,− 1

24

]
Conversely, time di�erencing operators with second order of approximation are de�ned

as:

D+
t p

n
i,j,k =

1

2∆t

(
p
n+1/2
i,j,k − p

n−1/2
i,j,k

)
,

D−
t p

n
i,j,k =

1

2∆t

(
pni,j,k − pn−1

i,j,k

)
,

(21)

where ∆t is the time step.

2.4.5. Numerical accuracy and stability . The accuracy and stability of

numerical solutions obtained through the FDM signi�cantly depend on the spatial step size

(∆x,∆y,∆z). Generally, a smaller step size is associated with a more accurate approximation

of the di�erential equation. For a uniform grid, the step size is consistent in all directions

and is denoted by ∆h. This step size is commonly determined based on the number of points

Nλ per minimum wavelength λmin that propagates through the medium, and is given by:
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∆h =
λmin

Nλ

=
Vmin

fmaxNλ

, (22)

In this equation, fmax signi�es the maximum frequency used in the simulation, which

is typically set by the source, and Vmin represents the minimum propagation velocity in the

model, which is usually dictated by the smallest S-wave velocity. It is critical to choose

an appropriate Nλ to maintain accuracy. In the context of the Parameter Modi�ed (PM)

method, selecting Nλ = 15 has been found to yield accuracy levels comparable to those

obtained using the SPECFEM3D method (Cao and Chen, 2018). The speci�cs of the PM

method will be explored in section 2.5.

The choice of step size also in�uences the stability of the numerical solution of the

FDM. If the step size is too large, the numerical solution may become unstable and not

converge to the correct solution. This is often regulated by the CFL (Courant-Friedrichs-

Lewy) condition, which imposes a certain relationship between the spatial step size and the

time step size for stability LeVeque (2007). Following the criterion presented by Lines et al.

(1999), the stability of the staggered-grid scheme is ensured when the time step ∆t is less

than a certain limit ∆tlim given by:

∆tlim =
1

2Vmax

∑
α

|Wα|
√

1

(∆x)2
+

1

(∆y)2
+

1

(∆z)2

. (23)

During simulations, the time step is selected to be ∆t = κ∆tlim, where κ = 0.99 as a
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safety factor to ensure stability (Cao and Chen, 2018).

2.4.6. Model expansion and absorbing boundary conditions. The

numerical simulations often involves �nite model space. Therefore, Absorbing Boundary

Conditions (ABC) are necessary to prevent arti�cial re�ections from the boundaries of the

computational domain. The most common ABC methods employed in wave modeling inclu-

de the sponge ABC, Clayton-Enquist boundary condition, and the Perfectly Matched Layers

(PMLs). The sponge ABC, introduced by Cerjan et al. (1985), is the simplest method and

requires the least computational resources. Despite its simplicity, its performance is less

e�ective compared to other methods. The Clayton-Enquist boundary condition, proposed

by Clayton and Engquist (1977); Engquist and Majda (1977), o�ers a more e�ective perfor-

mance than the sponge ABC. It is particularly bene�cial for high-frequency waves and waves

incident at steep angles. However, this method requires more computational resources than

the sponge ABC, as it relies on a one-sided derivative approximation. Finally, PMLs provi-

de superior absorption performance, even for waves with grazing incidence (Berenger, 1994;

Collino and Tsogka, 2001; Komatitsch and Martin, 2007). However, they demand the most

computational resources and memory among the three methods, especially in 3D simulations.

In the proposed solver, the sponge ABC was chosen due to its straightforward implementa-

tion. However, further enhancements could potentially be achieved by incorporating PMLs

into the implementation.

The �rst step in integrating ABCs is to expand the model, creating a speci�c region

where the ABCs can operate. This process increases the dimensions of the grid points in the
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model. Speci�cally, if the original model dimensions are (N0
x , N

0
y , N

0
z ), after expansion they

become (Nx, Ny, Nz). As illustrated in Figure 12, the new dimensions are determined as:

Nx = N0
x + 2Nb, Ny = N0

y + 2Nb, Nz = N0
z +Nb, (24)

where Nb is the number of points in each boundary layer, typically chosen between 20

and 30 points (Yang, 2014). In this implementation, note that the ABCs are not applied to

the top of the model (Figure 12). This is because free-surface conditions are implemented at

the top of the model.

Figure 12. Model expansion to apply ABCs. The gray areas correspond to boundary region
Ωb.

The expanded model is achieved by resizing each parameter m = ρ, λ, µ as:

mi,j,k = m0
i−Nb,j−Nb,k

∀(i, j, k) /∈ Ωb, (25)

where m0 represents each parameter with the original dimensions (N0
x , N

0
y , N

0
z ), and
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Ωb denotes the boundary region de�ned as:

Ωb : {(i, j, k) ∈ N3
0|N0

x +Nb − 1 ≤ i < Nb, N
0
y +Nb − 1 ≤ j < Nb, k < N0

z }. (26)

Inside the boundary region, the values of the parameters are subsequently set accor-

ding to:

mi,j,k =



m0,0,k if i < Nb, j < Nb, and k < Nz −Nb,

mNx−Nb−1,0,k if i > Nx −Nb − 1, j < Nb, and k < Nz −Nb,

m0,Ny−Nb−1,k if i < Nb, j > Ny −Nb − 1, and k < Nz −Nb,

mNx−Nb−1,Ny−Nb−1,k if i > Nx −Nb − 1, j > Ny −Nb − 1, and k < Nz −Nb,

mi,j,Nz−Nb−1 if k > Nz −Nb − 1,

(27)

Finally, sponge ABCs are incorporated by gradually decreasing the amplitude of each

variable p = vi, σij. This is done by multiplying each variable with a damping function within

the boundary region as:

pni,j,k = pni,j,kD(i, j, k) ∀(i, j, k) ∈ Ωb, (28)



Modeling and Processing of Near-surface Seismic Scattering 72

where

D(i, j, k) = exp(−α
[
(Nb − i)2 + (Nb − j)2 + (Nb − k)2

]
), (29)

is the damping function with a damping factor of α, typically set around 0.015 (Yang,

2014). This function ensures a gradual reduction of wave amplitudes as they approach the

boundary, performing absorption and preventing re�ections.

2.4.7. Source wavelet. The simulation of wave propagation necessitates the

use of a source wavelet, which is a function representing the initial disturbance generating

the wave motion through a medium. In seismic simulations, the most commonly used source

is the Ricker function, de�ned as follows (Ricker, 1953):

w(t) =
(
1− 2π2f 2

p (t− t0)
2
)
e−π2f2

p (t−t0)2 (30)

where fp is the peak frequency and t0 is a delay parameter usually chosen to be

t0 = 1/fp. As depicted in Figure 13, this wavelet has a waveform that is symmetric about a

peak, and its spectral content is concentrated around the frequency fp.

Commonly, the wavelet is inserted at a single point (the source location) in the nu-

merical grid for some of the variables vi, σij (Moczo et al., 2014). The wave equation is

subsequently solved to simulate the wave�eld propagation from the source. When simulating

explosive sources, the normal stress components are updated at every time step according

to:
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Figure 13. Ricker wavelet with 10 Hz of peak frequency (left) and its spectrum (right).

σn
ii(sx, sy, sz) = σn

ii(sx, sy, sz) + w(n∆t) for i = {x, y, z} (31)

where (sx, sy, sz) denotes the source location coordinates. By using equation (31) to

inject the source into a homogeneous medium, only compressional P -waves are generated.

It is important to note that the choice of source wavelet and its implementation

method can signi�cantly a�ect the accuracy and stability of FDM simulations. Speci�cally,

the source wavelet sets the bandwidth of the frequencies to be simulated, thereby in�uencing

the spatial step size according to equation (22). Although the Ricker wavelet theoretically

contains frequencies up to in�nity, the practical frequency range it covers leads to a modi�-

cation of equation (22) for the case of the Ricker wavelet as follows (Sun et al., 2019):

∆h =
Vmin

2.5fpNλ

. (32)



Modeling and Processing of Near-surface Seismic Scattering 74

2.5. The parameter modi�ed method for free surface condition

The inclusion of the free surface condition is the most challenging part when modeling

elastic waves in media with irregular topography using FDM. This condition states that the

stress component normal to the surface is set of zero Moczo et al. (2014). In mathematical

terms, the free-surface boundary condition for stress is often written as:

σijnj = 0, (33)

where σij is the stress tensor, and nj is the outward normal vector at the surface topography.

For a 3D problem, considering the surface as the plane z = 0, this condition simpli�es to:

σzz = σxz = σyz = 0. (34)

However, implementing the free-surface condition in FDM simulations involving sce-

narios with irregular topography brings with it several complexities. Speci�cally, staircase-

shaped discretization is employed to approximate irregular surfaces. This, however, introdu-

ces arti�cial discontinuities that can lead to wave scattering and the generation of spurious

re�ections. These artifacts can signi�cantly a�ect the accuracy of the wave�eld simulation.

To address this issue, various strategies have been explored, including the vacuum formula-

tion (Zahradník et al., 1993; Bohlen and Saenger, 2006), the stress-image method (Levander,

1988; Robertsson, 1996; Hayashi et al., 2001), and medium averaging methods (Mittet, 2002;

Xu et al., 2007; Zeng et al., 2012; Cao and Chen, 2018). Among these, the parameter mo-
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di�ed (PM) method proposed by Cao and Chen (2018) stands out. It has demonstrated

accuracy levels comparable to those achieved by SPECFEM3D. For this reason, this method

was implemented within the proposed solver to satisfy the free-surface condition in arbitrary

irregular topography.

The Parameter Modi�ed (PM) method involves adjusting the constitutive relation

for the horizontal boundary. With the application of matrix rotations, di�erent constitutive

relations emerge for various cases. A more detailed exploration of the theory behind the

method can be found in (Cao and Chen, 2018).

In practical terms, the method categorizes the grid cells on the surface based on their

relative position to the air. There are �ve basic classes:

H: grid cell with air above,

VR: grid cell with air to the right,

VL: grid cell with air to the left

VF: grid cell with air to the front

VB: grid cell with air to the back

In addition to these basic classes, some transition cells such as inner and outer corner

points also exist. An example of the point classi�cation for the x − z plane is depicted in

Figure 14.

To facilitate the implementation of PM method, Cao and Chen (2018) put forth

generalized expressions for FDM in interior and surface grid cells as:
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Figure 14. Grid cell classi�cation for PM method. In this illustration only the x− z plane is
shown. IL: interior left point, IR: interior right point, OL: outer left point, OR: outer right
point.

D−
t vx = b̃x

(
D+

x σxx +D−
y σxy +D−

z σzx

)
,

D−
t vy = b̃y

(
D−

x σxy +D+
y σyy +D−

z σyz

)
,

D−
t vz = b̃z

(
D−

x σzx +D−
y σyz +D+

z σzz

)
,

(35)

and
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D+
t σxx = ηxx1 D−

x vx + ηxx2 D−
y vy + ηxx3 D−

z vz,

D+
t σyy = ηyy1 D−

x vx + ηyy2 D−
y vy + ηyy3 D−

z vz,

D+
t σzz = ηzz1 D−

x vx + ηzz2 D−
y vy + ηzz3 D−

z vz,

D+
t σxy = ⟨µ̃⟩xy

(
D+

x vy +D+
y vx
)
,

D+
t σyz = ⟨µ̃⟩xy

(
D+

y vz +D+
z vy
)
,

D+
t σzx = ⟨µ̃⟩xy

(
D+

z vx +D+
x vz
)
.

(36)

The newly de�ned parameters in these generalized equations are assigned based on

the cell classi�cation. In interior points, the parameters are set as follows:

b̃x = bx, b̃y = by, b̃z = bz,

ηxx1 = ηyy2 = ηzz3 = λ+ 2µ,

ηxx2 = ηxx3 = ηyy1 = ηyy3 = ηzz1 = ηzz2 = λ,

⟨µ̃⟩xy = ⟨µ⟩xy, ⟨µ̃⟩yz = ⟨µ⟩yz, ⟨µ̃⟩zx = ⟨µ⟩zx.

(37)

With these values, the generalized FDM equations (35) and (36) are consistent with

the original FDM equations (18) and (19).

For surface points, the parameters are adjusted according to the constitutive relation.

A summary of these modi�cations for each speci�c case can be found in Table 2. In the
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following section, the implementation of this method on a GPU will be explained.

Table 2
Calculation of parameters at the surface points according to grid cell classi�cation of the PM
method. OP refers to outer transition points.

Parameters H VR VL VF VB OP

b̃x bx bx bx 2bx 2bx 2bx

b̃y by 2by 2by by by 2by

b̃z 2bz 2bz 2bz 2bz 2bz 2bx

ηxx1 λ+ 2µ 0 0
2µ(λ+ µ)

λ+ 2µ

2µ(λ+ µ)

λ+ 2µ
0

ηxx2 λ 0 0 0 0 0

ηxx3 λ 0 0
µλ

λ+ 2µ

µλ

λ+ 2µ
0

ηyy1 λ 0 0 0 0 0

ηyy2 λ+ 2µ
2µ(λ+ µ)

λ+ 2µ

2µ(λ+ µ)

λ+ 2µ
0 0 0

ηyy3 λ
µλ

λ+ 2µ

µλ

λ+ 2µ
0 0 0

ηzz1 λ 0 0
µλ

λ+ 2µ

µλ

λ+ 2µ
0

ηzz2 λ
µλ

λ+ 2µ

µλ

λ+ 2µ
0 0 0

ηzz3 λ+ 2µ
2µ(λ+ µ)

λ+ 2µ

2µ(λ+ µ)

λ+ 2µ

2µ(λ+ µ)

λ+ 2µ

2µ(λ+ µ)

λ+ 2µ
0

⟨µ̃⟩xy ⟨µ⟩xy ⟨µ⟩xy ⟨µ⟩xy ⟨µ⟩xy ⟨µ⟩xy
⟨µ⟩xy
2

⟨µ̃⟩yz ⟨µ⟩yz
⟨µ⟩yz
2

⟨µ⟩yz
2

⟨µ⟩yz ⟨µ⟩yz
⟨µ⟩yz
2

⟨µ̃⟩zx ⟨µ⟩zx ⟨µ⟩zx ⟨µ⟩zx
⟨µ⟩zx
2

⟨µ⟩zx
2

⟨µ⟩zx
2
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2.6. Implementation strategy on a GPU

The Graphics Processing Units (GPUs) are specialized electronic circuits with thou-

sands of cores that can perform operations simultaneously, which makes them especially

well-suited for tasks that can be performed in parallel. This characteristic allows for a sig-

ni�cant speedup in FDM computations, which can be readily parallelized due to the stencil

nature of �nite di�erences. Numerous GPU implementations have been performed to solve

the wave equation (Abdelkhalek et al., 2009; Micikevicius, 2009; Michéa and Komatitsch,

2010; Komatitsch et al., 2010; Nakata et al., 2011; Weiss and Shragge, 2013; Rubio et al., 2014;

Fabien-Ouellet et al., 2017; Liu et al., 2018; Alkhimenkov et al., 2021). In this subsection,

the implementation of the PMFD3D-GPU solver will be presented, utilizing a subdomain

decomposition strategy with unstructured index array representation.

2.6.1. Subdomain decomposition. As discussed in the previous section,

the PM method for FDM necessitates the recalculation of medium parameters at sur-

face points. To facilitate the implementation of the PM method, Cao and Chen (2018)

proposed generalized expressions for FDM in both interior and surface grid cells (equa-

tions (35) and (36)). However, implementing these generalized expressions on a GPU

would not be e�cient in terms of memory resource management. While the original

FDM expressions (equations (18) and (19)) only require storing three �eld parameters

(ρ, µ, λ), the generalized expressions necessitate the storage of �fteen �eld parameters

(b̃x, b̃y, b̃z, ηxx1 , ηxx2 , ηxx3 , ηyy1 , ηyy2 , ηyy3 , ηzz1 , ηzz2 , ηzz3 , ⟨µ̃⟩xy, ⟨µ̃⟩yz, ⟨µ̃⟩zx). An alternative approach
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to circumvent this challenge would involve recalculating the parameter values at each step

rather than saving them. However, this alternative would compromise computational e�-

ciency since it would require the classi�cation of each grid cell at every step.

A subdomain decomposition strategy is proposed for computing FDM simulations,

e�ectively minimizing memory usage while maintaining high computational e�ciency. The

strategy involves dividing the e�ective domain (all grid points where medium parameters

di�er from zero) into two sections: the surface subdomain and the interior subdomain (Figure

15). The surface subdomain, denoted by ΩS, includes grid cells situated at the surface. Within

this domain, the generalized expressions are implemented, and the �fteen �eld parameters are

stored. The interior subdomain, represented by ΩI , encompasses grid cells located internally,

below the surface subdomain. In this interior subdomain, the original FDM equations are

implemented, and parameter averaging is conducted at each time step. By adopting this

strategy, memory usage is minimized as �eld parameters are only saved at the surface, and

computational e�ciency is ensured as grid cell classi�cation is performed just once.

Note that these subdomains do not necessarily conform to a square shape (Figure 15).

As a result, additional procedures must be undertaken to manage the indices of each grid

cell within each respective subdomain.

2.6.2. Unstructured index array representation. In structured grid data

(such as a square or rectangle), each point in the grid can be accessed by using its row and

column indices because all the rows and columns are equally spaced and organized in a

regular manner. However, in unstructured or irregularly shaped grids (like the subdomains
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Figure 15. Subdomain decomposition based on the grid cell classi�cation. The surface sub-
domain (ΩS) is represented by red cells, while blue cells illustrate the interior subdomain
(ΩI).

in Figure 15), this regular access pattern does not exist. This can make it more di�cult to

perform computations and navigate through the data, especially on parallel processors like

GPUs.

To address this challenge, the Unstructured Index Array Representation (UIAR) tech-

nique is introduced, enabling the representation of indices for each grid cell within subdo-

mains of arbitrary shapes. This technique provides a structured and systematic approach to

organize and access data from irregular or complex subdomains. It involves the creation of

an index array that maps the irregular grid points in the subdomain to a structured format.

Speci�cally, the surface subdomain ΩS, containing Ns grid cells, is represented by a

one-dimensional array S. This array encapsulates the indices of the irregular subdomain in

the following manner:



Modeling and Processing of Near-surface Seismic Scattering 82

S(l) = iNyNz + jNz + k, ∀(i, j, k) ∈ ΩS, (38)

Here, the index l spans from 0 to NS − 1, covering all the cells within the subdomain

ΩS.

Similarly, the interior subdomain ΩI , which includes NI grid cells, is represented by a

one-dimensional array I. This array incorporates the indices of the irregular subdomain as

follows:

I(m) = iNyNz + jNz + k, ∀(i, j, k) ∈ ΩI , (39)

In this case, the index m extends from 0 to NI − 1, accounting for all cells within the

subdomain ΩI .

These one-dimensional arrays (S and I) facilitate e�cient data access and manipu-

lation within these irregularly shaped subdomains, providing a systematic representation of

otherwise unstructured index data. Consequently, this method enables the e�ective execution

of computations on GPUs. Algorithms 1 and 2 present the kernel pseudocodes for updating

particle velocities and the stress tensor at the grid cells within the surface subdomain. Ac-

cordingly, algorithms 3 and 4 exhibit the kernel pseudocodes for updating particle velocities

and the stress tensor at the grid cells within the interior subdomain.

2.6.3. Work�ow implementation. Figure 16 presents the work�ow utili-

zed to implement the PMFD3D-GPU solver. As shown, several steps of the work�ow are
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Algorithm 1 Kernel for update particle velocities in ΩS

if l < NS then
i = S[l]/(NyNz)
j = (S[l]− iNyNz)/Nz
k = S[l]− iNyNz − jNz
vx, vy, vz ← velocitySurface(σxx, σyy, σzz, σxy, σyz, σzx, i, j, k) ▷ Equation (35)

end if

Algorithm 2 Kernel for update stress tensor in ΩS

if l < NS then
i = S[l]/(NyNz)
j = (S[l]− iNyNz)/Nz
k = S[l]− iNyNz − jNz
σxx, σyy, σzz, σxy, σyz, σzx ← stressSurface(vx, vy, vz, i, j, k) ▷ Equation (36)

end if

Algorithm 3 Kernel for update particle velocities in ΩI

if m < NI then
i = I[m]/(NyNz)
j = (I[m]− iNyNz)/Nz
k = I[m]− iNyNz − jNz
vx, vy, vz ← velocityInterior(σxx, σyy, σzz, σxy, σyz, σzx, i, j, k) ▷ Equation (18)

end if

Algorithm 4 Kernel for update stress tensor in ΩI

if m < NI then
i = I[m]/(NyNz)
j = (I[m]− iNyNz)/Nz
k = I[m]− iNyNz − jNz
σxx, σyy, σzz, σxy, σyz, σzx ← stressInterior(vx, vy, vz, i, j, k) ▷ Equation (19)

end if
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executed on the CPU, including model expansion, domain decomposition, and the calcula-

tion of medium parameters in the surface subdomain. Subsequently, the GPU is set up, and

model data is transferred from the CPU to the GPU. Once this transfer is complete, the

GPU conducts the FDM computations for both the surface and interior subdomains. These

computations includes updating the particle velocities and stress tensor components, injec-

ting the source, and applying the Absorbing Boundary Conditions (ABCs). Following these

computations, the resulting receiver data are transferred back to the CPU and subsequently

written to disk. This procedure is repeated until all time steps are completed.

2.7. Numerical tests

In this section, we asses the e�ciency and accuracy of PMFD3D-GPU through two

distinct numerical tests. The �rst test involves a direct comparison of accuracy with SPEC-

FEM 3D. The second test demonstrates the capability of PMFD3D-GPU to generate realis-

tic synthetic data within a portion of the SEAM Foothills Phase II model. Additionally, the

computational performance of PMFD3D-GPU is evaluated during these tests.

2.7.1. Accuracy validation with SPECFEM3D. In this test, the accu-

racy of PMFD3D-GPU is validated by performing elastic wave modeling in a homogeneous

model with rough topography. Both PMFD3D-GPU and SPECFEM3D are used for com-

parison, and the synthetic data obtained from each method is subsequently analyzed and

compared.

The homogeneous model, with dimensions and medium parameters as speci�ed in

Table 3, is uniformly discretized in all directions with a spacing of ∆h = 5 m. The irregular
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Figure 16. Work�ow used to implement the PMFD3D-GPU solver.

topography is generated using the elevation map function T (x, y), de�ned as:

T (x, y) = 350 + 250 sin
( x

1000

)
cos
( y

1000

)
(40)
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This function was then corrupted with normally distributed random noise and subse-

quently smoothed using a repeated triangle �lter, applied over 40 points on each axis. The

resulting elevation map can be observed in Figure 17.

Table 3
Medium parameters for homogeneous model.

VP (m/s) VS (m/s) ρ (Mg/m3) VP/VS Dimension (m) Grid cell size (m)

3550 2050 2.0 3.5 3000× 2000× 2000 5× 5× 5

Figure 17. Elevation map and acquisition geometry. The source is situated at coordinates
(1500,1000) m, 20 m beneath the surface. 3C receivers are placed along the surface at Y=1000
m, in a line from 0 to 3000 m, spaced every 10 m. Key receivers R1, R2, R3, and R4 are
located at X= 500 m, 1000 m, 2000 m, and 2500 m; respectively.

For synthetic seismic data generation, an acquisition geometry was established with a

line of 301 receivers, deployed at intervals of 10 m along the x-axis at Y = 1000 m, as shown

in Figure 17. Additionally, an explosive Ricker source with a peak frequency of 10 Hz was

positioned at the coordinates (1500,1000) m, at a depth of 20 m.
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To conduct modeling with SPECFEM3D, the solver required an initial setup that

speci�ed the number of spectral elements for the simulation. For this test, the solver was

set to use 96× 72× 40 elements to represent the model. SPECFEM3D included an internal

mesher, XMESHFEM3D, which accurately organized the geometry of the elements to cover

the irregular surface. The resulting mesh for the current model is depicted in Figure 18.

Figure 18. Mesh produced by XMESHFEM3D, the internal mesher of SPECFEM3D, utili-
zing 96× 72× 40 elements to represent the model corresponding to the elevation map shown
in Figure 17.

Simulations were conducted for 1.5 seconds using both solvers. The resulting multi-

component shot gathers, obtained from SPECFEM3D and PMFD3D-GPU, are shown in

Figures 19(a) and 19(b), respectively. A comparison reveals that the di�erences between the
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shots are minimal around the source position and gradually increase as we move away from

it, as depicted in Figure 19(c).

To conduct a further comparison between the methods, traces were extracted from

four receivers along the receiver line. The receivers, denoted as R1, R2, R3, and R4, are

positioned at distances of 500 m, 1000 m, 2000 m, and 2500 m along the x-axis, as depicted

in Figure 17. The normalized seismic traces for each receiver, obtained from both solvers, are

shown in Figure 20. Visually, the traces appear identical across all components and receivers.

For a more quantitative comparison, the L2 mis�t error was computed between the

shot gathers obtained from PMFD3D-GPU and SPECFEM3D, using the following formula:

L2 =
∥u− u0∥2
∥u0∥2 , (41)

where u0 denotes the shot gather computed by SPECFEM3D, and u represents the shot

gather computed by PMFD3D-GPU. The calculated error percentages for each component

from each receiver are presented in Table 4. From these results, it's clear that most of the

errors were under 1%. Notably, higher errors were detected in receivers R1 and R4, which

are situated furthest from the source. Particularly these errors are more prominent in the

horizontal components (along the x− and y−axes).

2.7.2. 3D SEAM Foothills model example. In this example, realistic

seismic synthetic data was generated by conducting elastic wave modeling in a selected

portion of the SEAM Foothills Phase II model using PMFD3D-GPU. The chosen portion
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Figure 19. Multicomponent shot gather. (a) SPECFEM3D. (b) PMFD3D-GPU. (c) Di�e-
rence between (a) and (b).
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Figure 20. Normalized Seismic Traces Comparison Using SPEFEM3D and PMFM3D-GPU
Methods. (a) R1 at x = 50 m, (b) R2 at x = 100 m, (c) R3 at x = 200 m, and (d) R4 at
x = 250 m. Solutions from SPEFEM3D are solid blue lines, and PMFM3D-GPU solutions
are red dashed lines. Black lines represent the di�erence error multiplied by 10.
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Table 4
L2 mis�t norm error of the PMFD3D method compared to the SPECFEM3D method for
receivers R1, R2, R3, and R4.

Receiver vx (%) vy (%) vz (%)

R1 1.15 7.77 0.80

R2 0.88 0.97 0.51

R3 0.27 0.42 0.11

R4 1.24 2.25 0.37

measures 6000 m × 2000 × 4400 m and is discretized uniformly with a spacing of ∆h = 10

m across all axes. The topographic elevation map for this selected segment is illustrated in

Figure 21.

Figure 21. Elevation map and acquisition geometry for the portion of the SEAM model. The
source is positioned at coordinates (200,1000) m, with a depth of 12 m. 3C receivers are
aligned on the surface line from 500 to 5500 m at Y=1000 m, with an inter-receiver spacing
of 10 m.

For the acquisition geometry, receivers were placed on the surface along a line spanning

from 500 to 5500 m at Y=1000 m, with an inter-receiver distance of 10 m (as seen in Figure

21). Additionally, an explosive source was positioned at coordinates (200,1000) m, at a depth
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of 12 m. The synthetic data was generated by applying PMFD3D-GPU with 4 seconds

of simulation. The resultant multicomponent shot gather is displayed in Figure 22. Here,

realistic seismic events such as Rayleigh waves, near-surface refractions, and near-surface

scattering can be observed. This result demonstrates the capability of PMFD3D-GPU in

handling elastic wave modeling in complex geological settings.
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Figure 22. Multicomponet shot gather SEAM with PMFD3D-GPU.

2.7.3. Computational performance. The numerical examples presented

show that PMFD3D-GPU can perform accurate elastic wave simulations in heterogeneous

media. However, the strengths of PMFD3D-GPU extend beyond just accuracy, as it also

o�ers signi�cant computational e�ciency. A comprehensive performance analysis, as detailed

in Table 5, showcases the time consumption of PMFD3D-GPU in comparison to the C

CPU version with OpenMP across various 3D models. When comparing the time spent by

PMFD3D-CPU on a uniform grid with that of PMFD3D-GPU on the SEAM model, the
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GPU implementation is found to be approximately 20 times faster.

Table 5
Comparative analysis of computational performance between the PMFD3D solver implemen-
ted on a CPU and the proposed GPU-accelerated implementation (PMFD3D-GPU).

CPU: Intel Core i7-12700 processor, 12 Core, 2.1GHz to 4.9GHz, 16GB of memory

using C and OpenMP

GPU: NVIDIA GeForce RTX 3060 12 GB of memory using CUDA-C

Model Dimension (Nx ×Ny ×Nz) Time
samples

CPU
Comp. time

(min)

GPU
Comp. time

(min)

Homogeneous
topography

(681× 481× 340)
410, 341 surface points
86, 335, 041 interior points

2256 115.65 5.47

SEAM
portion

(641× 241× 461)
177, 235 surface points
56, 195, 513 interior points

5003 166.61 7.53

2.8. Discussion

Numerical modeling of elastic waves in 3D complex media is a computationally de-

manding task. While many numerical methods are available for undertaking this task, each

invariably faces a trade-o� between accuracy and computational e�ciency, regardless of the

chosen method. Within this context, PMFD3D-GPU has proven to be a suitable solver,

providing high accuracy results in a relatively short execution time. The GPU-accelerated

with CUDA-C implementation strategy signi�cantly speeds up the simulation of the PM

method, widely outpacing the CPU implementation. Furthermore, the solver proposed in

this chapter reached accuracy levels comparable to those achieved by SPECFEM3D in the

rough topography medium test.
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Contrasted with existing solvers, PMFD3D-GPU �lls the gap for open-source solvers

that are capable of propagating elastic waves in heterogeneous media featuring irregular

topography. While useful alternatives do exist, they typically demand additional e�orts for

application in complex scenarios. For instance, SPECFEM3D is capable of simulating elastic

wave propagation with high accuracy, but its internal mesher is not designed to handle

arbitrary heterogeneous models. This limitation necessitates the use of external meshers,

which could potentially lead to license fees. In contrast, the proposed solver can be e�ortlessly

applied in any scenario without incurring extra costs or e�orts.

Although PMFD3D-GPU brings signi�cant bene�ts, there is scope for further enhan-

cements in various aspects. Currently, sponge absorbing boundary conditions (ABCs) have

been implemented due to their ease of implementation and minimal computational resource

requirements. However, perfectly matched layers (PMLs) outperform sponge ABCs in terms

of absorption performance, and including them would increase the accuracy of the propo-

sed solver. Implementing PMLs can be computationally expensive in terms of memory as

they necessitate the storage of multiple auxiliary �elds. However, PML memory allocation

strategies as proposed by Páez et al. (2020) could be employed to reduce the memory requi-

rements for simulations. In terms of computational execution time, further reduction could

potentially be achieved by adopting a shared memory strategy in the GPU kernel implemen-

tation instead of the currently used global memory strategy. Shared memory strategy has

been empirically proven to o�er much lower latency than global memory owing to its pro-

ximity to the cores and its smaller size, as outlined by Cheng et al. (2014). These potential
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improvements highlight the ongoing possibilities for optimization and increased e�ciency in

GPU-accelerated numerical modeling.

2.9. Conclusions

This chapter presented PMFD3D-GPU, a �nite-di�erence solver designed for 3D elas-

tic wave modeling in heterogeneous models with irregular topography. The solver utilizes a

GPU implementation strategy, incorporating the parameter modi�ed method to satisfy the

free-surface condition for varying topographic elevation maps. A subdomain decomposition

method with an unstructured index array representation was employed to e�ciently manage

grid cell indices within irregular subdomains, resulting in improved computational e�ciency.

The accuracy of PMFD3D-GPU was validated through numerical testing using a variable to-

pography model, demonstrating results comparable to those from SPECFEM3D. The solver

successfully generated realistic seismic synthetic data, as evidenced in an exercise using the

SEAM Foothills Phase II model. Moreover, PMFD3D-GPU achieved a signi�cant speedup

compared to the CPU implementation of the PMFD3D method. Potential improvements

were also discussed, including the application of PMLs to enhance absorption in the ABCs

and the utilization of a shared memory strategy to further reduce computational execution

time.
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CHAPTER 3. Numerical modeling of near-surface seismic scattering by the

partitioned domain method

3.1. Abstract

Accurate modeling of near-surface seismic scattering (NSS) is crucial for reducing noise and

enhancing the quality and interpretability of seismic data. This process enables the iden-

ti�cation of speci�c characteristics of NSS, leading to the development of more e�ective

techniques to attenuate it. While various methods have been developed to model NSS from

elastic wave forward modeling, they often present constraints in considering complex over-

burdens with substantial topographic variations or random heterogeneous media. To address

these limitations, the partitioned domain method (PDM) is introduced in this chapter. The

method involves two stages of elastic wave modeling to generate synthetic seismic data with

and without NSS. The �rst stage uses the entire earth model to generate the total wave�eld

(TW), encompassing all seismic wave types. The second stage employs the near-surface por-

tion of the earth model to yield the near-surface wave�eld (NW), inclusive of direct waves,

Rayleigh waves, and NSS. A deep wave�eld (DW), comprising body wave re�ections and

refractions from deeper structures, is then derived by subtracting the NW from the TW.

To study the performance of the proposed method, a numerical example using the SEAM

Foothills Phase II model is conducted. In this example, elastic wave modeling is performed

with the PMFD3D-GPU solver presented in Chapter 2. The results demonstrate that the

method can e�ectively model NSS, enhancing the understanding of land seismic noise and
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facilitating the development of new attenuation techniques.

3.2. Introduction

The near-surface is the space immediately below the free-surface of the earth. This

space is approximately 300 meters deep within the scale of exploration seismology and is com-

posed of a soil column and low-velocity, unconsolidated, heterogeneous, and weathered layers

of rock Yilmaz (2015). These characteristics makes the acquired seismic data in complex land

areas have near-surface scattering (NSS) that mask the desired body-waves re�ections. This

unwanted energy represents the most challenging noise in land seismic data processing as

conventional processing techniques, like f − k �lters, struggle to e�ectively characterize and

eliminate it. Therefore, modeling NSS has emerged as a crucial step in understanding how

seismic waves propagate and scatter upon encountering near-surface heterogeneities. This

task is typically accomplished by modeling elastic wave scattering.

Several methods for modeling elastic wave scattering have been proposed, broadly

falling into two categories: analytical and numerical approaches. The analytical approach

often relies on the �rst Born approximation for calculating single scattering. Within this

approach, perturbation methods have been extensively studied and applied in numerous

investigations (Hudson, 1967; Wu and Aki, 1985; Wu, 1989; Beylkin and Burridge, 1990;

Maeda et al., 2008; Sato et al., 2012). Additionally, the asymptotic method is another tech-

nique within the analytical approach (Snieder, 1986; Blonk and Herman, 1994). While these

methods have enhanced the understanding of scattering behavior, they exhibit limitations,

especially when addressing large and high-contrast heterogeneities that violate the �rst Born
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(single-scattering) approximation.

In contrast, numerical approaches are capable of solving the full wave equation, o�e-

ring an advantage when dealing with more complex background media, signi�cant contrasts

in medium parameters, and irregular interfaces. Moreover, they can generate synthetic seis-

mograms with high accuracy over a wide range of wavelength ratios. Within this approach,

the �nite-di�erence method proposed by Robertsson and Chapman (2000) provides an e�-

cient way to model scattering. However, it does not account for the interaction of the scatte-

red wave�eld with the free surface and bedrock layers. An alternative numerical method, the

integral equation method with elastic wave numerical modeling using the moments method

(Riyanti and Herman, 2005; Campman and Dwi Riyanti, 2007), not only models multi-

ple scattering but can also handle strong contrast and large heterogeneities. Despite these

strengths, the method's applicability is constrained to laterally homogeneous embedding con-

sisting of horizontal layers, a situation often absent in areas with complex overburden. More

recently, Almuhaidib and Toksöz (2014) proposed a �exible approach to modeling scattering

using Finite Di�erence Method (FDM) with perturbation theory. This approach decomposes

the medium parameters into background and perturbation parts, enabling the modeling of

scattering from arbitrarily shaped scatterers and the interaction of the multiply scattered

wave�eld with the free surface. However, this approach assumes constant background me-

dium parameters and employs the homogeneous wave equation for simulating the incident

wave�eld.

Considering the limitations of existing methodologies in modeling Near Surface Scatte-
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ring (NSS) in complex overburden scenarios, a novel approach called the Partitioned Domain

Method (PDM) is proposed as a promising solution. The PDM addresses these challenges

by partitioning the computational domain and simulating the near-surface and deep wave-

�elds separately. In this chapter, the PDM is introduced and its e�ectiveness is assessed

through a numerical example utilizing the SEAM foothill model. The results substantiate

the PDM's capability to generate deep wave�elds devoid of signi�cant NSS energy. This

innovative approach provides valuable insights into wave�eld characteristics and contributes

to the advancement of seismic processing techniques for scattering noise attenuation.

3.3. Elastic wave modeling in heterogeneous media

In Section 2.3, the elastic wave equation for heterogeneous media was presented using

operator notation, as follows:

Lij(ρ, λ, µ; t)uj(x, t) = 0, (42)

where

Lij(ρ, λ, µ, t) = δijρ(x)∂
2
t − ∂i[λ(x)∂j]− ∂j[µ(x)∂i]− δij∂k[µ(x)∂k]. (43)

To analyze the scattering of elastic waves, it is assumed that the medium parameters

deviate from the background homogeneous structure in the following manner Maeda et al.

(2008); Sato et al. (2012):
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λ(x) = λ0 + δλ(x), µ(x) = µ0 + δµ(x), ρ(x) = ρ0 + δρ(x) for x ∈ V , (44)

where subscript zero denotes a homogeneous background medium, and δρ, δλ and δµ denote

the �uctuation of density and Lamé coe�cients in the volume region V .

In the subsequent sections, solutions for the elastic wave equation will be studied in

both homogeneous and heterogeneous media.

3.3.1. Homogeneous background model. In the homogeneous back-

ground model, the elastic wave equation can be represented as:

Lij(ρ0, λ0, µ0; t)u
0
j(x, t) = 0. (45)

Here, u0 indicates the particle displacement that satis�es the homogeneous equation.

Frequently, this equation is solved using Green's functions analysis, aiming to solve the

equation for an impulsive source as follows:

Lij(ρ0, λ0, µ0;ω)Gjk(x, t) = δikδ(x− x′), (46)

where Gjk is the Green's function for displacement of the j component induced by an exci-

tation source in the k direction. δ() represents the Dirac delta function, and x′ designates

the source coordinate location.
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As deduced by Sato et al. (2012), the Green's function can be expressed as combination

of several Green's functions:

Gjk(x, t) = GP
jk(x, t) +GSv

jk (x, t) +GSh
jk (x, t)︸ ︷︷ ︸

Green's functions for body waves

+GR
jk(x, t) +GN

jk(x, t). (47)

Each term on the right-hand side of this equation represents a speci�c wave type.

The �rst three terms
(
GP

jk, G
Sv
jk , G

Sh
jk

)
denote the Green's function for P−, Sv, and Sh−

body waves, respectively. The fourth term, GR
jk, represents the Green's function for Rayleigh

waves, while GN
jk re�ects the near-�eld e�ects.

By ignoring the near-�eld e�ects and combining all the body wave terms into a single

term (GB
jk), the total Green's function can be simpli�ed as:

Gjk(x, t) = GB
jk(x, t) +GR

jk(x, t). (48)

This resultant total Green's function can then be utilized to generate the total back-

ground wave�eld as the sum of a body wave�eld and a Rayleigh wave�eld as follows:

u0(x, t) = u0,B(x, t) + u0,R(x, t). (49)

3.3.2. Heterogeneous model. The solution to the wave equation for a he-

terogeneous model can be expressed in terms of the solution for a homogeneous medium. By

incorporating Eq. (44) into Eq. (43), the operator Lij can be split into two terms as follows:
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[Lij(ρ0, λ0, µ0; t) + Lij(δρ, δλ, δµ; t)]uj(x, t) = 0. (50)

Here, the �rst term on the left-hand side corresponds to the operator for the homoge-

neous equation, while the second term depends only on the perturbed medium parameters.

After relocating the second term to the right-hand side, the resulting equation is:

Lij(ρ0, λ0, µ0; t)uj(x, t) = −Lij(δρ, δλ, δµ; t)uj(x, t). (51)

This equation shows that the term depending only on the perturbed medium para-

meters can be treated as a source term injected into the homogeneous elastic wave equation.

Consequently, the total wave�eld can be expressed as the sum of an incident wave�eld

and a scattering wave�eld as follows:

ui(x, t) = u0
i (x, t)+

∫ ∞

−∞
dt′
∫∫∫ ∞

−∞
d(x′)Gik(x−x′, t− t′)[−Lkj(δρ, δλ, δµ; t)]uj(x

′, t′). (52)

Alternatively, equation (52) can be expressed in the vector notation, such that m =

(λ, µ, ρ) and omitting the di�erential terms:

u = u0︸︷︷︸
incident wave�eld

+

∫
G[−L(δm)]u︸ ︷︷ ︸

scattering wave�eld

, (53)
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where

G =



Gxx Gxy Gxz

Gyx Gyy Gyz

Gzx Gzy Gzz


, L =



Lxx Lxy Lxz

Lyx Lyy Lyz

Lzx Lzy Lzz


, and u =



ux

uy

uz


. (54)

Notice that the scattering term in Eq. (53) depends on the total wave�eld. By recursi-

vely replacing this equation within itself, an in�nite series can be formed, which schematically

looks like:

u = u0 +

∫
G[−L(δm)]u0︸ ︷︷ ︸

�rst-order scattering

+

∫
G[−L(δm)]

∫
G[−L(δm)]u0︸ ︷︷ ︸

second-order scattering

+ . . .︸︷︷︸
higher-order scattering

. (55)

This equation, known as the forward scattering series, demonstrates that scattering

is a multiplicative process, which complicates its separation. Unlike additive noise, which

can often be estimated and subtracted, multiplicative noise interacts nonlinearly with the

seismic signal, making it more di�cult to isolate.

The total wave�eld can then be expressed as an in�nite sum of scattering wave�eld

terms of di�erent orders:

u =
∞∑
n=0

un, (56)
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where each term un corresponds to the n-th-order scattering wave�eld, which is de�ned as:

un =

∫
G[−L(δm)] · · ·

∫
G[−L(δm)]︸ ︷︷ ︸

n nested integrals

u0. (57)

By incorporating Eq. (56) into Eq. (53), and after some manipulation, the total wa-

ve�eld can be expressed as:

u = u0 +

∫
G[−L(δm)]

(
∞∑
n=0

un

)
. (58)

Finally, the total wave�eld u can be expressed as the sum of a body wave�eld uB and

a Rayleigh wave�eld uR:

u = uB + uR, (59)

where

uB = u0,B︸︷︷︸
incident body waves

+

∫
GB[−L(δm)]

(
∞∑
n=0

un

)
︸ ︷︷ ︸

body-waves scattering

, (60)

and

uR = u0,R︸︷︷︸
incident Rayleigh waves

+

∫
GR[−L(δm)]

(
∞∑
n=0

un

)
︸ ︷︷ ︸

Rayleigh-wave scattering

. (61)
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Note that Eq. (60) indicates that the body wave�eld is expressed as the combination

of incident body waves and body-wave scattering. This body-wave scattering corresponds to

the multiple scattering where the last interaction results in a body wave, either P - or S-wave.

Similarly, Eq. (61) shows that the Rayleigh wave�eld is expressed as the combination of the

incident Rayleigh wave and Rayleigh-wave scattering, which corresponds to the multiple

scattering where the last interaction results in a Rayleigh wave.

3.3.3. First Born approximation. In the speci�c instance of heterogeneities

exhibiting small fractional �uctuations (volume heterogeneities localized in the near-surface),

the amplitude of the scattered wave is less than the incident wave. In this scenario, the

scattering wave�eld is approximated as single-scattering, as opposed to multiple scattering.

This implies that only the �rst term of scattering is considered, and the total wave�eld can

be expressed as:

u = u0 + u1 = u0 +

∫
G[−L(δm)]u0. (62)

This approximation holds valid when |u1| ≪ |u0|.

Consequently, the body wave�eld and the Rayleigh wave�eld are also represented as

the sum of an incident wave�eld and the single-scattering terms as follows:

uB = u0,B +

∫
GB[−L(δm)]u0,B︸ ︷︷ ︸
body-to-body waves

+

∫
GB[−L(δm)]u0,R︸ ︷︷ ︸

Rayleigh-to-body waves

,
(63)
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uR = u0,R +

∫
GR[−L(δm)]u0,R︸ ︷︷ ︸

Rayleigh-to-Rayleigh waves

+

∫
GR[−L(δm)]u0,B︸ ︷︷ ︸

body-to-Rayleigh waves

.
(64)

Equations (63) and (64) reveal that the scattering wave�eld comprises conversions

between body and Rayleigh waves. The body-wave scattering consists of body-to-body and

Rayleigh-to-body wave conversions. Conversely, Rayleigh-wave scattering includes Rayleigh-

to-Rayleigh and body-to-Rayleigh wave conversions. Figure 23 provides a schematic repre-

sentation of how seismic waves are scattered in the presence of a volume heterogeneity. There

are four types of single-scattering: body-to-body, body-to-Rayleigh, Rayleigh-to-body, and

Rayleigh-to-Rayleigh.

3.4. The perturbation method with FDM

In scenarios involving complex overburdens, the �rst Born approximation is not ap-

plicable due to the signi�cant fractional �uctuations in medium parameters, leading to high

amplitude scattering. Nonetheless, employing the perturbation method with FDM provides

a straightforward and e�cient approach to model multiple scattering without the need for

the �rst Born approximation. This method, developed by Almuhaidib and Toksöz (2014),

simulates the scattering wave�eld using the following three-step process:

1) A total wave�eld u is numerically computed using FDM with the elastic wave equa-

tion for heterogeneous media (42). This total wave�eld comprises the incident u0 and

scattering wave�eld usc ( u = u0 + usc).
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Figure 23. Scattering e�ects of near-surface localized elastic volume heterogeneities. Upon
the incidence of body and Rayleigh waves on the heterogeneity, both wave�elds are scattered,
resulting in scattered body waves and scattered Rayleigh waves.

2) The incident wave�eld u0 is numerically computed with FDM using the elastic wave

equation for homogeneous media (45).

3) The scattering wave�eld usc is then obtained by subtracting the incident wave�eld from

the total wave�eld (usc = u− u0).

To illustrate the application of this method, consider the velocity and density model

depicted in Figure 24, consisting of three homogeneous layers with two heterogeneities within

the �rst layer. The elastic wave propagation is modeled numerically by employing a 30 Hz

Ricker source positioned at a depth of 10 m and a horizontal distance of 1000 m. Receivers

are positioned on the surface between 250 m and 1750 m horizontal distance, with an interval

spacing of 2 m. The synthetic shot gathers of the incident, total, and scattered waves are
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shown in Figure 25. Here, it is possible to observe the four types of single-scattering (body-

to-body, body-to-Rayleigh, Rayleigh-to-body, and Rayleigh-to-Rayleigh)

Experiments conducted by Almuhaidib and Toksöz (2014) demonstrated the e�cacy

of this method in simulating near-surface scattering, not only under localized volume he-

terogeneities but also irregular bedrock interfaces. However, this method is predicated on

a homogeneous background medium with constant parameters in the near-surface region.

Consequently, it may not be able to handle more complex near-surface scenarios, such as

those including rough topography and random media, as discussed in Chapter 1.

Figure 24. Earth model with three homogeneous layers and two scatter points in the �rst
layer.

3.5. The partitioned domain method

Near-surface scattering (NSS) is in�uenced by not only localized heterogeneities and

an irregular bedrock but also by surface topographic variations. In such cases, using the

perturbation method with FDM may not be appropriate. Hence, the Partitioned Domain
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Figure 25. Scattering wave�eld computation using the perturbed method (the di�erence
between total and incident wave�elds).

Method (PDM) is introduced as an approach capable of addressing complex land areas

characterized by rough topography and near-surface parameter variations.

Consider a spatial computational domain, Ω, representing the earth model parameters.

This domain can be divided into two subdomains, Ω1 and Ω1, as illustrated in Figure 26. The

subdomain Ω1, with a depth of Zns, refers to the near-surface region, while Ω2, the portion

below Ω1, denotes deeper structures.

In the �eld of exploration seismology, the source is often situated in the near-surface

region. This source generates seismic waves, incident body-waves u0,B
Ω1

and incident Rayleigh

waves u0,R, which propagate through the near-surface (Ω1) (Figure 27(a)). Owing to the

presence of heterogeneities with fractional �uctuations of medium parameters (δm) in the
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Figure 26. Partition of the whole domain Ω for the earth model parameters into the sub-
domains Ω1 (near-sruface portion) and Ω2 (deep structures portion). The depth of Ω1 is
represented by Zns

near-surface region, these incident waves scatter, producing body-wave scattering un,B
Ω1

and

Rayleigh wave scattering un,R (Figure 27(b)).

A portion of the body-wave energy, whether incident or scattering, is transmitted to

the deeper structures (Ω2). Due to the contrast layers, this transmitted energy is re�ected

back to the near-surface as u0,B
Ω2

(Figure 27(c)). Upon hitting the near-surface heterogeneities,

this re�ected energy generates a new scattered wave�eld, un,B
Ω2

(Figure 27(d)).

Consequently, the total wave�eld can be expressed as a superposition of an incident

wave�eld and NSS as follows:

uTW = u0,B
Ω1

+ u0,B
Ω2

+ u0,R +

∫
G[−L(δm)]

(
∞∑
n=0

(
un,B
Ω1

+ un,B
Ω2

+ un,R
))

︸ ︷︷ ︸
NSS: near-surface scattering

. (65)

The NSS can be further decomposed into NSS produced by Ω1 waves and NSS gene-



Modeling and Processing of Near-surface Seismic Scattering 111

(a) (b)

(c) (d)

Figure 27. Near-surface scattering produced by a heterogeneity with parameters �uctua-
tion represented by δm. (a) Incident wave�elds located in the near-surface segment. (b)
Near-Surface Scattering (NSS) of Ω1 waves. (c) Incident upgoing waves stemming from Ω2,
including re�ections and refractions. (d) NSS of upgoing waves originating from Ω2. The
red star denotes the source location. Straight arrows signify the propagation of body waves,
while wiggly arrows indicate Rayleigh wave propagation.

rated by Ω2 waves as:

uTW = u0,B
Ω1

+ u0,B
Ω2

+ u0,R +

∫
G[−L(δm)]

(
∞∑
n=0

(
un,B
Ω1

+ un,R
))

︸ ︷︷ ︸
NSS from Ω1 waves

+

∫
G[−L(δm)]

(
∞∑
n=0

(
un,B
Ω2

))
︸ ︷︷ ︸

NSS from Ω2 waves

.

(66)
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During seismic processing in exploration, the �ltering stage aims to cleanse the total

wave�eld and isolate the re�ected wave�eld, u0,B
Ω2

, which is then used to image the deeper

structures.

3.5.1. Near-surface wave�eld. The near-surface wave�eld, uNW, represents

the solution of the elastic wave equation when only Ω1 is considered as the computational

domain. Consequently, the near-surface wave�eld can be derived by excluding Ω2 waves from

equation (66), as depicted below:

uNW = u0,B
Ω1

+ u0,R +

∫
G[−L(δm)]

(
∞∑
n=0

(
un,B
Ω1

+ un,R
))

︸ ︷︷ ︸
NSS from Ω1 waves

. (67)

In this equation, only the near-surface scattering (NSS) arising from Ω1 waves are

taken into account.

3.5.2. Deep wave�eld. The primary objective of PDM method is to obtain

a synthetic wave�eld that is devoid of NSS. Hence, the deep wave�eld is de�ned as the

di�erence between the total wave�eld and the near-surface wave�eld, as shown below:

uDW = uTW − uNW. (68)

By integrating equations (66) and (67) into (68), the deep wave�eld can be expressed

as follows:
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uDW = u0,B
Ω2

+

∫
G[−L(δm)]

(
∞∑
n=0

un,B
Ω2

)
︸ ︷︷ ︸

NSS from Ω2 waves

. (69)

Please note that while the deep wave�eld recovers the energy of the re�ected waves,

u0,B
Ω2

, it still contains residual energy from the NSS of Ω2 waves. This implies that the PDM

method can be utilized to separate, via simulation, the total wave�eld from the NSS of Ω1

waves. It's important to recognize that the residual NSS from Ω2 waves is considerably less

energetic than the NSS from Ω1 waves.

3.5.3. Implementation of PDM method. The PDM method can be im-

plemented by following these four steps:

1) Partition the entire domain Ω into two subdomains, Ω1 and Ω2, as depicted in Figure

(26). The depth of Ω1, denoted by Zns, must be manually determined based on the

chosen limit for the near-surface portion.

2) Compute the total wave�eld u by numerically solving the elastic wave equation for he-

terogeneous media (42). This total wave�eld comprises both the near-surface wave�eld

uNW and the deep wave�eld uDW (thus, u = uNW + uDW).

3) Calculate the near-surface wave�eld uNW by numerically solving the elastic wave equa-

tion for heterogeneous media (42), this time only considering the subdomain Ω1. Before

solving, crop the earth model at the depth Zns.

4) Determine the deep wave�eld uDW by subtracting the near-surface wave�eld from the

total wave�eld (i.e., uDW = u− uNW).
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In the following section, an example of the application of the PDM method will be

presented, underscoring the advantages of employing this approach.

3.6. Numerical example with the SEAM Foothills Phase II model

To illustrate the e�ectiveness of the PDM method in modeling NSS, an experiment

using the SEAM Foothills Phase II model was conducted. In particular, a portion of the

model that was previously explored in section 2.7.2 was used for this example. For the

acquisition setup, receivers were arranged on the surface along a line stretching from 500 to

5500 m along the x-axis, with an inter-receiver distance of 10 m, and an explosive source

was placed at X = 1000 m. The topographic elevation map for this model, along with the

acquisition geometry, is depicted in Figure 21.

In this example, the steps detailed in subsection 3.5.3 were followed, considering three

di�erent near-surface depth values, Zns. Speci�cally, Zns was set to 1100 m, 1300 m, and 1500

m. Figure 28 illustrates the boundaries of the near-surface for these three di�erent depths

within the 2D section of the model, in the same plane as the line of receivers.

Figure 28. 2D section of the SEAM portion model sliced along the line of receivers. The
topographic elevation map and the acquisition geometry are depicted in Figure 21.
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The PMFD3D-GPU solver, presented in chapter 2, was utilized to solve the elastic

wave equation for both the whole domain Ω and the subdomain Ω1. Snapshots of the pro-

pagation for the total, near-surface, and deep wave�elds are illustrated in Figure 29. These

snapshots correspond to Zns =1500 (m). It is important to observe that in the near-surface

wave�eld, seismic energy does not appear for depths below 1500 (m). Additionally, in the

deep wave�eld, there is noticeable energy above the near-surface limit. This corresponds to

the upgoing waves from Ω2 that are not being simulated in the near-surface wave�eld.
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0 1000 2000 3000 4000 5000 6000
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Deep wavefield

Figure 29. Snapshots of the vertical particle velocity at t = 2 (s). (a) total wave�eld, (b)
near-surface wave�eld, and (c) Deep wave�eld (the di�erence between (a) and (b)). In the
near-surface wave�eld, the earth model depth extends to the dashed line, which includes
ABC at the bottom.

The multicomponent shot gather for the total wave�eld exhibits various wave types

such as Rayleigh waves, refractions, re�ections, and NSS (as illustrated in Figure 30). Simi-

larly, the multicomponent shot gathers for the near-surface wave�elds also exhibit various

wave types. However, these wave�elds do not contain waves from the Ω2 subdomain, as in-

dicated in equation 67. It is observed that the deeper the near-surface portion, the more

pronounced the energy of refraction events becomes. In the multicomponent shot gathers of
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the deep wave�eld, which were obtained by subtraction, it is evident that more refraction

energy is present when the near-surface portion is more shallow.
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Figure 30. Multicomponet shot gather for the total wave�eld acquired in the portion of the
SEAM Foothills model using whole domain.

An analysis was conducted to quantify the energy proportion of the near-surface

wave�eld and the deep wave�eld in relation to the total wave�eld. The results, presented

in Table 6, demonstrate that the total wave�eld is predominantly composed of the near-

surface wave�eld, with only a minor portion of the energy attributed to the deep wave�eld.

Speci�cally, in the x- and z-components, the near-surface wave�eld accounted for over 99.7%

of the total energy across all three di�erent depths of the near-surface portion. Consequently,

the deep wave�elds represented 0.3% or less of the total energy.

3.7. Discussion

The proposed PDM has demonstrated its e�cacy as a strategy for modeling NSS in

complex overburden scenarios, which include rough topography and random media. This
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Figure 31. Multicomponent shot gather of the near-surface wave�eld with di�erent depths
of near-surface subdomain. (a) Zns =1100 (m). (b) Zns =1300 (m). (c) Zns =1500 (m).
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Figure 32. Multicomponent shot gather of the deep wave�eld with di�erent depths of near-
surface subdomain. (a) Zns =1100 (m). (b) Zns =1300 (m). (c) Zns =1500 (m).
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Table 6
Percentage of composition of near-surface wave�eld and deep wave�eld in relation to the total
wave�eld

Near-surface wave�eld Deep wave�eld
Ω1 depth (m)

vx (%) vy (%) vz (%) vx (%) vy (%) vz (%)

1100 99.72 97.17 99.74 0.28 2.83 0.26

1300 99.79 97.93 99.80 0.21 2.07 0.20

1500 99.97 99.61 99.97 0.03 0.39 0.03

is a distinct advantage over existing methods, such as the analytical perturbation method,

asymptotic methods, integral equation, and FDM with perturbation method. These conven-

tional methods typically assume constant background medium parameters and rely on the

homogeneous wave equation to simulate the incident wave�eld. Contrary to these methods,

PDM does not make this assumption, thereby enabling the generation of incident waves in

heterogeneous background models. This capability leads to a more accurate modeling of NSS

in complex environments.

The mathematical model revealed that partitioning the computational domain makes

it possible to separate the total wave�eld into two components: the near-surface wave�eld

and the deep wave�eld. Numerical results obtained with the SEAM foothills model con�rmed

that a signi�cant majority of seismic energy (around 99%) was localized in the near-surface

wave�eld, while only a minor fraction (about 1%) was detected in the deep wave�eld (see

Table 6). Despite their lower energy, deep wave�elds carry all the energy of the upcoming

waves, which are essential for imaging deeper geological structures.

The principal contribution of the PDM is its ability to generate ideal synthetic data de-
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void of ground roll. The numerical example clearly showed that the resulting deep wave�elds

are free from wave types often classi�ed as coherent noise, including Rayleigh waves, near-

surface refractions (diving waves), re�ections, and most near-surface scattering (see Figure

32). The simulated deep wave�eld can thus serve as a synthetic gold standard, facilitating

the validation and comparison of new �ltering techniques. Although real data is generally

preferable for training machine learning models due its authenticity and variability, the gene-

ration of numerous synthetic gold standards o�er the advantage of being signi�cantly more

cost-e�ective and time-e�cient compared to collecting real seismic data. All these aspects

underscore the utility of the PDM for the advancement of seismic processing techniques.

While the PDM clearly o�ers numerous bene�ts, it's crucial to also consider its limita-

tions. One signi�cant limitation stems from the formulation of the method itself. The PDM

is designed to separate NSS by treating it as an additive process rather than a multiplicative

one. This approach results in an incomplete isolation of NSS from the total wave�eld, as

demonstrated by equation (68), which indicates that the deep wave�eld still retains some

NSS produced by the upcoming waves. However, the residual NSS is considerably less ener-

getic than that found in the near-surface wave�eld (Figures 31 and 32), allowing the PDM

to remain a viable tool for simulating synthetic data free from ground roll. Another limi-

tation involves setting the domain partition through the adjustment of the Zns value. This

value must be manually calibrated based on the near-surface depth. The numerical example

showed that larger Zns values yield a near-surface wave�eld with higher energy, and corres-

pondingly, a deep wave�eld with lower energy (see Table 6). Thus, users must experiment
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with various Zns values to obtain the desired wave�eld results from the PDM.

3.8. Conclusions

In this chapter, the Partitioned Domain Method (PDM) has been introduced as an

innovative approach for modeling Near-Surface Scattering (NSS) in complex overburden

scenarios, characterized by rough topography and random media. By employing a domain

partitioning technique, the PDM separates the total wave�eld into distinct near-surface and

deep wave�elds, enabling more accurate simulations. Notably, the PDM stands out from

existing methodologies by eliminating the assumption of constant background medium para-

meters and facilitating the generation of incident waves in heterogeneous background models.

Although the PDM exhibits limitations, such as the incomplete isolation of NSS and the re-

quirement for manual calibration of the domain partition, the resulting synthetic wave�elds

o�er valuable synthetic data devoid of ground roll. These synthetic datasets serve as a gold

standard for the validation and comparison of novel �ltering techniques. Furthermore, the

generation of synthetic data holds signi�cant potential for advancing seismic processing tech-

niques and training machine learning models aimed at attenuating scattering noise. Future

research e�orts should focus on addressing the limitations of the PDM and expanding its

applicability in the �eld of near-surface scattering modeling.
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CHAPTER 4. Polarization analysis and �ltering in the frequency-slowness

domain of undersampled 3C seismic data

4.1. Abstract

Polarization �lters have emerged as a useful tool for coherent noise attenuation in multicom-

ponent seismic data. By exploiting the polarization properties of seismic waves, these �lters

can signi�cantly improve wave type separation, which is a crucial step in seismic data pro-

cessing. The existing methods fall into two categories: single-station and multi-station �lters,

each with unique advantages and limitations. Single-station �lters, while free of constraints

related to spatial sampling, cannot utilize velocity information for wave type discrimination.

Conversely, multi-station approaches leverage coherence between traces for wave separation

but require regularly spatially sampled data. To address these limitations, a novel two-step

method is introduced for distinguishing and separating polarized wave types in shot gathers

captured from an spatial undersampled linear array of 3C vector sensors. The �rst step in-

volves conducting a polarization analysis in the frequency-slowness domain using elliptical

elements derived from the linear Radon transform of the seismic data. The second step isola-

tes speci�c polarized waves using the 3C Frequency-Slowness Polarization Filter (3C-FSPF),

a technique that employs tailored activation functions based on the polarization analysis.

To evaluate the proposed method, comprehensive tests were conducted on both synthetic

and real data. The results consistently demonstrate the e�ectiveness of 3C-FSPF in separa-

ting diverse polarized wave types under conditions of irregular and sparse spatial sampling
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and noise. The �ndings underscore the potential of this method for advancing exploration

geophysics by enhancing the quality of seismic data, particularly in land regions with com-

plex near-surface structures. Future work will explore the application of this method in other

geophysical contexts and the use of machine learning algorithms to re�ne the technique.

4.2. Introduction

Filtering of coherent noise such as surface waves is a critical stage of the seismic

data processing work�ow. These waves, while potentially informative about surface struc-

tures, can interfere with the detection of signals re�ecting from deeper geological layers.

Thus, e�cient and accurate methods for their separation are key to the success of seismic

surveys, particularly when exploring for hydrocarbons. The separation of wave types is ty-

pically performed in the frequency-wavenumber (f, k) or frequency-slowness (f, p) domains,

which are known to segregate di�erent wave types into distinct regions. This enables the

design of �lters that speci�cally target and eliminate unwanted waves, such as surface waves,

while retaining desired waves like primary re�ections. However, despite the e�ectiveness of

these techniques, they encounter signi�cant obstacles when applied to areas with complex

land seismic characteristics. Two main factors contribute to these challenges. Firstly, spatial

sampling can be greatly limited due to issues like di�cult accessibility and the existence

of complex geographical features such as mountains and foothills. Secondly, a substantial

proportion of seismic energy is scattered within the near-surface region, due to low-velocity

layers and geological heterogeneities. As reported by Stork (2020) and Sánchez-Galvis et al.

(2021), these heterogeneities can cause scattering noise, irregular guided waves, and wave-
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let distortion, which collectively complicate the task of wave type di�erentiation within the

(f, k) and (f, p) domains. To address these challenges, alternative methods such as polari-

zation �lters have been explored to separate wave types. Nevertheless, these methods bring

their own set of challenges depending on the selected approach.

Seismic polarization methods can be broadly categorized into single-station and multi-

station approaches. The single-station approach estimates the polarization content of seismic

waves from multicomponent sensors individually, making it independent of spatial sampling.

The Covariance Matrix Method (CMM), introduced by Filnn (1965), was the �rst single-

station polarization technique for seismic data. This method utilizes time windows of the

3C trace to analyze the rectilinearity and direction of particle motion, which are estimated

from the eigenvalues of the covariance matrix. CMM has been employed to design polari-

zation �lters for enhancing the signal-to-noise ratio of teleseismic body phases (Montalbetti

and Kanasewich, 1970), separating P - and S-wave components from three-component (3C)

crosswell seismic data (Liu et al., 2012), and removing ground roll (Perelberg and Hornbostel,

1994).

However, the accuracy of polarization analysis using the original formulation of the

CMM is dependent on the length of the time window. Consequently, some modi�cations

have been suggested. For instance, Jurkevics (1988) computed the polarization parameters

using sliding time windows into frequency bands of the multicomponent trace. Additionally,

Christo�ersson et al. (1988) employed maximum likelihood estimation for the particle motion

using models of P, S, Love, and Rayleigh waves.
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The complex trace method (CTM) was introduced to reduce the limitations of time

windows by instantaneously computing the polarization attributes via the analytic signal.

Vidale (1986) initiated this by computing the instantaneous covariance matrix of the analy-

tic signal vector, followed by Rene et al. (1986) who computed instantaneous polarization

attributes using the CTM for 2C trace. Later, Morozov and Smithson (1996) developed a

generalized polarization analysis for time-domain instantaneous attributes from 3C analytic

signal. Lu et al. (2010) used CTM to estimate the instantaneous ellipticity and implemen-

ted the instantaneous polarization �ltering method to obtain instantaneous linear or elliptic

polarization in the case of land multi-component records acquired in energy exploration.

The spectral matrix method (SMM), introduced by Samson (1977), was another no-

teworthy advancement addressing the limitations of time windows. This method performs

the analysis in the frequency domain rather than the time domain. It was developed into a

method for the design of polarization detectors and �lters in the frequency domain. Later,

Samson and Olson (1981) developed data-adaptive polarization �lters based on the polariza-

tion analysis using SMM. Then, Du et al. (2000) developed a data-adaptive polarization �lter

to reduce micro-seismic noise contamination in three-component broad-band seismograms.

Other develpments include the Singular Value Decomposition Method (SVDM), in-

troduced by Jackson et al. (1991). This was a novel method for estimating polarization

attributes by singular value decomposition of the 3C seismic trace. SVDM was used to de-

sign several polarization �lters for wave type separation (De Franco, 2001), and ground roll

attenuation (Jin and Ronen, 2005; Tiapkina et al., 2012; Sánchez-Galvis et al., 2016).
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Further advancements came with the introduction of the time-frequency domain

methods (TFDM). Pinnegar (2006) proposed a new form of polarization analysis and �lte-

ring by representing the 3C signal into elliptical elements in the time-frequency domain using

the S-transform. Other signi�cant contributions using the S transform have been developed

(Tan et al., 2013; Kazemnia Kakhki et al., 2020). Alternatively, TFDM was also studied by

incorporating the wavelet transform (Roue� et al., 2006; Diallo et al., 2005, 2006b,a; Kulesh

et al., 2007; Wang and Wang, 2017).

Most recently, the Correlation Matrix Method (CrMM), proposed by Nasr et al.

(2021), is a time-domain method conceived to enhance the accuracy of polarization analysis

with outlier data.

In contrast to the single-station approach, multi-station methods use multiple sensors

simultaneously by utilizing coherence between traces for wave type separation. Le Bihan

and Mars (2004) introduced a subspace method for wave separation on 3C data using an

extension of the Singular Value Decomposition (SVD) algorithm to the �eld of quaternions,

a technique further developed by Hobiger et al. (2011, 2012); Le Bihan et al. (2014). Other

methods, such as the wideband spectral matrix method introduced by Paulus et al. (2005);

Paulus and Mars (2006), and the extended SVD method for multiple traces proposed by

Kendall et al. (2005a,b); de Meersman and Kendall (2005); De Meersman (2008); Al-Hasanat

et al. (2017) have expanded the �eld of seismic data analysis. Finally, the Quaternion SVD

approach, a fusion of quaternion and SVD methodologies, was investigated by Sajeva and

Menanno (2017) for the characterization and extraction of a Rayleigh-wave mode in vertically
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heterogeneous media. However, multi-station methods are constrained by the requirement

for regularly spaced data, a condition that is often challenging to meet in seismic exploration

of complex land areas where geological conditions prohibit regular spatial sampling.

In response to these limitations, a novel two-step method is proposed for e�ectively

distinguishing and separating polarized wave types in shot gathers captured from an under-

sampled linear array of 3C vector sensors. This method enhances the technique presented

by Pinnegar (2006) by transforming the seismic data into the frequency-slowness (f, p) do-

main for simultaneous operation on multiple traces. This represents a shift from Pinnegar's

original model, which operates on a single-station basis in the time-frequency (t, f) domain.

Moreover, the proposed method incorporates activation functions with adjustable parame-

ters, which allows the �ltering process to adapt to di�erent wave types. This represents a

substantial modi�cation from the �xed-parameter functions proposed by Pinnegar (2006),

which primarily focused on the attenuation of the Rayleigh wave.

4.3. Frequency-Slowness domain analysis

The frequency-slowness (f, p) domain analysis is an essential tool in seismic processing,

particularly in the areas of ground roll attenuation (Trad et al., 2003; Luo et al., 2009a; Hu

et al., 2016), and velocity estimation (Luo et al., 2007, 2008). The transformation of the

seismic data from the time-o�set domain (t, h) to the frequency-slowness (f, p) domain can

be performed by the LRT in the frequency domain.

The forward LRT in the frequency domain is given by (Yilmaz 2001):
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m(p, f) =

hmax∑
h=hmin

d(h, f)ei2πfph. (70)

Similarly, the conjugate transform from the frequency-slowness (f, p) domain to the

time-o�set domain (t, h) is given by:

d(h, f) =

pmax∑
p=pmin

m(p, f)e−i2πfph, (71)

where d(h, f) is the shot gather after the temporal Fourier transform, the function m(p, f)

is the Radon model, f is the frequency, p is the slowness (pmin and pmax are the slowness

range), and h is the o�set (hmin and hmax are the o�set range).

For one particular frequency f , the LRT can be written in a matrix form as follows:

d = Lm, (72)

where d ∈ CNh×1 represents the Fourier coe�cients of the shot gather with Nh traces,

m ∈ CNp×1 denotes the Radon model with Np slowness values, and L ∈ CNh×Np is the

forward LRT operator with the form:
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L =



e−i2πfp0h0 e−i2πfp1h0 . . . e−i2πfpNp−1h0

e−i2πfp0h1 e−i2πfp1h1 . . . e−i2πfpNp−1h1

...
...

. . .
...

e−i2πfp0hNh−1 e−i2πfp1hNh−1 . . . e−i2πfpNp−1hNh−1


. (73)

The adjoint transformation can be also written in a matrix form as follows:

madj = LHd, (74)

where LH is the conjugate transpose of L, and madj is the adjoint Radon model. This adjoint

model has low resolution and it cannot be used to reconstruct the original data in the (f, h)

domain. However, the High Resolution LRT (HRLRT) can be used to �nd the Radon model

that best �ts the data by using an inversion scheme with sparsity constraint (Trad et al. 2003;

Luo et al. 2009b). Speci�cally, The HRLRT can be computed by minimizing the following

objective function:

J = ∥Wr

(
d− LW−1

m Wmm
)
∥2 + α∥Wmm∥2, (75)

where Wr ∈ RNh×Nh is a matrix of diagonal weights of residual values, Wm ∈ RNp×Np is

a diagonal matrix of model space weights and α ∈ R is a regularization parameter that

maintains balance between data mis�t and model constraints. The vector model m that
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minimizes the objective function J can be found by solving the following equation:

(
W−T

m LHWT
r WrLW

−1
m + λI

)
Wmm = W−T

m LHWT
r Wrd, (76)

where I ∈ RNh×Nh is the identity matrix. Equation (76) can be solved by using a conjugate

gradient (CG) algorithm. Details about implementation of CG method are presented in

Appendix A.

4.4. Polarization analysis of 3C seismic data

Polarization information from seismic waves can be captured using three-component

(3C) vector sensors. At a particular frequency, represented as f , the signal from the 3C sensor

traces an ellipse within three-dimensional space. The shape and orientation of this ellipse can

be expressed using six elements of Fourier coe�cients. These elements may comprise either

the three amplitudes and their corresponding phases, or the three real and three imaginary

components.

Alternatively, the shape and orientation of the ellipse can be described by another

set of six elements commonly employed in the characterization of planetary orbits (Murray

and Dermott, 1999). These elements include the semi-major axis a, the semi-minor axis b,

the inclination angle I, the longitude of the ascending node Ω, the argument of pericentre

ω, and the phase relative to the time of maximum displacement ϕ. The geometry of a 3D

elliptical motion represented by these elliptical elements is shown in Figure 33.

In a novel work, Pinnegar (2006) derived expressions to calculate the Fourier coe�-
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Figure 33. Geometry of the 3D elliptical motion. The particle's displacement traces out and
ellipse with semi-major axis a, semi-minor axis b, inclination angle I, longitude of ascending
node Ω , argument of pericentre ω, and phase ϕ.

cients from the spectra of elliptical elements and vice versa. In this section, the work presented

by Pinnegar (2006) will be followed to illustrate the method.

Let us denote the 3C seismic trace by u(t) = {ux(t), uy(t), uz(t)}, where ux(t),

uy(t) and uz(t) are the x-, y- and z-component, respectively. The 3C seismic tra-

ce can also be represented in the frequency domain by U(f) = {Ux(f), Uy(f), Uz(f)}

where {Ux(f), Uy(f), Uz(f)} are the Fourier transform of every single component

{ux(t), uy(t), uz(t)}. These Fourier spectra are complex-valued functions such that

Uj(f) = UR
j (f) + iU I

j (f) for j = {x, y, z}, (77)

where UR
j and U I

j denote the real and imaginary part of the Fourier spectrum, respectively.

For one speci�c frequency f , an ellipse on the x− y plane can be expressed like

U′(f) = {a(f) cos(2πft− ϕ(f)), b(f) sin(2πft− ϕ(f)), 0} . (78)
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In this equation, the semi-major axis is oriented along the x-axis, while the semi-minor

axis is oriented along the y-axis. An arbitrary orientation of the ellipse can be obtained by

applying matrix rotations as follows:

U(f) = PΩPIPωU
′(f) (79)

where

Pω =



cosω(f) − sinω(f) 0

sinω(f) cosω(f) 0

0 0 1


,

PI =



1 0 0

0 cos I(f) − sin I(f)

0 sin I(f) cos I(f)


,

and

PΩ =



cosΩ(f) − sinΩ(f) 0

sinΩ(f) cosΩ(f) 0

0 0 1


,
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are transformation matrices used to represent the orientation of the ellipse.

The forward and inverse expressions for elliptical elements were derived by Pinne-

gar (2006). In the forward expressions, the data spectra U = {UR
x , U

I
x , U

R
y , U

I
y , U

R
z , U

I
z } are

obtained from the spectra of elliptical elements {a, b,Ω, I, ω, ϕ} as follows:

UR
x =a cosφ{cosω cosΩ− sinω sinΩ cos I}+ b sinφ{sinω cosΩ + cosω sinΩ cos I}

U I
x =b cosφ{sinω cosΩ + cosω sinΩ cos I} − a sinφ{cosω cosΩ− sinω sinΩ cos I}

UR
y =a cosφ{cosω sinΩ + sinω cosΩ cos I}+ b sinφ{sinω sinΩ− cosω cosΩ cos I}

U I
y =b cosφ{sinω sinΩ− cosω cosΩ cos I} − a sinφ{cosω sinΩ + sinω cosΩ cos I}

UR
z =a cosφ sinω sin I − b sinφ cosω sin I

U I
z =− a sinφ sinω sin I − b cosφ cosω sin I

. (80)

On the other hand, in the inverse expressions, the spectra of elliptical elements

{a, b,Ω, I, ω, ϕ} are obtained from the spectra of data U = {UR
x , U

I
x , U

R
y , U

I
y , U

R
z , U

I
z } as

follows:
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a =
1√
2

√
A+
√
B2 + C2,

b =
1√
2

√
A−
√
B2 + C2,

I =arctan


[(
UR
z U

I
y − U I

zU
R
y

)2
+
(
UR
z U

I
x − U I

zU
R
x

)2]1/2(
UR
y U

I
x − U I

yU
R
x

)
 ,

Ω =arctan

{(
UR
z U

I
y − U I

zU
R
y

)
(UR

z U
I
x − U I

zU
R
x )

}
,

ω =ω0 − π

(
sign (ω0)− 1

2

)
,

φ =φ0 + π

(
sign (ω0)− 1

2

)
sign (φ0) ,

, (81)

where

A =
(
UR
x

)2
+
(
U I
x

)2
+
(
UR
y

)2
+
(
U I
y

)2
+
(
UR
z

)2
+
(
U I
z

)2
,

B =
(
UR
x

)2 − (U I
x

)2
+
(
UR
y

)2 − (U I
y

)2
+
(
UR
z

)2 − (U I
z

)2
,

C =− 2
(
UR
x U

I
x + UR

y U
I
y + UR

z U
I
z

)
ω0 =arctan

{
b
[
UR
z cos (φ0)− U I

z sin (φ0)
]

−a [UR
z sin (φ0) + U I

z cos (φ0)]

}
,

φ0 =
1

2
arctan

(
C

B

)
. (82)

For simplicity, lets de�ne the operator Q to represent the forward expressions as

follows:
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U(f) = Q {a, b, I,Ω, ω, ϕ} . (83)

Therefore, the inverse expressions can be written as:

{a, b, I,Ω, ω, ϕ} = Q−1 {U(f)} . (84)

Additional seismic attributes can be computed from the elliptical elements. In this

study, the power spectrum P and the ellipticity e are analyzed, and they are computed using

Equations 85 and 86, respectively.

P =
√
a2 + b2. (85)

e =


0 if a < ϵ

b/a otherwise

. (86)

The parameter ϵ is an small positive number used to avoid division by zero.

The forward and inverse expressions of elliptical elements representation can be also

performed in the (f, p) domain by substituting U(f, p) in place of U(f) in equation 83 and

84.
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4.5. Frequency-slowness polarization �lter for 3C data (3C-FSPF)

Seismic data include several events, such as re�ections, refractions, surface waves,

direct waves, and scattering. In this study, the 3C seismic data u(t, h) is assumed to be a

summation of events from various wave types, represented as follows:

u(t, h) =
∑
Υ

uΥ(t, h). (87)

Here, Υ denotes each one of the speci�c wave types. It is postulated that each wave

type exhibits unique polarization characteristics within a limited and exclusive area of the

(f, p) domain. As a result, it becomes possible to identify and separate each wave type in

this domain.

In this research, a �lter mask F (f, p) is proposed to extract a particular wave type.

The �lter utilizes polarization analysis with elliptical elements in the (f, p) domain to achieve

the separation of the speci�c wave type, as follows:

ûΥ(t, h) = IR{Q(aF, bF, I,Ω, ω, ϕ)}, (88)

where ûΥ represent the extracted wave type Υ, while the notation IR represents the inverse

Radon transformation of the seismic data after �ltering in the (f, p) domain.

To construct the �lter mask, the �xed-parameter activation functions proposed by

Pinnegar (2006) are adapted. Originally, these functions were designed speci�cally for ex-
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tracting Rayleigh waves. However, the suggested approach involves using these functions

with variable parameters, allowing for adaptation to di�erent polarization characteristics for

any wave type. The �lter mask F is then created using the activation functions Fe, FΩ, and

FI as follows:

F (f, p) = Fe(e(f, p))FΩ(Ω(f, p))FI(I(f, p)). (89)

Here, Fe, FΩ, and FI are the activation functions for ellipticity, longitude of ascending

node, and inclination angle, respectively. Let's elaborate these functions further:

The activation function

Fe(e; e1, e2) =



0 if e < e1

1

2

[
1 + cos

(
π
e− e2
e2 − e1

)]
if e1 ≤ e ≤ e2

1 if e > e2

, (90)

is designed to attenuate wave type events with ellipticities lower than e1 and preserve energy

with ellipticities higher than e2. There's a transition region between these values, as depicted

in Figure 34(a).

The activation function



Modeling and Processing of Near-surface Seismic Scattering 138

FΩ(Ω;Ωc,Ω1,Ω2) =



0 if |Ω− Ωc| > Ω2

1

2

[
1− cos

(
π
|Ω− Ωc| − Ω2

Ω2 − Ω1

)]
if Ω1 ≤ |Ω− Ωc| ≤ Ω2

1 if |Ω− Ωc| < Ω1

, (91)

is intended to allow the passage of energy with an azimuth around Ωc within a band pass

of 2Ω1 and 2Ω2, taking the transition region into account (see Figure 34(b)). Similarly, the

activation function FI lets the energy pass with an inclination angle around Ic within a band

pass of 2I1 and 2I2, again considering the transition region (see Figure 34(c)).

FI(I; Ic, I1, I2) =



0 if |I − Ic| > I2

1

2

[
1− cos

(
π
|I − Ic| − I2

I2 − I1

)]
if I1 ≤ |I − Ic| ≤ I2

1 if |I − Ic| < I1

. (92)

To implement the �lter mask using all these activation functions, eight parameters

must be tuned. However, for recovering certain wave types, the use of all the activation

functions may not be necessary. Furthermore, these activation functions can be inverted for

di�erent e�ects. For instance, replacing Fe with 1−Fe allows the �lter to reject energy with

ellipticities higher than e2 and preserve the energy lower than e1.
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(a)

(b)

(c)

Figure 34. Activation functions employed in the 3C-FSPF mask construction. (a) function
for ellipticity, (b) function for azimuth angle, and (c) function for inclination angle.

4.5.1. Implementation procedure:. The steps to implement the 3C-FSPF

are presented below:

Step 1: Transform the seismic data from (t, h) domain to (f, p) domain. This is achieved by

�rst applying the temporal Fourier transform and subsequently the High Resolution

Linear Radon Transform (HRLRT), which is applied by solving equation (76).

Step 2: Determine the elliptical elements using the inverse expressions provided in equation
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(81).

Step 3: Design a polarization �lter mask by setting the parameters as detailed in equation (89).

Step 4: Calculate the Radon model of the �ltered data. This is done by using the inverse

expressions provided in equation (80) after applying the polarization �lter mask to

both the semi-major and semi-minor elements in the frequency-slowness domain (f, p)

as speci�ed in equation (89).

Step 5: Transform the �ltered seismic data back to the (t, h) domain. This involves using

the forward Linear Radon Transform (LRT) operator as mentioned in equation (72),

followed by the application of the inverse Fourier transform.

4.6. Example 1: Separation of polarized wave�elds in a synthetic 3C shot gather

In this example, a synthetic dataset generated analytically was used to demonstrate

the operation and feasibility of the proposed method under both regular and irregular spatial

sampling data. Speci�cally, the synthetic 3C data u(t, x) was produced by combining two

plane wave�elds with di�erent polarizations:

u(t, x) = uE(t, x) + uL(t, x), (93)

where uE(t, x) is an elliptically polarized wave�eld, while uL(t, x) is a linearly polarized

wave�eld. These wave�elds were generated in the frequency domain following the expression:

U(f, x) = A(f)e−i2πf(t0+px), (94)
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where p represents the apparent slowness of the plane wave�eld along the x-axis, while t0

refers to the shift time from the reference time of t = 0. To calculate the 3C vector amplitude

A(f), the semi-major axis a and semi-minor axis b are rotated using the matrices PΩ, PI ,

and Pω, as follows:

A(f) = PΩPIPω{a(f), b(f), 0} (95)

The semi-axes a and b are de�ned in the frequency domain as the product of a Ricker

wavelet R(f ; fc), with central frequency fc, and a Gaussian window function W (f ; fµ, fσ),

with mean frequency fµ and standard deviation fσ

a(f) =CaR(f ; fc)W (f ; fµ, fσ),

b(f) =CbR(f ; fc)W (f ; fµ, fσ),

(96)

where Ca and Cb are positive scalars utilized to control the amplitude spectrum of each semi-

axis, with the constraint that Ca ≥ Cb. The ratio Cb/Ca determines the degree of ellipticity of

the polarized wave�eld. As the ratio approaches zero, the polarization becomes increasingly

linear. Conversely, as the ratio approaches one, the polarization becomes more circular.

The expressions for the Ricker and the Gaussian window function are:
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R(f ; fc) =
2√
π

f 2

f 3
c

e−(f/fc)2 ,

W (f ; fµ, fσ) =e−(f−fµ)/2f2
σ .

(97)

The purpose of the Gaussian window function is to compact the frequency spectrum of

the Ricker wavelet, resulting in more distinct and separable wave�elds in the (f, p) domain.

Additionally, using the expression in the equation 94 ensures that the resulting wave�elds

are non-dispersive and non-evanescent since p is a real value that does not depend on f .

Table 7 presents the elliptical elements used to generate the polarized wave�elds in

this example. The elliptically polarized wave�eld has an ellipticity of Cb/Ca = 0.8, while the

linear wave�eld has an ellipticity of Cb/Ca = 0.1. For the linear wave�eld, the parameters

used were p = 2.5× 10−3 (s/m), t0 = 0.4 (s), fc = 15 (Hz), fµ = 15 (Hz), and fσ = 3 (Hz).

For the elliptical wave�eld, the following parameters were used: p = 2× 10−3 (s/m), t0 = 0.3

(s), fc = 8 (Hz), fµ = 8 (Hz), and fσ = 2 (Hz).

Table 7
Elliptical elements for generating linearly and elliptically polarized wave�elds in the synthetic
data example.

Wave�eld type Ca Cb ω (rad) Ω (rad) I (rad)

Linear polarized (event A) 10 1 3π/5 π/5 π/3

Elliptical polarized (event B) 10 8 π/2 π/3 2π/3

The resultant linear and elliptical wave types in the (t, x) domain are showcased in

Figures 35(a) and 35(b) respectively, while Figure 35(c) presents the total wave�eld. These
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datasets were generated under a scheme of regular spatial sampling with an inter-receiver

distance maintained at 1 m. The hodogram of the �rst trace reveals the di�erences between

the linearly polarized wave�eld (in red) and the elliptically polarized one (in blue), as seen in

Figure 36(a). Conversely, the hodogram corresponding to the total wave�eld (Figure 36(b))

reveals an irregular polarization, complicating the distinction between the linear and elliptical

wave types (Figure 36(b)).

To separate the wave types using the proposed method, a polarization analysis is ne-

cessary. Thus, the synthetic 3C data is represented using elliptical elements within the (f, p)

domain, employing equations 81 and 82. The analysis in this domain required the compu-

tation of the HRLRT for each single component, setting the parameters to p0 = 0 (s/m),

∆p = 2 × 10−5 (s/m), and Np = 251 samples. When inspecting the (f, p) spectrum of the

semi-major axis, two distinct events are identi�ed (A and B). These events are associated

with linear and elliptical polarized wave types, respectively (see Figure 37(a)). On one-

dimensional projection, the energy of these events overlaps in both frequency and slowness,

necessitating a 2D �lter mask for successful wave�eld separation. Upon assessing the (f, p)

spectrum for the semi-minor axis, as illustrated in Figure 37(b), an expected pattern is ob-

served. Here, the linear polarized wave type, classi�ed as event A, consistently demonstrates

lower values in comparison to its elliptical counterpart, labeled as event B. This discrepancy

indicates a distinct di�erentiation between these two wave types within the (f, p) spectrum.

Further, the (f, p) spectra of the inclination (I), argument (ω), and azimuth (Ω) an-

gles produce polarization analysis results consistent with the information in Table 7. This
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(a)

(b)

(c)

Figure 35. Multicomponent shot gather of (a) Elliptically linearly polarized wave�eld
uE(t, x), (b) Linearly polarized wave�eld uL(t, x), and (c) total wave�eld u(t, x) = uE(t, x)+
uL(t, x)
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(a) (b)

Figure 36. Hodogram for the �rst trace of the 3C synthetic shot gather. (a) Elliptically
polarized wave�eld represented in blue, and linearly polarized wave�eld represented in red;
(b) Total wave�eld.

consistency is re�ected in Figures 37(c), 37(d), and 37(e), respectively. On the other hand,

instability in the phase ϕ behavior is observed (see Figure 37(f)). Although ϕ does not

signi�cantly contribute to the polarization analysis, as it does not function as a parame-

ter in determining the ellipse's orientation traced by the particle motion, it is nonetheless

important. As the de�ning phase for the elliptical trajectory, is necessary to reconstruct

the multicomponent data. Moreover, using equations 85 and 86, the power spectrum and

ellipticity are computed, respectively. Observations from Figure 37(h) reveal a higher power

spectrum for event B (representing the elliptically polarized wave type) compared to event A

(indicative of the linearly polarized wave type). Further, the (f, p) spectrum of the ellipticity

exhibits higher values within the elliptically polarized wave type zone and lower values in

the linearly polarized wave type zone (Figure 37(g)).

Based on the results of the polarization analysis, the 3C-FSPF work�ow was followed
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 37. Spectra of elliptical elements in the (f, p) domain, derived via HRLRT from the
synthetic data in Figure 35(c): (a) Semi-major axis a, (b) semi-minor axis b, (c) inclination
I, (d) argument of pericentre ω, (e) azimuth of ascending node Ω, (f) phase ϕ, (g) ellipticity
e, and (h) power spectrum P .

to selectively extract the elliptically polarized wave type. The 3C-FSPF mask was created

by using the activation function for ellipticity Fe with e1 = 0.2 and e2 = 0.3. These values

were strategically chosen after a thorough examination of the (f, p) spectrum of ellipticity,

as showcased in Figure 37(g). The resulting (f, p) domain �lter mask is illustrated in Figure

38.



Modeling and Processing of Near-surface Seismic Scattering 147

Figure 38. 3C-FSPF mask F (f, p) utilizing the activation function for ellipticity Fe with
e1 = 0.2 and e2 = 0.3.

Figure 39(a) shows the elliptically polarized wave�eld extracted by 3C-FSPF. A com-

parison of the data displayed in Figure 39(a) with that in Figure 35(a) reveals a marked

similarity between the wave�eld extracted by the 3C-FSPF and the true elliptical wave-

�eld. In order to derive the linearly polarized wave�eld, the previously predicted elliptically

polarized wave�eld was subtracted from the original data. The resultant data displayed in

Figure 39(b) closely mirrors the true linearly polarized wave type, as can be seen in Figu-

re 35(b). To obtain the linearly polarized wave�eld, we subtracted the extracted elliptically

polarized wave�eld from the data. The resulting data predicted by the 3C-FSPF is also simi-

lar to the true data (Figure 35(b)). To quantify the degree of similarity between the predicted

ûi and the true data u0
i within each component i = (x, y, z), the prediction gain Gi (in dB)

was calculated using Equation 98. This measure allowed us to gauge the e�ectiveness of the
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method in accurately predicting the polarized wave�elds.

(a)

(b)

Figure 39. Multicomponent synthetic shot gather after �ltering. (a) Elliptically polarized
wave�eld, extracted using 3C-FSPF, and (b) Linearly polarized wave�eld, computed as the
di�erence between the total wave�eld in (Figure 35(c)) and the extracted polarized wave�eld
in (a).

Gi(dB) = 10 log10

∑Nt−1
n=0

∑Nx−1
j=0 [u0

i (tn, xj)]
2∑Nt−1

n=0

∑Nx−1
j=0 [u0

i (tn, xj)− ûi(tn, xj)]
2 (98)

The results in Table 8 shows the 3C-FSPF's performance in terms of prediction gains.

Speci�cally, when predicting the elliptical wave type, the method achieved prediction gains

exceeding 27 dB across all components, with a peak value of 33.46 dB registered in the
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y-component. Meanwhile, in the case of predicting the linearly polarized wave�eld, the 3C-

FSPF managed to achieve prediction gains surpassing 17 dB for all components, though

these gains receded to a minimum of 17.62 dB within the y-component.

Table 8
Prediction gains obtained after extraction of polarized wave�leds using 3C-FSPF.

Wave�eld type Gx (dB) Gy (dB) Gz (dB)

Elliptical 27.93 33.46 27.65

Linear 21.95 17.62 22.10

4.6.1. Analysis with spatial undersampling and noise. The proposed

method was also evaluated under non-ideal conditions with irregular spatial sampling. The

same wave�elds were recreated as depicted in Figure 35(a), Figure 35(b), and Figure 35(c),

but under the assumption that the inter-receiver distance, denoted as ∆x = xj+1 − xj,

followed a normal distribution with a mean of 1 m and a standard deviation of 0.3 m.

Furthermore, the traces were decimated by varying percentages, ranging from 0% to 80%,

and at di�erent Signal-to-Noise Ratio (SNR) levels of 1.0, 0.9, 0.8, and 0.5. The �ndings

indicated that the prediction gain of the extraction of the elliptically polarized wave type,

as derived using 3C-FSPF, is in�uenced by the presence of missing traces and the level of

noise. More speci�cally, when SNR levels were less than 1.0, the prediction gain exhibited

a slow decay as the level of decimation increased (Figure 40). Interestingly, in the scenario

where SNR = 1.0, it was observed that the prediction gain on a shot gather with missing

traces could exceed that of a full receivers shot gather. It's crucial to note, however, that

in this analysis the computation of prediction gain with Equation 98 is only performed over



Modeling and Processing of Near-surface Seismic Scattering 150

existing traces, excluding any missing traces.

Figure 41(a) presents an example of a noisy shot gather exhibiting irregular spatial

sampling and missing traces. In this particular example, the data maintains a Signal-to-Noise

Ratio (SNR) of 0.8 and has undergone 60% trace decimation. Despite these challenges, the

application of 3C-FSPF successfully isolated the elliptically polarized wave type. The �ltered

shot gather, displayed in Figure 41(c), demonstrates notable resemblance to the true elliptical

wave�eld (refer to Figure 41(b)). It is important to note that while the predicted data is

largely free of noise, it may still contain artifacts to some extent.

Figure 40. Prediction gains for reconstructed elliptically polarized wave�eld in irregularly
sampled synthetic data. The inter-receiver distance follows a normal distribution with a
mean of 1 m and a standard deviation of 0.3 m. The gains Gx, Gy, and Gz were calculated
under varying percentages of trace decimation and di�erent Signal-to-Noise Ratio (SNR)
levels. The dashed black line corresponds to the prediction gain from data with regular
sampling and without the in�uence of noise.

4.7. Example 2: Separation of near-surface waves in a synthetic-modeled 3C shot

gather.

In this second example, synthetic data was generated through elastic wave modeling,

utilizing the rectangular �nite-di�erence code introduce in chapter 2 to resolve the free-
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(a)

(b)

(c)

Figure 41. Example of a multicomponent shot gather of synthetic data irregularly sampled
with SNR=0.8 and 60% trace decimation. (a) Total wave�eld, (b) True elliptical wave�eld,
and (c) Elliptical wave�eld extracted by 3C-FSPF.
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surface condition. A two-layered homogeneous model with a spherical heterogeneity was

used, as depicted in Figure 42. Parameters for the medium in each layer, as well as for the

heterogeneity, are speci�ed in Table 18. The acquisition geometry was con�gured with an

explosive source on the surface at x = 0.5 (km) and y = 1 (km). Additionally, a 3C vector

sensor array was installed on the surface at y=1 (km), extending between x=0.5 (km) and

x=3 (km), with an inter-receiver distance of 10 (m).

(a) (b)

Figure 42. 2D-3C acquisition geometry for the modeled data of example 2. (a) Top view .
(b) Front view. An spherical heterogeneity with radius 0.05 km is located in the top layer at
(1.5, 1.2, 0.1) km. The elastic medium parameters for each region of the model are speci�ed
in Table 9

Table 9
Elastic medium parameters for earth model in Figure 42

Region Thickness (km) VP (m/s) VS (m/s) Density ρ (Mg/m3)

Layer 1 0.5 2500 1500 1.8

layer 2 ∞ 4000 2000 2.0

Heterogeneity - 3750 2250 2.5

In the resulting shot gather, distinct wave types can be readily discerned. The Rayleigh

wave, body wave re�ections, and direct waves are exclusive to the x− and z− components.
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In contrast, near-surface scattering can be detected across all three components: x, y, and

z, as demonstrated in Figure 43. These speci�c wave types are also discernible in the (f, p)

spectra of elliptical elements, as depicted in Figure 44. The spectra were obtained through

the application of the HRLRT for each individual component, using parameters set at p0 =

−2× 10−3 (s/m), ∆p = 1× 10−5 (s/m), and Np = 401 samples.

Figure 43. Multicomponent shot gather of modeled data acquired with the acquisition geo-
metry in Figure 42.

In the (f, p) panels for both the semi-major axis (Figure 44(a)) and the semi-minor axis

(Figure 44(a)), three distinct events (A, B, and C) can be identi�ed. Event A corresponds

to back-scattered waves, identi�able by its location in the region with negative slowness

values. Event B, found in the area with slowness values ranging from 0 to 0.6 (s/m), is

associated with body wave re�ections. Lastly, event C is linked to Rayleigh waves due to its

higher slowness values. Notably, it is observed that event C possesses a larger semi-minor

axis compared to events A and B.

The inclination angle I within the region of event C displayed relative homogeneity,

with values around π/2, as shown in Figure 44(c). On the other hand, the azimuth angle
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Ω shows negative values in the region of event A and remains relatively constant around

zero in the region of event C. This is consistent with theoretical expectations, considering

that Rayleigh waves (event C) propagate along the source-receiver plane, while near-surface

scattered waves (event A) approach the sensor array from outside this plane.

In the (f, p) panel of ellipticity (Figure 44(g)), smaller values occur in the region

of body wave re�ections (event B), indicating that energy in this region is predominantly

linearly polarized. The back-scattered energy generated by the heterogeneity located pro-

ximate to the 3C vector sensor array (Figure 42(a)) exhibits lower amplitude compared to

the waves related to events B and C (Figure 44(h)). This observation is attributed to the

back-scattered waves being a product of the interaction of seismic waves with small-scale he-

terogeneities, which tend to scatter energy in multiple directions, consequently diminishing

its amplitude.

Building on the polarization analysis conducted earlier, two �lters were developed to

separate the wave types in the 3C modeled data. The speci�c parameters for each �lter

are outlined in Table 10. The �rst �lter, illustrated in Figure 45(a), is designed to isolate

the Rayleigh wave by retaining the energy in the region of event C. This is achieved with

parameters set as e ≥ 0.3, Ω ∼ 0, and I ∼ 0. The second �lter, depicted in Figure 45(b),

aims to predict near-surface scattered waves by preserving the energy associated with event

A by rejecting the energy with Ω ∼ 0.

Upon applying the �lters, it was found that the Rayleigh wave predicted by the 3C-

FSPF (Figure 46(b)) closely aligns with the actual modeled Rayleigh wave (Figure 46(a)).
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 44. Spectra of elliptical elements in the (f, p) domain, derived via HRLRT from the
synthetic data in Figure 43: (a) Semi-major axis a, (b) semi-minor axis b, (c) inclination I,
(d) argument of pericentre ω, (e) azimuth of ascending node Ω, (f) phase ϕ, (g) ellipticity e,
and (h) power spectrum P .

Table 10
Filter parameters of 3C-FSPF to separate the wave type from the 3C modeled data in Figu-
re 43 .

Wave type Filter mask e1 e2 Ωc Ω1 Ω2 Ic I1 I2

Rayleigh FeFΩFI 0.2 0.3 0 π/10 π/5 π/2 π/10 π/5

Near-surface scattered 1− FΩ 0.2 0.3 0 π/10 π/5 - - -
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(a) (b)

Figure 45. Design of 3C-FSPF masks in the (f, p) domain for wave type extraction from 3C
modeled data displayed in Figure 12. These include: (a) a mask for Rayleigh wave extraction,
and (b) a mask for near-surface scattered wave extraction. Corresponding parameters for each
�lter mask are detailed in Table 10.

Notably, some energy associated with the near-surface scattering persists in the y− compo-

nent.

Regarding the near-surface scattering, the observations indicate that the 3C-FSPF

accurately predicts the portion of the energy with a negative slope, whereas the energy with

a positive slope is less precisely predicted (see Figure 47(a) and Figure 47(b)).

Ultimately, the predicted wave�elds were subtracted from the 3C modeled data to

extract the body-wave re�ections and direct wave, as displayed in Figure 48(a). Upon com-

parison with the true body-wave wave�eld (Figure 48(b)), it is apparent that a signi�cant

majority of the energy was accurately predicted, although some residual energy from near-

surface scattering remains.

The prediction gains obtained for each wave type in each component are presented

in Table 11. It is notable that the prediction gain for the Rayleigh wave is substantially
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(a)

(b)

Figure 46. Extraction of Rayleigh wave from modeled data displayed in Figure 43. (a) True
modeled Rayleigh wave. (b) The predicted Rayleigh wave obtained using the 3C-FSPF mask
shown in Figure 45(a).

higher than for the other wave types (body waves and near-surface scattering). This could

be attributed to the fact that a homogeneous layered velocity model is considered, resulting in

a stable behavior of the Rayleigh wave that can be readily characterized in the (f, p) domain.

On the other hand, the near-surface scattering was predicted with the lowest gain. This is

because only the negative slope energy portion was extracted by the 3C-FSPF �lter. It's also

important to note that the prediction gain in the y− component cannot be computed for the
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(a)

(b)

Figure 47. Extraction of near-surface scattered waves from modeled data displayed in Figu-
re 43. (a) True modeled near-surface scattered waves. (b) The predicted near-surface scatte-
red waves obtained using the 3C-FSPF mask shown in Figure 45(b).

Rayleigh wave and the body wave. This is due to the fact that the energy of the reference

true wave�eld in that component is zero.

4.7.1. Analysis with irregular spatial sampling and noise. In this exam-

ple, the performance of the �lter was also investigated under conditions of irregular spatial

sampling and noise. Synthetic data was reacquired on the same earth model depicted in

Figure 42. However, this time, the inter-receiver distance follows a normal distribution with
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(a)

(b)

Figure 48. Extraction of body waves from modeled data. (a) True modeled body waves.
(b) Resulting body waves re�ections and direct wave obtained by subtracting the predicted
Rayleigh wave (Figure 46(b)) and the near-surface scattered waves (Figure 47(b)) from the
total modeled data in Figure 43.

Table 11
Prediction gains obtained after extraction of polarized wave�elds using 3C-FSPF in example
2. Prediction gain Gy cannot be computed for the Rayleigh wave and the body wave since the
energy of the reference true wave�eld in the y-component is zero.

Wave type Gx (dB) Gy (dB) Gz (dB)

Rayleigh wave 24.33 - 24.34

Near-surface scattering 1.19 3.02 1.43

Body waves 16.54 - 5.06
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a mean of 10 m and a standard deviation of 3 m. Subsequently, the traces were decimated at

percentages ranging from 0% to 80%. Lastly, varying levels of random noise were introduced

to the data, with SNR values of 1.0, 0.9, 0.8, and 0.5. As shown in Figure 49, the prediction

gains across all components begin to deteriorate as the percentage of decimation increases

and the signal-to-noise ratio (SNR) decreases. This trend indicates that the e�ectiveness of

the 3C-FSPF in predicting di�erent wave types may be compromised under conditions of

high data decimation and low SNR. However, even under these challenging conditions, the

�lter still o�ers certain advantages and may outperform traditional methods.

Figure 50 illustrates a shot gather example of wave type separation using the 3C-

FSPF �lter. In this shot gather, the data have an SNR of 0.8 and 50% trace decimation.

It is observed that the �lter is capable of accurately predicting the di�erent wave types

presented in the shot gather, thereby validating its e�ectiveness under these conditions.

4.8. Example 3: Ground roll attenuation in a real 3C shot gather.

In this third example, the proposed polarization method was tested using a real 3C

shot gather from seismic data acquired in the Middle Magdalena Valley in Colombia. The

shot gather for the vertical, radial, and transverse components after a gain correction of t2

is displayed in Figure 51. It is observed that the ground roll appears more complex for short

o�set than long o�set. We interpret this as a result of the low-velocity and heterogeneous

near-surface close to the source location, which produces back-scattering and reverberations

that mask the body wave re�ections from deeper structures.

To compute the Radon transform for each single component, we used p0 = −10×10−3
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(a)

(b)

(c)

Figure 49. Prediction gains for reconstruction of (a) Rayleigh wave, (b) body waves (including
direct wave, re�ections and refractions), (c) near-surface scattering. In this example, the
inter-receiver distance follows a normal distribution with a mean of 10 m and a standard
deviation of 3 m. Gains Gx, Gy, and Gz were calculated under varying percentages of trace
decimation and di�erent Signal-to-Noise Ratio (SNR) levels. The dashed black line indicates
to the prediction gain from data with regular sampling and without noise in�uence. For
(a) and (c), the absence of Gy results is due to the impossibility of calculating equation
98 because there is no energy of uy in the true modeled Rayleigh wave, as illustrated in
Figure 46(a).
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(a) (b)

(c) (d)

Figure 50. Example of wave types extraction from modeled data irregularly sampled. (a)
Modeled data with SNR=0.8 and 50% trace decimation. (b) Extracted Rayleigh waves. (c)
Extracted near-surface scattered wave. (d) Extracted body waves (including direct wave,
re�ections and refractions.

(s/m), ∆p = 1.6× 10−5 (s/m), and Np = 1251 samples.

Figure 52 shows the f−p spectra of each elliptical element obtained from the HRLRT

for each component of the real data. the HRLRT was computed with p0 = −10×10−3 (s/m),

∆p = 1.6× 10−5 (s/m), and Np = 1251 samples.

In Figure 52(a), which corresponds to the semi-major a(f, p), and Figure 52(b), which

corresponds to the semi-minor axis b(f, p), we can identify the fundamental mode of the

Rayleigh wave around p = 0.005 (s/m). Higher modes of Rayleigh waves are present even

since approximately p = 0.001 (s/m). We also observe that most of the Radon model energy

is scattered and bounded below 15 Hz. Additionally, the information in the negative values

of p corresponds to linear events of the shot gather with negative slopes, which can be related
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Figure 51. 2D-3C shot gather of real data acquired in the Middle Magdalena Valley, Colom-
bia, after a t2 gain correction.

to back-scattered waves.

To eliminate the ground roll from the seismic data, we designed a series of 3C-FSPFs,

each specially con�gured to extract di�erent wave types that constitute the ground roll. In

this particular case, we identi�ed three di�erent wave types: the Rayleigh wave, scattered

Rayleigh wave, and scattered body waves. The parameters for each �lter were manually ad-

justed for each wave type, as detailed in Table 12. In this real data scenario, we refrained

from using the incidence angle I due to unstable values resulting from interference from

multiple wave types, as illustrated in Figure 52(c). Additionally, each �lter mask was formu-

lated to operate within a speci�c region in the (f, p) domain, constrained by the conditions

fmin ≤ f ≤ fmax and 1/vmax ≤ p ≤ 1/vmin. These constraints ensure the targeted extraction

of speci�c wave types, allowing for a more accurate ground roll elimination.

The �lter masks for each wave type are displayed in Figure 53.

The resulting shot gathers after applying the 3C-FSPF to each type are shown in
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 52. Spectra of elliptical elements in the (f, p) domain, derived via HRLRT from the
real data in Figure 51: (a) Semi-major axis a, (b) semi-minor axis b, (c) inclination I, (d)
argument of pericentre ω, (e) azimuth of ascending node Ω, (f) phase ϕ, (g) ellipticity e, and
(h) power spectrum P .

Figure 54. By subtracting the predicted wave types from the raw data, we were able to

obtain �ltered data without ground roll.

In this real data example, we compared the performance of the 3C-FSPF in suppres-

sing ground roll with the traditional velocity f − k �lter presented in Appendix B. This

�lter contains four parameters (v1, v2, v3, and v4) that specify the attenuation range. The
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Table 12
Filter parameters of 3C-FSPF to separate the wave types from the 3C real data in Figure 51.
For each wave type, the �lter mask operates inside the region in the (f, p) domain limited by
fmin ≤ f ≤ fmax and 1/vmax ≤ p ≤ 1/vmin.

Wave type Filter mask e1 e2 Ωc Ω1 Ω2 fmin fmax vmin vmax

Rayleigh FeFΩ 0.2 0.3 0 π/4 π/2 2 15 100 1200

Scattered Rayleigh Fe(1− FΩ) 0.2 0.3 0 π/4 π/2 2 15 100 1200

Scattered body (1− Fe)(1− FΩ) 0.2 0.3 0 π/4 π/2 2 15 100 800

(a) (b)

(c)

Figure 53. Filter masks used to separate the wave types that constitute the ground roll
from the real 3C data in Figure 51. These include: (a) mask for Rayleigh wave extraction,
(b) mask for scattered Rayleigh wave extraction, and (c) mask for scattered body wave
extraction. Corresponding parameters for each �lter mask are detailed in Table 12.
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(a)

(b)

(c)

Figure 54. Separation of the types of waves that constitute the ground roll from the real 3C
data in Figure 51 by using 3C-FSPF. (a) Rayleigh waves. (b) Scattered Rayleigh waves. (c)
Scattered body-waves.

range between v2 and v3 is rejected, and the range below v1 or above v4 is preserved. In this

example qe set the velocities v1 = 350 (m/s), v2 = 450 (m/s), v3 = 750 (m/s), and v4 = 1000
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(m/s). Multicomponent shot gathers after f−k �ltering and 3C-FSPF are presented in Figu-

re 55(a) and 55(b), respectively. While minor di�erences were observed between the resulting

shot gathers from the f − k �lter and the 3C-FSPF, a more comprehensive comparison was

carried out by analyzing the Fourier spectra of the �ltered data to evaluate the in�uence

of each �lter in the frequency domain. The spectra for the vertical, radial, and transverse

components are displayed in Figure 56.

(a)

(b)

Figure 55. Ground roll attenuation of the 3C real data by using (a) FK �lter and (b) 3C-
FSPF. Result in (b) is obtained by subtracting the wave�elds in Figure 54 from the total
data in Figure 51.
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It was observed that the 3C-FSPF preserved slightly more low-frequency energy (be-

low 10 Hz) than the f − k �lter. This energy is associated with low-frequency re�ections,

as the polarization �lter is designed to retain linear polarization and attenuate elliptical

polarization motions. In the mid-frequency band, 10 Hz and 15 Hz, the 3C-FSPF appeared

less aggressive than the f − k �lter, attenuating up to 5 dB less. This suggests that in this

frequency band, the 3C-FSPF preserves certain body waves that are otherwise attenuated

by the f − k �lter due to their approach along the source-receiver plane. Lastly, in the high

frequency region, the 3C-FSPF maintains all the energy of the raw data as the �lter masks

were intentionally designed not to operate at frequencies higher than 15 Hz (see Table 12).

Finally, the performance of the 3C-FSPF is evaluated in the case of missing traces

in the real data example. Prediction gains are computed with trace decimation percentages

ranging between 10% and 80%, using the full receiver results as the reference wave�eld. As

depicted in Figure 57, it can be observed that the prediction gain decreases for all compo-

nents as the percentage of trace decimation increases. This trend, again, indicates that the

performance of the 3C-FSPF is sensitive to the availability of trace data, and it may not

perform as e�ectively in cases of high trace decimation.

Figure 58 illustrates the result obtained with the real data example with 50% trace

decimation. here, it is observed that the 3C-FSPF can still predict the ground roll, even

with a signi�cant percentage of missing traces. This example underscores that even under

such challenging conditions, the 3C-FSPF can be a valuable tool when dealing with poorly

spatially sampled seismic data.
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(a) (b)

(c)

Figure 56. Separation of the types of waves that constitute the ground roll from the real 3C
data in Figure 51 by using 3C-FSPF. (a) Rayleigh waves. (b) Scattered Rayleigh waves. (c)
Scattered body-waves.

4.9. Discussion

The proposed 3C-FSPF is an e�cient technique for discriminating types of waves

with di�erent polarization in the (f, p) domain. In this study, it was demonstrated that

the 3C-FSPF can accurately separate the types of waves that compose ground roll, such

as Rayleigh waves, near-surface scattered waves, and low-velocity body waves such as near-

surface re�ections and refractions.

One of the signi�cant contributions of this study is the formulation of the 3C-FSPF

through a combination of tailored activation functions for ellipticity, azimuth angle, and



Modeling and Processing of Near-surface Seismic Scattering 170

Figure 57. Prediction gains for reconstructed real data without ground roll under di�erent
levels of decimation of traces.

inclination angle. This contrasts with the �xed-parameter functions presented by Pinnegar

(2006), which primarily attenuate the Rayleigh wave. The variable-parameter activation

functions extend the scope of the 3C-FSPF, enabling the extraction of not just Rayleigh

waves but also other wave types, thereby enhancing the adaptability and utility of this

method. For instance, in Example 1, the 3C-FSPF was designed to speci�cally extract the

elliptically polarized wave type, retaining the information with ellipticity higher than 0.3

(see Figure 39(a)). Similarly, in Example 2, the method was adapted to extract near-surface

scattered waves by discarding the energy in the (f, p) domain where the azimuth was nearing

zero (see Figure 47(b)).

The main advantage of the 3C-FSPF is its capacity to simultaneously process all tra-

ces within a shot gather. This represents a clear advancement over single-station methods,

which are constrained by their inability to utilize velocity information for wave type discri-
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(a)

(b)

(c)

Figure 58. Ground roll attenuation on a multicomponent shot gather with missing traces.
(a) Real data (shown in Figure 51) after 50% decimation of traces. (b) Resulting shot gather
after ground roll attenuation by 3C-FSPF. (c) The di�erence between (a) and (b).

mination. Furthermore, the 3C-FSPF can e�ciently handle data with irregular and sparse

spatial sampling, unlike multi-station techniques that necessitate regularly spaced data. This

advantage is particularly relevant in areas with complex near-surface structures where tradi-

tional �lters may not be able to e�ectively discriminate between di�erent wave types. Results
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from real data demonstrate the ability of the 3C-FSPF to successfully separate di�erent ty-

pes of waves in the ground roll, as depicted in Figure 54. Comparisons with the traditional

f − k �lter reveal that the 3C-FSPF provides greater discrimination power, preserving more

energy after �ltering (Figure 56). Moreover, the 3C-FSPF is applicable even under conditions

of poor spatial sampling, highlighting its robustness and versatility in enhancing the quality

of seismic imaging in areas with complex near-surface structures.

One promising direction for future research involves the utilization of reconstruction

algorithms on post-�ltered traces. Traditional approaches usually attempt to reconstruct

missing traces based on existing ones without prior �ltering, which places a considerable

demand on the reconstruction algorithm. This is due to the necessity of predicting all wave

types present within the seismic data. However, with the introduction of 3C-FSPF, sparse

traces can be processed prior to the application of the reconstruction algorithm. This pre-

processing step has the potential to improve the accuracy of the reconstruction as it allows

for the prediction of speci�c wave types. Therefore, employing 3C-FSPF in conjunction with

reconstruction algorithms could yield more reliable and accurate seismic data, even in situa-

tions with substantial missing or irregularly sampled information.

Despite these notable advantages, further research is necessary to fully explore the

capabilities and limitations of the 3C-FSPF. Its performance may vary depending on factors

such as the geological setting, acquisition geometry, and the quality of seismic data. Addi-

tional studies are needed to validate the e�ectiveness of the 3C-FSPF across di�erent areas

and to optimize its parameters for speci�c applications. For future research, it is suggested
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to implement a machine learning work�ow to design 3C-FSPF masks, using (f, p) domain

panels of elliptical elements as inputs. This approach could potentially enhance the method's

adaptability to various data types, reducing the time spent �ne-tuning �lter parameters and

improving the total e�ciency of the process. Overall, the 3C-FSPF represents a signi�cant

advancement in the �eld of seismic imaging, promising to improve the performance of of

multicomponent data �ltering.

4.10. Conclusions

A novel two-step polarization method has been introduced in this chapter, with the

main objective of discriminating and separating wave-types in under-sampled 3C seismic

data. This approach was devised to overcome the limitations of single-station �lters, which

are unable to utilize velocity information for wave-type discrimination, and multi-station ap-

proaches that necessitate regularly spatially sampled data. The initial phase of the proposed

method involves the polarization analysis of the 3C shot gather. This is achieved by compu-

ting elliptical elements in the frequency-slowness (f, p) domain using the HRLRT applied to

each individual component. Subsequently, the second phase employs the 3C-FSPF to isolate

distinct polarized waves. This is executed by constructing a �lter mask within the (f, p)

domain using activation functions, the parameters of which are determined by the polariza-

tion analysis. The e�ectiveness of the method was validated through results obtained from

both synthetic and real data, demonstrating its capability in extracting polarized wave types.

Furthermore, tests conducted under conditions of irregular and sparse spatial sampling along

with noise underscored the method's potential for enhancing the quality of seismic data, par-
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ticularly those acquired in complex land regions such as foothills. Therefore, this innovative

method opens a new approach in improving seismic data analysis and interpretation, even

under challenging conditions. For future research, it is proposed to broaden the application

of this method across diverse geological contexts. Additionally, integrating machine learning

algorithms could enhance the design of the mask �lter, enabling an adaptive, data-driven

approach.
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CHAPTER 5. Attenuation of near-surface seismic scattering with autoencoders

5.1. Abstract

The 3C-FSPF polarization �lter introduced in Chapter 4 can separate polarized wave events

in 3C seismic data. The �lter leverages variable-parameter activation functions, which re-

quire careful tuning to create a mask that extracts speci�c polarized energy. However, this

tuning process must be performed manually for each wave type and dataset independently,

making the process tedious and susceptible to human bias. To address this, two Machine

Learning (ML) work�ows are proposed to train neural network models that can identify

NSS patterns and e�ectively attenuate them. The �rst ML work�ow uses the Partitioned

Domain Method (PDM), detailed in Chapter 3, to generate 3C seismic data with and without

Near-surface Seismic Scattering (NSS). These data, processed with the polarization analysis

method presented in Chapter 4, serve as inputs and labels to train a UNET autoencoder that

predicts the �lter mask in the (f, p) domain. The second machine learning work�ow extends

the �rst by including an additional UNET autoencoder that re�nes the �ltered 3C seismic

data in the (t, h) domain. The ML work�ows were tested using synthetic datasets generated

with the SEAM Foothills Phase II model and the �nite-di�erence method solver (PMFD3D-

GPU) described in Chapter 2. The results demonstrate that the trained autoencoders can

signi�cantly reduce NSS noise, thereby enhancing the quality of deeper re�ections in 3C

seismic data. Future work should focus on testing the trained autoencoders with real data

and incorporating a more varied range of training datasets to mitigate model over�tting.
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5.2. Introduction

Filtering in signal processing is a critical operation due to its ability to enhance sig-

nal quality, separate distinct signals, and attenuate noise. Real-world signals often contain

unwanted noise or interference, and �lters can e�ciently minimize these distortions, ensu-

ring the signal's information is correctly interpreted. In the context of seismic exploration,

�ltering can help separate di�erent wave type components of the seismic signals, which can

correspond to di�erent depths or types of geological formations. One such type of signal is

the Near-Surface Seismic Scattering (NSS), which provides information about near-surface

structures. While NSS can be valuable in some contexts, for seismic imaging, the primary

interest lies in detecting body-wave re�ections from deeper structures that can provide in-

sights about subsurface geology and potential hydrocarbon reservoirs. Unfortunately, these

deeper signals are often masked by the NSS noise.

In Chapter 4, a polarization �lter (3C-FSPF) was introduced to separate Near-Surface

Scattering (NSS) in 3C seismic data. While the �lter was able to achieve excellent results on

various examples with synthetic and real data, the process of manually tuning the parameters

proved to be a demanding task. This process can be laborious and time-consuming as it often

necessitates iterative trial-and-error adjustments. Moreover, this task demands a high degree

of expertise and understanding of both the �ltering technique and the nature of the seismic

data to make appropriate decisions on parameter settings. It also introduces a degree of

subjectivity into the process, as di�erent operators might choose di�erent parameters for the



Modeling and Processing of Near-surface Seismic Scattering 177

same data, potentially leading to inconsistent results. Furthermore, manual tuning does not

always scale well with large datasets, and it might not account e�ectively for variability in

seismic signals across di�erent regions or depths, leading to suboptimal �ltering outcomes.

Machine learning emerges as a powerful solution to address these challenges associated

with manual tuning in seismic signal processing. Machine learning models can learn from

large volumes of data, identifying patterns that may not be easily discernible to human

operators. Once trained, these models can automatically adjust �lter parameters to eliminate

the need for labor-intensive manual tuning. This also removes the subjectivity involved in

manual tuning, which leads to more consistent and repeatable results. Moreover, machine

learning can handle the complexity and variability in seismic data more e�ectively as these

models can be trained on diverse datasets with di�erent geological conditions. Their ability

to learn and generalize from training data means they can adapt to new data potentially

providing robust performance even when the seismic signals are unfamiliar or change over

time.

Over the past decade, the use of machine learning algorithms in geophysical applica-

tions has rapidly increased. These algorithms can automatically �nd patterns within example

datasets. They are numerous applications in geophysics, including seismic facies classi�cation

(Zhao et al. 2015; Wrona et al. 2018; Puzyrev and Elders 2022), fault detection (Wu et al.

2019; Wang et al. 2020b; An et al. 2021), geophysical inversion (Zheng et al. 2019; Russell

2019; Chen and Schuster 2020), �rst arrival picking (Hu et al. 2019; Tsai et al. 2019), and

seismic trace interpolation (Mandelli et al. 2018; Wang et al. 2020a), among others.
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In this work, two machine learning work�ows are proposed to attenuate Near-Surface

Scattering (NSS) in 3C seismic data. The �rst work�ow uses a U-net autoencoder to predict

a �lter mask in the (f, p) domain, which is used to clean the seismic data by removing most

of the NSS noise. The second work�ow aims to re�ne the �ltered data with �rst machine

learning work�ow, using an additional U-net autoencoder operating in the (t, h) domain to

highlight the signal of interest. The machine learning work�ows were trained on synthetic

datasets obtained through elastic wave modeling in the SEAM Foothills Phase II model using

the PMFD3D-GPU solver. The results over these datasets reveal that the autoencoders can

learn to identify NSS patterns to attenuate them e�ectively.

5.3. UNET autoencoder

U-net stands as an in�uential innovation in the �eld of image segmentation. This ar-

chitecture represents a speci�c kind of Convolutional Neural Networks (CNNs), a subset of

Arti�cial Neural Networks (ANNs) mainly utilized in image and video processing applica-

tions. CNNs can create feature maps from the input image using convolutional kernels. These

feature maps are then subjected to pooling to decrease their dimensions, yielding compact

representations that feed into a fully connected ANN. This allows CNNs to extract and select

representative features directly from raw images.

One notable form of CNNs is the Convolutional Autoencoder, which excels at learning

dense representations of input data (Géron, 2022). These autoencoders are split into two

components: an encoder and a decoder. The encoder uses convolutional and pooling layers to

convert the input data into a smaller, latent representation. The decoder, on the other hand,
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recreates an output from this representation, which closely resembles the input data.This

process enables the autoencoder to determine an internal representation that includes the

most signi�cant features of the input data.

U-net, as a speci�c form of Convolutional Autoencoder, was initially designed for bio-

medical segmentation applications (Ronneberger et al., 2015). It di�erentiates itself through

its unique approach in the decoder part. After upsampling layers, feature maps created by

the encoder are integrated, allowing for the propagation of contextual information to higher-

resolution layers. Additionally, before data is input into the network, a tiling strategy is

applied. This strategy enables the training of large images by creating patches of smaller

dimensions. As a result, UNET can provide precise segmentation with a limited number of

training images, as the number of patches signi�cantly outnumbers the number of training

images.

In this study, the U-net architecture is utilized to detect Near-Surface Scattering

(NSS) patterns in both the (f, p) and (t, h) domains. The architecture implemented in this

study is depicted in Figure 59. The input must be a 64× 64×Nc 3D data array, where Nc

is the number of channels. The data cube is encoded in four levels, which include �ve 3× 3

convolutional layers and four 2× 2 max-pooling layers. The latent representation is decoded

by �ve 3× 3 convolutional layers and four 2× 2 up-pooling layers. In the decoding process,

the output of each decoding level is duplicated and cropped at each level of decoding. The

resultant image is passed through a 1×1 convolutional layer with a tanh activation function.
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Figure 59. Implementation of a UNET architecture for NSS attenuation. The architecture
utilizes four coding levels to derive a latent representation of a 64× 64×Nc 3D data array.
Nc denotes the number of channels.

5.3.1. Image patching. To comply with the 64×64 size requirement, seismic

data need to be split into smaller segments or patches. This image patching approach o�ers

several computational advantages. Firstly, it ensures e�cient memory usage, as instead of

storing the whole image in memory, only the current patch is stored (Sharif Razavian et al.,

2014). Secondly, it can drastically decrease the computation time for training. Training on

patches is faster because it diminishes the number of parameters in the network and simpli�es

the complexity of the optimization (Alzubaidi et al., 2021).

As discussed in section 4.3, the shot gather dimensions in the (t, h) domain are (Nt×

Nh), and in the (f, p) domain, they are (Nf × Np). In this study, overlapping patching is
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applied to create (64 × 64) patches with 50% overlap (i.e., 32 points). All processing is

performed on patches, so an image reconstruction is needed to assemble the patches back

together in their original order to recreate the image in its original dimension. When the

data dimension is not a multiple of 64, a mirror padding technique is used to extend the

data by creating a mirrored or re�ected version of the data at its boundaries, maintaining

the continuity of features at the edges of the data.

5.4. Label generation

Labels play a crucial role in training neural networks as they serve as a form of ground

truth that the network can learn from. In supervised learning, the most common training

approach for neural networks, the network is given input data along with corresponding

labels. These labels represent the desired results that the neural network needs to learn and

predict accurately.

In this study, the main objective is to predict 3C seismic data without Near-Surface

Scattering (NSS). However, performing this task directly in the (t, h) domain may produce

unsatisfactory results since the higher amplitudes of NSS noise can often mask the weak

body-wave re�ections. Therefore, the transformed (f, p) domain is utilized for processing,

utilizing the spectra elliptical elements as discussed in section 4.4 to create labels of the

�lter mask in the (f, p) domain. The label PL(f, p) is generated using the power spectrum

attribute and is de�ned as follows:
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PL(f, p) =


PDW (f, p)

PTW (f, p)
if PTW (f, p) > ϵ

0 otherwise

. (99)

Here, PTW and PDW denote the power spectra for the total and deep wave�elds,

respectively, calculated using the PDM presented in chapter 3. The value ϵ is a small positive

constant introduced to avoid division by zero.

The label calculated with equation (99) produces a �lter mask. The values within this

mask are lower in regions with presence of NSS and higher in regions where NSS is absent.

5.5. Machine Learning work�ows

5.5.1. ML work�ow in the frequency-slowness domain. The primary

aim of this machine learning (ML) work�ow is to predict a �lter mask that can attenuate

NSS in the (f, p) domain. The training phase of this work�ow comprises four key steps,

as shown in Figure 60(a). The �rst step involves computing synthetic data both with and

without NSS by applying the PDM, which generates the total and deep wave�elds. These

data undergo a polarization analysis to derive the spectra of elliptical elements in the (f, p)

domain. These elements serve as inputs and attributes to generate labels for training the

UNET model architecture. Label generation utilizes equation (99), while inputs consist of

the (f, p) panels of semi-major axis a, semi-minor axis b, and azimuth of the ascending node

Ω. These elements were chosen due to their superior performance, as reported in Chapter 4.

The UNET architecture, depicted in Figure 59, is then employed to predict the �lter mask
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in the (f, p) domain.

The testing phase of the ML work�ow consists of three steps, as illustrated in Figure

60(b). The input is 3C seismic data, which is processed by polarization analysis to compute

the spectra of elliptical elements. The elements (a, b,Ω) are subsequently fed into the trained

UNET model, which predicts the �lter mask. This mask is then used to attenuate the NSS

noise, yielding �ltered 3C data. In this �nal phase, it is necessary to apply steps 4 and 5 of

the procedure outlined in section 4.5.1 for polarization �ltering.

(a)

(b)

Figure 60. ML work�ow for NSS attenuation. (a) ML training work�ow designed to predict
the 3C �lter mask in the (f, p) domain. (b) ML testing and �ltering work�ow
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5.5.2. Nested ML work�ow. A nested ML work�ow is proposed to enhance

the results obtained from �ltering in the (f, p) domain. This re�ned work�ow, as depicted in

Figure 61, combines the previously discussed ML work�ow with an additional UNET auto-

encoder. The 3C data �ltered by the initial work�ow is re�ned by using the total wave�eld

as a second channel input and the deep wave�eld as label. This new step is performed in the

(t, h) domain to highligh the body-waves re�ections that may be attenuated by the �ltering

in the (f, p) domain. This nested ML work�ow is devised with the aim to enhance the quality

of the �nal output data.

(a)

(b)

Figure 61. Two-stage nested ML work�ow for NSS attenuation. The �rst stage applies the
ML work�ow from Figure 60 to �lter the 3C data in the (f, p) domain. Subsequently, a
UNET re�nes the �ltered data in the (t, h) domain. (a) Training nested ML work�ow. (b)
Testing nested ML work�ow.
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5.6. Numerical Test

The proposed machine learning (ML) work�ows were trained and tested using synthe-

tic datasets. These datasets consisted of 100 multicomponent shot gathers, generated using

a section of the SEAM Foothills Phase II model whose topographic variation map shown in

Figure 62. The acquisition geometry for each shot gather was consistent, with receiver lines

placed along the x-axis from 500 to 5500 m, using an inter-receiver distance of 10 meters.

The source was placed at x = 2000 m and z = 12 m. We produced 100 shot gathers by

moving the acquisition geometry from y =500 to y =1500 in 10 m steps (Figure 62).

Figure 62. Elevation map and acquisition geometry for the portion of the SEAM model.
The source is positioned at x =500 m, with a depth of 12 m. 3C receivers are aligned on
the surface line from 500 to 5500 m with an inter-receiver spacing of 10 m. This acquisition
geometry is repeated 100 times from y =500 to y =1500 with steps of 10 m.

Synthetic data were generated with and without NSS by applying the PDM, and these

data were fed into the ML work�ows. During processing, the spectra of elliptical elements

were computed to produce the UNET model's inputs and labels. The inputs corresponded
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to the (f, p) panels of the semi-major, semi-minor, and azimuth of the ascending node, each

serving as a channel input. An example of the three channels for a speci�c shot gather is

presented in Figure 63. Conversely, the labels for the (f, p) domain �lter mask were produced

using the power spectrum relation between data with and without NSS, as de�ned in equation

(99).

(a) (b) (c)

Figure 63. Input channels for UNET in the ML work�ow in Figure 61. (a) Semi-major axis
a(p, f) as channel 1. (b) Semi-minor axis b(p, f) as channel 2. (c) Longitude of ascending
node Ω(p, f) channel 2.

The above-mentioned outputs and inputs served to train the ML work�ow designed to

predict the (f, p) domain �lter mask. The training process utilized 80% of the dataset, with

the remaining 20% used for validation. Figure 64 displays the UNET learning curve for both

training and validation over 40 epochs. Notably, the Mean Square Error (MSE) for training

decreased signi�cantly during the initial epochs, demonstrating a knee e�ect between epochs

5 and 10. Similarly, the validation MSE experienced a decrease during the initial epochs,

�uctuating within the same value range after 5 epochs.

Figure 65 illustrates an example of a predicted �lter mask. The label for this example
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Figure 64. Training and validation loss using MSE for ML work�ow in the (f, p) domain.

was generated using the shot gather associated with the total wave�eld and deep wave�eld,

as shown in Figures 66(a) and 66(b), respectively. After the predicted �lter mask was ap-

plied, most of the NSS was attenuated (see Figure 66(c)). However, the body-wave re�ections

remained weak. The application of the nested ML work�ow enhanced the body-wave re�ec-

tions, resulting in a greater visual similarity between the �nal output and the labeled deep

wave�eld (see Figure 66(d)), particularly for far o�set.

5.7. Discussion and Conclusions

This study underscores the signi�cant bene�ts of implementing ML work�ows for

attenuating NSS in 3C seismic data. In Chapter 4, the 3C-FSPF was developed as a pola-

rization �lter utilizing variable-parameter activation functions. However, the manual tuning

of these functions is time-consuming and prone to human bias. Conversely, the proposed

ML-based approach addresses these issues, o�ering a more e�cient and objective method

for the extraction of speci�c polarized energy.
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(a) (b)

Figure 65. Polarization �lter mask generation with ML work�ow 1. (a) Label data for UNET
training. (b) Predicted data by the trained UNET.

The numerical experiment with synthetic datasets showed that the UNET autoenco-

der, trained with the PDM generated data, can accurately predict �lter masks in the (f, p)

domain. The ML work�ow also includes a second autoencoder, further re�ning the �ltered

3C seismic data in the (t, h) domain, thus demonstrating the feasibility of this approach in

reducing NSS noise and enhancing the quality of deeper re�ections.

The ML work�ows showed signi�cant noise attenuation, thus enhancing the signal

quality of the deeper re�ections. This reveals the robustness of ML algorithms in processing

3C seismic data and their potential to identify NSS patterns. However, it's important to no-

te that the current study is based on synthetic datasets modeled using the SEAM Foothills

Phase II model and the �nite-di�erence method solver (PMFD3D-GPU). We only used shot

gathers generated from the SEAM model for training, which limited the generalization capa-

bility of the model for real data applications. Thus, while the initial results are encouraging,
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(a)

(b)

(c)

(d)

Figure 66. Multicomponent shot gather inputs and outputs in machine learning work�ows.
(a) Input data exhibiting total wave�eld, which comprises re�ections, surface waves, and
NSS. (b) Labeled deep wave�eld data including re�ections but devoid of surface waves and
most of NSS. (c) Data �ltered by ML work�ow in Figure 60. (d) Data �ltered and re�ned
by nested ML work�ow in Figure 61.
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further validation using real-world data is recommended. Incorporating a broader range of

training datasets may prevent model over�tting, and provide insights into the performance

of the ML work�ows under various geological settings and noise conditions.

In conclusion, this study presented ML work�ows as a promising new approach for

attenuating NSS noise in 3C seismic data, o�ering substantial improvements over manual

tunning approaches. While further research is needed to validate and optimize these work-

�ows, the current results suggest a signi�cant step forward in enhancing the quality and

interpretability of 3C seismic data.
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CHAPTER 6. Conclusions and future work

This doctoral thesis has investigated methods to improve the quality of seismic images con-

taminated with near-surface scattering noise. The research has been guided by a principal

question: How can the quality of seismic images be improved when data are contaminated

with near-surface scattering noise? To answer this question, three objectives were addressed:

Objective 1, aimed at modeling 3D elastic wave propagation numerically in complex

near-surface models to generate synthetic seismic data with realistic scattering, was addressed

in Chapters 1, 2, and 3.

In Chapter 1, an approach to reproducing the complex ground roll energy cone seen

in synthetic seismic data on mountainous onshore areas was presented. It was found that

scattering energy is more pronounced for higher impedance contrasts and when the size of

the heterogeneity is near the Rayleigh wavelength. Therefore, the inclusion of a low-velocity

layer and small-scale distributed heterogeneities in the near-surface of the SEAM model is

essential for producing synthetic data that can realistically mimic scattered surface wave

energy. Future work may involve re�ning the modeling process with di�erent ACFs of the

near-surface heterogeneities to achieve more realistic data and examining the impact on the

scattering energy.

Chapter 2 presented PMFD3D-GPU, a �nite-di�erence solver for 3D elastic wave

modeling in heterogeneous models with irregular topography. The solver demonstrated im-

proved computational e�ciency and generated realistic seismic synthetic data. However,
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potential improvements exist in applying Perfectly Matched Layers (PMLs) to improve the

Absorbing Boundary Conditions (ABCs) and utilizing a shared memory strategy to further

reduce computational execution time. The extension of the GPU implementation strategy

to �nite-di�erence method (FDM) solvers designed for curved domains is suggested as a fu-

ture research direction, potentially enhancing accuracy while reducing execution time since

require fewer points per wavelength than rectangular domains (de la Puente et al., 2014).

Chapter 3 introduced the Partitioned Domain Method (PDM) for modeling Near-

Surface Scattering (NSS) in complex overburden scenarios. Despite its limitations, including

incomplete isolation of NSS and the requirement for manual calibration of the domain par-

tition, the PDM generates valuable synthetic wave�elds. Future research should focus on

enhancing the PDM, addressing its limitations, and expanding its applicability in the �eld

of near-surface scattering modeling.

Objectives 2 and 3, which involved designing a work�ow based on polarization �ltering

and machine learning to remove scattering noise from multicomponent seismic shot gathers

and evaluating the performance of this work�ow on synthetic and real seismic data, were

addressed in Chapters 4 and 5.

Chapter 4 introduced a novel two-step polarization method for discriminating and se-

parating wave-types in under-sampled 3C seismic data. This method was validated on both

synthetic and real data, demonstrating its potential to enhance the quality of seismic data,

particularly those acquired in complex land regions. For future research, it is proposed to

broaden the application of this method across diverse geological contexts. Moreover, inte-
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grating machine learning algorithms could enhance the design of the mask �lter, providing

an adaptive, data-driven approach.

Chapter 5 presented machine learning work�ows, particularly autoencoders, as a pro-

mising new approach for attenuating NSS noise in 3C seismic data. These ML work�ows have

shown substantial improvements over manual tuning approaches. In Chapter 5, full real data

application was not included because machine learning work�ows require a diverse range of

data to prevent over�tting and to ensure the trained model can generalize to real-world sce-

narios. Unfortunately, the experiments were constrained by the availability of training data.

We only used shot gathers generated from the SEAM model for training, which limited the

model's generalization capability for real data applications. Future work should focus on

re�ning these ML work�ows, validating them on a wider range of datasets, and integrating

them into the broader seismic data processing pipeline to provide end-to-end improvement

of the data quality.

In conclusion, the thesis has made signi�cant strides in improving the quality of seismic

images contaminated with near-surface scattering noise. It presents promising advancements

in the modeling and processing of near-surface seismic scattering, and provides a robust foun-

dation for future work. The next steps include the continuous re�nement of these methods,

aiming to overcome current limitations and expand their applicability, with the ultimate goal

of integrating these advances into land seismic data processing work�ows.
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APPENDIX A. Computation of the HRLRT

The computation of HRLRT is performed by applying Iterative Reweighed Least Square

(IRLS) to solve equation (76). The method requires the iterative computation of weighted

matrices for both residual vector r = d− Lm and model vector m as follows:

diag (Wr)i =


|ri|−1/2, |ri| > ϵ

ϵ, |ri| ≤ ϵ

(A.1)

and

diag (Wm)i = |mi|1/2 (A.2)

where ϵ is a damping parameter whose value corresponds to a small percentile of

residual data. In this work we typically set ϵ as 2 percentile.

We utilized the CG method algorithm in A.1 for IRLS solution. The condition 1

refers to the maximum external loop iterations or until the convergence tolerance while

condition 2 refers to the maximum iterations for inner loop. The functions where f(r) and

g(m) represent the functions for matrix of diagonal weights of residual and model described

in Equation (A.1) and Equation (A.2), respectively.
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Algorithm A.1 CG method for IRLS solution

m← LHd
r← d− Lm
while condition 1 do

diag(Wr)← f(r)
diag(Wm)← g(m)
r←Wr(d− LWmm)
∆m←WH

mL
HWH

r r
∆s←∆m
γ1 ←∆mH∆m
while condition 2 do

∆r←WrLWm∆m

α← (∆sH∆m+∆mH∆s)

2∆rH∆r
m←m+ α∆m
r← r− α∆r
∆m←WH

mL
HWH

r r
γ2 ←∆mH∆m

β ← γ2
γ1

∆s←∆m+ β∆s
γ1 ← γ2

end while
m←Wmm

end while
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APPENDIX B. Velocity f − k �lter

The f − k velocity �lter is designed to selectively pass or suppress signals that propa-

gate at certain velocities, which are equivalently represented by speci�c dips or angles in the

(f, k) domain (Yilmaz, 2001). In this domain, the dip of a signal correlates to its velocity.

Therefore, slower propagating signals, such as the noise caused by ground roll, will manifest

at higher dip angles due to their slower speed compared to the primary re�ected seismic

waves of interest.

The successful implementation of a velocity �lter that suppresses the high-dip or

slow-velocity signals can e�ectively reduce the ground roll in the seismic data. The (f, k)

domain representation of the �ltered data, denoted as Û(f, k), is obtained by element-wise

multiplication of the original transformed data U(f, k) and the �lter mask M(f, k). The

operation can be represented mathematically as:

Û(f, k) = M(f, k)U(f, k) (B.1)

When applying the f − k velocity �lter, the �lter mask M(f, k) is typically designed

around four key velocities that demarcate the zones of signal attenuation in the �lter as

follows:
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M(f, k; v1, v2, v3, v4) =



1− sin

(
π

2

(f/k − v2)

(v1 − v2)

)
if v1 <

∣∣∣∣fk
∣∣∣∣ < v2

0 if v2 ≤
∣∣∣∣fk
∣∣∣∣ ≤ v3

1− sin

(
π

2

(f/k − v3)

(v4 − v3)

)
if v3 <

∣∣∣∣fk
∣∣∣∣ < v4

1 otherwise

(B.2)

where (v1, v2, v3, v4) are the parameters of the �lters that specify the attenuation zone.

The range between v2 and v3 is rejected, and the range below v1 or above v4 is preserved. To

smoothly transition between regions of full signal suppression and full signal pass-through,

sine taper functions are often employed. These functions help to create a gentle roll-o� at

the edges of the �lter mask, which can prevent the introduction of artifacts in the �ltered

data.

Implementing an (f, k) Dip Filter involves the following steps:

Step 1: Apply a 2D Fourier Transform to the seismic data to convert it to the (f, k) domain.

Step 2: Design a �lter mask in the (f, k) domain that suppresses or passes signals by setting

the parameters as detailed in equation (B.2).

Step 3: Apply the �lter to the data in the (f, k) domain (B.1).

Step 4: Apply an inverse 2D Fourier Transform to the �ltered data, converting it back to the

time-space domain.

The resulting data will have the desired signals enhanced and the undesired signals

suppressed, improving the quality of subsequent seismic processing and interpretation.
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