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RESUMEN

TÍTULO: EXTENDED FLRW MODELS, NON-ABELIAN GAUGE FIELDS AND THE WEAK COSMO-

LOGICAL PRINCIPLE1

AUTOR: NICOLÁS HERNÁNDEZ BELTRÁN 2.

PALABRAS CLAVE: MODELOS DE BIANCHI, TEORÍAS DE GAUGE NO-ABELIANAS, SOLUCIO-

NES LIBRES DE SHEAR, PRINCIPIO COSMOLÓGICO.

DESCRIPCIÓN: En el contexto de los universos de Bianchi, es decir, cosmologías homogéneas

pero anisotrópicas, estudiamos las condiciones para obtener una cizalladura nula que satisfaga el

principio cosmológico. La curvatura anisotrópica debe equilibrarse con las tensiones anisotrópicas

del fluido imperfecto que domina la densidad de energía del universo. Se ha considerado que dicho

fluido describe una n-forma con o sin potencial. Este escenario se realiza con éxito únicamente para

los casos de 0-forma y 2-forma libres, que son equivalentes mediante la dualidad de Hodge.

1 Trabajo de Grado

2 Facultad de Ciencias, Escuela de Física, Yeinzon Rodriguez (Director).
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ABSTRACT

TITLE: EXTENDED FLRW MODELS, NON-ABELIAN GAUGE FIELDS AND THE WEAK COSMO-

LOGICAL PRINCIPLE3.

AUTHOR: NICOLÁS HERNÁNDEZ BELTRÁN 4.

KEYWORDS: BIANCHI MODELS, NON-ABELIAN GAUGE THEORIES, SHEAR-FREE SOLUTION,

COSMOLOGICAL PRINCIPLE.

DESCRIPTION: In the context of the Bianchi universes, i.e., homogeneous but anisotropic cosmo-

logies, we study the conditions to obtain vanishing shear that satisfy the cosmological principle. The

anisotropic curvature has to be balanced by the anisotropic stresses of the non-perfect fluid that do-

minates the universe’s energy density. Such a fluid has been considered to describe an n-form with

or without potential. The scenario is successfully realised only for the free 0-form and 2-form cases,

which are equivalent via Hodge duality5.

3 Bachelor Thesis.

4 Faculty of sciences, School of Physics, YEINZON RODRIGUEZ (Director).

5 A pulchritudinous version of the present manuscript can be found here: https://acortar.link/
9BUNjs
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Prolegomenom

On the tree of science:

Verisimilitude, but not truth;

appearance of freedom, but not

freedom. Thanks to these two fruits,

the tree of science is in no danger of

being mistaken for the tree of life.

—Friedrich Nietzsche.The traveller

and its shadow (1880).

Cosmology is the study of the physical universe at large, projected onto the scienti-

fic method through mathematics 6. It is understood as the theory that deals with the

cosmos involving mathematical and physical aspects. Strictly speaking, such a study

proposes and tests mathematical theories for the physical universe on a large scale,

and for structure formation. It is a purely scientific exercise related to the Big Bang

theory, probably preceded by an earlier phase of accelerated expansion.

In this context, the Earth is a tiny speckle in a vast cosmic arena 7. Thus, we are not in

a privileged place to do cosmological observations, contrary to pre-Copernican thin-

king8. It is just the Copernican principle which expresses the anti-anthropocentric

point of view:

6 B.D. Normann: “Tales from Wonderlan”. Tesis doct. University of Stavanger. Stavanger City. Nor-
way, 2020

7 C. Sagan: Cosmos. Random House, Barcelona, España, 1980

8 Strictly, they used to think we were at the outskirts, or lowest point of the cosmos.
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The Copernican principle 9: The Earth is not in a central, specially-favoured posi-

tion in the physical universe.

This means that our cosmological observations do not have any special properties

with respect to other observations made anywhere in the universe, which implies that

the universe must look essentially the same everywhere. This consequence of the

Copernican principle is known as the weak cosmological principle:

The weak cosmological principle 10: The universe presents the same aspect from

every point.

Moreover, a different assumption often made is that spacetime is isotropic about us,

which means that it looks the same in every spatial direction, which implies that it is

spherically symmetric about us 11. Again, the Copernican principle ensures this fact

in a stronger version of the previous one:

The strong cosmological principle 12: The universe is isotropic around every point.

This implies that spacetime must be spatially homogeneous13 14. On the other hand,

both versions of the cosmological principle imply that the universe must be homo-

geneous; however, this sentence is valid only on large scales. Furthermore, these

9 Hermann Bondi: Cosmology. Cambridge University Press. Cambridge, United Kingdom, 1961

10 ibíd.

11 George FR Ellis, Roy Maartens y Malcolm AH MacCallum: Relativistic cosmology. Cambridge
University Press. Cambridge, United Kingdom, 2012

12 Bondi 1961

13 Concepts like isotropy, homogeneity, and spatial homogeneity, among others, will be discussed in
more detail in the subsection 1.1, and mathematically formalised in subsection 1.4.

14 AG Walker: Complete symmetry in flat space. En: J. Lond. Math. Soc 19 (1944), pág. 227
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principles should be understood as expressing the idea that there exists an avera-

ging scale at which the universe is homogeneous Normann 2020.

The fact that spatial homogeneity and isotropy about us imply isotropy everywhere 15,

suggests models with a highly symmetric geometry known as Friedmann-Lemaître-

Robertson-Walker (FLRW) models 16. Nowadays, there is no known feature of the

cosmos which definitely contradicts the hypothesis that our universe has approxima-

tely an FLRW geometry. So, why then do we not simply devote our investigations

to the problem of selecting the FLRW universe whose parameters, like the Hubble

constant, density, etc., best fit the observed universe? This is, after all, the aim to-

wards which modern observational and theoretical work is directed. Although FLRW

is a good model, there seem to be some good reasons to consider models that are

not exactly like this. There are experimental facts that ratify this idea:

? Observations of fairly uniform distribution of He4 suggest that the universe evol-

ved through the helium formation phase with an abundance that agrees with

the FLRW model prediction 17. However, if the observations of very low helium

content in some stars are correct, the conventional picture of the early stages

of the universe must be modified 18.

15 M. A. H. MacCallum: Cosmological models from a geometric point of view. En: Cargese Lect.
Phys. 6 (1973). Ed. por Evry Schatzman, pág. 61

16 H. P. Robertson: Kinematics and World-Structure. En: Astrophys. J. 82 (1935), pág. 284. DOI:
10.1086/143681; Howard P Robertson: Kinematics and World-Structure 2. En: Astrophys. J. 83
(1936), pág. 187; H. P. Robertson: Kinematics and World-Structure 3. En: Astrophys. J. 83 (1936),
pág. 257. DOI: 10.1086/143726; Arthur Geoffrey Walker: On Milne’s theory of world-structure. En:
J. Lond. Math. Soc. 2 (1937), pág. 90; A. Friedmann: On the Possibility of a world with constant
negative curvature of space. En: Z. Phys. 21 (1924), pág. 326. DOI: 10.1007/BF01328280

17 Robert V. Wagoner, William A. Fowler y Fred Hoyle: On the synthesis of elements at very high
temperatures. En: Astrophys. J. 148 (1967), pág. 3. DOI: 10.1086/149126; RJ Tayler: Half Life of
the Neutron and Cosmological Helium Production. En: Nature 217 (1968), pág. 433

18 Santi Cassisi, Maurizio Salaris y Alan W Irwin: The initial helium content of galactic globular cluster
stars from the R-parameter: comparison with the cosmic microwave background constraint. En:
Astrophys. J. 588 (2003), pág. 862
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? Any observed anisotropy of the background radiation or discrete source distri-

butions would prove that the universe was anisotropic. In particular, anisotropy

could have observable consequences on the polarisation and spectrum of the

cosmic microwave background radiation 19. While these effects would be diffi-

cult to account for by FLRW models, other plausible models might account for

them.

Moreover, the physical aspects of our universe at the largest possible cosmological

scales were measured with incredible accuracy by cosmic microwave background

radiation (CMB) probes like COBE 20, WMAP 21, and Planck 22. They suggest that

the universe is homogeneous and isotropic on large scales, and the ΛCDM model

seems to describe such a scenario with high accuracy 23. Specifically, the homoge-

neous and isotropic character of the universe has been confirmed by Planck with

a level of deviation from isotropy quite compatible with zero 24. Despite this, the sa-

19 Eiichiro Komatsu: New physics from the polarized light of the cosmic microwave background. En:
Nat. Rev. Phys 4 (2022), pág. 452; MJ Rees: Polarization and spectrum of the primaeval radiation
in an anisotropic universe. En: Astrophys. J. 153 (1968), pág. L1

20 George F. Smoot et al.: Structure in the COBE differential microwave radiometer first year maps.
En: Astrophys. J. Lett. 396 (1992), pág. L1. DOI: 10.1086/186504

21 E. Komatsu et al.: Five-Year Wilkinson Microwave Anisotropy Probe (WMAP) observations: cos-
mological interpretation. En: Astrophys. J. Suppl. 180 (2009), pág. 330. DOI: 10.1088/0067-0049/
180/2/330; E. Komatsu et. al.: SEVEN-YEAR WILKINSON MICROWAVE ANISOTROPY PRO-
BE (WMAP*) OBSERVATIONS: COSMOLOGICAL INTERPRETATION. En: Astrophys. J. Suppl.
192 (2011), pág. 14. DOI: 10 . 1088 / 0067 - 0049 / 192 / 2 / 18; G. Hinshaw et. al.: NINE-YEAR
WILKINSON MICROWAVE ANISOTROPY PROBE (WMAP) OBSERVATIONS: COSMOLOGI-
CAL PARAMETER RESULTS. En: Astrophys. J. Suppl. 208 (2013), pág. 19. DOI: 10.1088/0067-
0049/208/2/19

22 P. A. Ade et. al.: Planck 2013 results. XXIII. Isotropy and statistics of the CMB. En: Astron. As-
trophys 571 (2014), A23; P. A. Ade et. al.: Planck 2015 results-XVI. Isotropy and statistics of the
CMB. En: Astron. Astrophys 594 (2016), A16; N. Aghanim et al.: Planck 2018 results. V. CMB
power spectra and likelihoods. En: Astron. Astrophys. 641 (2020), A5. DOI: 10 . 1051 / 0004 -
6361/201936386

23 Leandros Perivolaropoulos y Foteini Skara: Challenges for ΛCDM: An update. En: New Astron.
Rev. 95 (2022), pág. 101659. DOI: 10.1016/j.newar.2022.101659

24 Daniela Saadeh et al.: How isotropic is the Universe? En: Phys. Rev. Lett. 117 (2016),
pág. 131302
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me observations that describe some “anomalies”25 suggest a possible deviation from

isotropy and homogeneity at some point in the evolutionary history of the universe 27.

As we saw briefly, the cosmological principle leads to the conclusion that the univer-

se is spatially homogeneous and isotropic, and it is implemented at the background

level. However, the facts discussed above suggest, as an explanation, from a cos-

mological point of view, a possible violation of isotropy during the evolution of the

universe. Here is where the Bianchi models provide a natural framework since they

describe spatially homogeneous cosmological models that break three-dimensional

rotation invariance 28. Such a breaking can be realized in many ways: the fundamen-

tal observers’ congruence may possess shear 29 and vorticity 30 , the matter sector

may possess anisotropic stress 31 and tilt 32, or the spatial sections of homogeneity

may possess anisotropic curvature 33. Thus, according to Einstein’s ideas, the va-

25 However, the origin of these features is still uncertain and today is the theme of many scientific dis-
cussions. It is argued that the anomalies could be a consequence of new physics or, perhaps, are
merely statistical fluctuations 26 Y. Akrami et al.: Planck 2018 results. VII. Isotropy and Statistics
of the CMB. En: Astron. Astrophys. 641 (2020), A7. DOI: 10.1051/0004-6361/201935201

27 al. 2014; al. 2016

28 MacCallum 1973

29 CB Collins, SW Hawking y DW Sciama: The rotation and distortion of the universe. En: Mon.
Notices Royal Astron. Soc. 162 (1973), pág. 307; Emory F Bunn, Pedro G Ferreira y Joseph Silk:
How anisotropic is our universe? En: Phys. Rev. Lett. 77 (1996), pág. 2883

30 ibíd.; Stephen Hawking: On the rotation of the universe. En: Mon. Notices Royal Astron. Soc. 142
(1969), pág. 129

31 L Hsu y J Wainwright: Self-similar spatially homogeneous cosmologies: orthogonal perfect fluid
and vacuum solutions. En: Class Quantum Gravity 3 (1986), pág. 1105; John Wainwright: A
dynamical systems approach to Bianchi cosmologies: orthogonal models of class A. En: Class
Quantum Gravity 6 (1989), pág. 1409

32 John D. Barrow y Sigbjorn Hervik: The future of tilted Bianchi universes. En: Class Quantum
Gravity 20 (2003), pág. 2841. DOI: 10.1088/0264-9381/20/13/329; Alan Coley y Sigbjorn
Hervik: A dynamical systems approach to the tilted Bianchi models of solvable type. En: Class
Quantum Gravity 22 (2005), pág. 579. DOI: 10.1088/0264-9381/22/3/009

33 John D Barrow: Helium formation in cosmologies with anisotropic curvature. En: Mon. Notices
Royal Astron. Soc. 211 (1984), pág. 221
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rious types of anisotropies do not evolve independently: they must be intimately con-

nected through Einstein’s field equations. Furthermore, models that can generate

and sustain an anisotropic phase of expansion have gained attention 34. Hence, a

deeper analysis of anisotropic spacetimes has become a necessity. As an example,

it could be considered that the evolution of the shear tensor, which measures the

difference between rates of expansion in different directions, is “sourced” by the ten-

sors that describe the anisotropic stress of matter and anisotropic curvature 35.

In addition to the above evidence, nowadays there exists an observational fact about

the accelerated expansion the universe is experiencing 36. Commonly, such expan-

sion is thought to be sourced by the cosmological constant Λ 37. However, in spite of

its success, this explanation has many problems when confronted with observational

evidence 38. Thus, there exists a huge discrepancy between theory and observations

about the value of Λ, usually referred to as the cosmological constant problem 39. So,

in conjunction with other discrepancies such as the Hubble tension 40, this invites us

34 Ben David Normann et al.: Bianchi cosmologies with p-form gauge fields. En: Class Quantum
Gravity 35 (2018), pág. 095004. DOI: 10.1088/1361-6382/aab3a7; Mikjel Thorsrud, David F
Mota y Sigbjørn Hervik: Cosmology of a scalar field coupled to matter and an isotropy-violating
Maxwell field. En: JHEP 2012.10 (2012)

35 Mikjel Thorsrud, Ben D. Normann y Thiago S. Pereira: Extended FLRW Models: dynamical can-
cellation of cosmological anisotropies. En: Class. Quant. Grav. 37.6 (2020). DOI: 10.1088/1361-
6382/ab6f7f

36 Adam G. Riess et al.: Observational evidence from supernovae for an accelerating universe and
a cosmological constant. En: Astron. J. 116 (1998), pág. 1009. DOI: 10.1086/300499; Pierre
Astier y Reynald Pain: Observational Evidence of the Accelerated Expansion of the Universe. En:
Comptes Rendus Physique 13 (2012), pág. 521. DOI: 10.1016/j.crhy.2012.04.009

37 Luca Amendola y Shinji Tsujikawa: Dark Energy: Theory and Observations. Cambridge University
Press, Cambridge, England, 2015

38 Jerome Martin: Everything You Always Wanted To Know About The Cosmological Constant Pro-
blem (But Were Afraid To Ask). En: Comptes Rendus Physique 13 (2012), pág. 566. DOI: 10.
1016/j.crhy.2012.04.008

39 Amendola y Tsujikawa 2015

40 Adam G. Riess et al.: A 2.4 % Determination of the Local Value of the Hubble Constant. En:
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to suggest that new dynamical degrees of freedom must be considered, this being

one of the most popular alternatives to the so-called quintessence models based on

scalar fields 41. Despite the success of the theories mentioned above, some other

theories built with other type of fields -for instance, vector fields 42, p-forms Normann

et al. 2018, and so on- have a richer phenomenology and provide many cosmologi-

cal consequences which have not been fully explored. Among these proposals, we

are interested in non-Abelian gauge fields: they are the link between cosmology and

the phenomenology of particle physics 43.

Considering the preceding arguments, Bianchi cosmological modelsrecog-

nised as the most general spatially homogeneous frameworks encompassing open,

flat, and closed Friedmann-Lemaître-Robertson-Walker (FLRW) models as particu-

lar instancespresent a rigorous context for evaluating both standard cosmological

assumptions and compelling alternative scenarios. In this thesis, special attention

is devoted to a specific subset of Bianchi cosmologies, namely orthogonal spaceti-

Astrophys. J. 826 (2016), pág. 56. DOI: 10.3847/0004-637X/826/1/56

41 Edmund J. Copeland: Dynamics of dark energy. En: AIP Conf. Proc. 957 (2007). Ed. por Arttu
Rajantie et al., pág. 21. DOI: 10 . 1063 / 1 . 2823765; Jaewon Yoo y Yuki Watanabe: Theoreti-
cal Models of Dark Energy. En: Int. J. Mod. Phys. D 21 (2012), pág. 1230002. DOI: 10.1142/
S0218271812300029

42 Emanuela Dimastrogiovanni et al.: Non-Gaussianity and Statistical Anisotropy from Vector Field
Populated Inflationary Models. En: Adv. Astron. 2010 (2010), pág. 752670. DOI: 10.1155/2010/
752670; J. Bayron Orjuela-Quintana et al.: Anisotropic Einstein Yang-Mills Higgs Dark Energy.
En: JCAP 10 (2020), pág. 019. DOI: 10.1088/1475-7516/2020/10/019; Miguel Álvarez et al.:
Einstein Yang–Mills Higgs dark energy revisited. En: Class. Quant. Grav. 36 (2019), pág. 195004.
DOI: 10.1088/1361-6382/ab3775; Carlos M. Nieto y Yeinzon Rodriguez: Massive Gauge-flation.
En: Mod. Phys. Lett. A 31 (2016), pág. 1640005. DOI: 10.1142/S0217732316400058

43 A. Maleknejad, M. M. Sheikh-Jabbari y J. Soda: Gauge Fields and Inflation. En: Phys. Rept. 528
(2013). DOI: 10.1016/j.physrep.2013.03.003; A. Maleknejad y M. M. Sheikh-Jabbari: Gauge-
flation: Inflation From Non-Abelian Gauge Fields. En: Phys. Lett. B 723 (2013), pág. 224. DOI:
10.1016/j.physletb.2013.05.001; A. Maleknejad y M. M. Sheikh-Jabbari: Non-Abelian Gauge
Field Inflation. En: Phys. Rev. D 84 (2011), pág. 043515. DOI: 10.1103/PhysRevD.84.043515;
Keiju Murata y Jiro Soda: Anisotropic Inflation with Non-Abelian Gauge Kinetic Function. En:
JCAP 2011 (2011), pág. 037. DOI: 10.1088/1475-7516/2011/06/037; Steven Weinberg: The
quantum theory of fields. Vol. 2: Modern applications. Cambridge University Press, Cambridge,
England, 1994. DOI: 10.1017/CBO9781139644174
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mes characterised by anisotropic spatial curvature yet exhibiting isotropic expansion.

Such models, known as extended FLRW cosmologies, display shear-free fluid flows

analogous to conventional FLRW models and remain consistent with the weak cos-

mological principle.

The existence of shear-free cosmological solutions with anisotropic spatial curvature

was initially investigated by Mimoso and Crawford in 44 and subsequently revisited

in 45. It has been demonstrated that, within spatially homogeneous models involving

non-tilted perfect fluids, the shear-free condition necessarily leads to FLRW metrics
46. Thus, shear-free orthogonal Bianchi models possessing anisotropic spatial cur-

vature inherently require the presence of imperfect matter components, specifically

fluids exhibiting anisotropic stresses.

Naturally, from everything previously stated, we perceive that the assumption of iso-

tropy in light of the experimental facts about the expansion of the universe is too

strong, which invites us to think about the postulation of a less restrictive cosmolo-

gical principle that, however, respects the Copernican principle and the weak cos-

mological principle. As a consequence, we are interested in understanding how to

implement these ideas and what the consequences would be. A specific contribution

toward addressing this challenge, this thesis aims to identify particular configurations

of non-Abelian gauge fields which, in conjunction with the universe’s standard matter

content, are capable of sustaining the anisotropies characteristic of extended FLRW

shear-free cosmologies. This investigation thus extends and complements previous

44 José P Mimoso y Paulo Crawford: Shear-free anisotropic cosmological models. En: Class. Quan-
tum Gravity 10 (1993), pág. 315

45 Des J McManus y Alan A Coley: Shear-free, irrotational, geodesic, anisotropic fluid cosmologies.
En: Class. Quantum Gravity 11 (1994), pág. 2045; Tomi S Koivisto et al.: Possibility of anisotropic
curvature in cosmology. En: Phys. Rev. D 83 (2011), pág. 023509

46 CB Collins y J Wainwright: Role of shear in general-relativistic cosmological and stellar models.
En: Phys. Rev. D 27 (1983), pág. 1209
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analyses such as the one presented in 47, contributing further insights into alternati-

ve cosmological models that align with observational evidence yet relax the stringent

isotropy constraints characteristic of conventional FLRW models.

This project intends to contribute to the longstanding investigation of how likely the

observed universe is 48. Specifically, it aims to contribute to answering the ques-

tion: Can the spatially anisotropic solutions to general relativity be dynamically dis-

tinguished from FLRW cosmologies? Specifically, we extend known results 49 by in-

corporating interactions in the search of a more realistic description of the universe.

The results are very unfortunate: except for the trivial non-Abelian extension of the

free-differential- 0-form and 2-form cases, the existence of interactions is incompati-

ble with the required balance between anisotropic spatial curvature and anisotropic

stress. We shall assume General Relativity (GR) to be the correct theory of gravity.?

However, before discussing in detail the problem that this work shall intend to resol-

ve, it is of capital importance to get acquainted with some background material, like

the geometrical concepts discussed here.

Finally, throughout the text we assume a torsion-free, foliable and Lorentzian ma-

nifold with signature +2. Additionally, Greek indexes {α, β, γ, ...} generally run over

space-time components whereas Latin indices {a, b, c, ...} run over spatial compo-

nents only. We employ eµ referring to a general basis vector and ω̃ µ as a general

one-form. Ultimately, we shall assume a space-time foliation such that e0 = ∂0 = ∂t

is orthonormal to spatial hypersurfaces Σ, and the 4-velocity of our congruence of

47 Thorsrud, Normann y Pereira 2020

48 C. B. Collins y S. W. Hawking: Why is the Universe isotropic? En: Astrophys. J. 180 (1973),
pág. 317. DOI: 10.1086/151965

49 Mikjel Thorsrud: Balancing Anisotropic Curvature with Gauge Fields in a Class of Shear-Free
Cosmological Models. En: Class. Quant. Grav. 35.9 (2018), pág. 095011. DOI: 10.1088/1361-
6382/aab65a
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fundamental observers u will be aligned along e0.
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1. Bianchi models

This chapter builds extensively on chapter 1 in Cosmological models from a geome-

tric point of view 50, chapter 3 in 3+1 Formalism in General Relativity 51, chapter 4 in

Relativity on Curved Manifolds 52, chapter 4 in Relativistic Cosmology 53, chapter 3 in

Lecture notes in Lie groups and Lie algebras 54, chapter 2 in Tales from Wonderland
55 and chapter 15 in Einstein’s General Theory of Relativity 56.

1.1. An intuitive geometrical perspective of the universe

Having declared general relativity as the theoretical framework governing the cos-

mological models analysed herein, we shall now proceed to discuss the main cha-

racteristics encountered throughout this work.

Like in other geometrical theories of gravity, every physical quantity is defined via a

geometric quantity and vice versa57. Therefore, describing a physical symmetry is

equivalent to describing a geometrical symmetry. In this section, we give an infor-

50 MacCallum 1973

51 É. Gourgoulhon: 3+1 Formalism in General Relativity: Bases of Numerical Relativity. Lecture
Notes in Physics. Springer Berlin Heidelberg, 2012

52 F. de Felice y C.J.S. Clarke: Relativity on Curved Manifolds. Cambridge Monographs on Mathe-
matical Physics. Cambridge University Press, Cambridge, UK, 1992

53 Ellis, Maartens y MacCallum 2012b

54 Sigbjorn Hervik: Lecture notes in Lie algebras and Lie groups. 2014

55 Normann 2020

56 Ø. Grøn y S. Hervik: Einstein’s General Theory of Relativity: With Modern Applications in Cosmo-
logy. Springer, New York, USA, 2007

57 “Matter tells spacetime how to curve, and curved spacetime tells matter how to move” Charles W.
Misner, K. S. Thorne y J. A. Wheeler: Gravitation. San Francisco, USA: W. H. Freeman, 1973.
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mal but intuitive definition of the most essential symmetries that the universe might

possess. Thus, we shall assume what is in some sense a physical symmetry by the

assumption that the laws of physics are the same at every point of spacetime58.

As mentioned in the prolegomenon, we impose the fulfilment of the weak cosmo-

logical principle as a consequence of the Copernican one. I mean, the Universe is

the same at every point; therefore, an observer would have no way of telling whe-

re he/she was in spacetime, and all physical quantities would be the same at every

point. Thus, we would guarantee no overall evolution in such a universe. It would be

in a “steady state”. Such four-dimensional spacetime is called homogeneous 59.

The type of homogeneity that we will use is the spatial, where every point lies in

a homogeneous three-dimensional section of the spacetime, specifically, a space-

like hypersurface. That is, the tangent vector of any curve lying in a homogeneous

section will be everywhere space-like. When the manifold that describes a spatially-

homogeneous universe is foldable60, this spacetime evolves. Hence, in this situation,

as we go from one space hypersurface to the next, the physical quantities may alter.

Isotropy, as an equivalence in all directions of the spacetime, is the other symmetry

that we want to introduce. If the spacetime as a whole does not distinguish between

two or more directions at a point, then it exhibits isotropy. Of course, if the symmetry

is a continuous symmetry, then the isotropy is also continuous, like the rotational

symmetry of the sphere about the origin. For instance, we can imagine a time-like

direction at a point where all spatial directions perpendicular to it are equivalent, so

an observer at that point, which has a 4-velocity along the time-like direction, will see

58 For more information, see chapter 2 of Bondi 1961.

59 MacCallum 1973

60 In other words, that satisfy the Frobenius theorem for vector fields B.F. Schutz: Geometrical
Methods of Mathematical Physics. Cambridge University Press, Cambridge, USA, 1980.
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that all spatial directions are equivalent. In this situation, the spacetime is said to be

spherically symmetric about that point. Moreover, if for a given time direction at a

point, there exists a space direction such that every direction in the two-dimensional

surface perpendicular to both the space and time directions is equivalent, the space

is said to be rotationally symmetric 61. Moreover, a space that has rotational sym-

metry at every point is called locally rotationally symmetric 62. Besides, a space that

is spherically symmetric about every point is usually called isotropic.

What is the observational evidence about the geometry of the universe? There are

three main deductions about geometry that may be made from observation 63:

F The universe is undergoing an overall evolution. Consequently, it is not a ho-

mogeneous spacetime 64.

F The universe is spatially homogeneous 65.

F The universe is isotropic about us. The evidence for this concerns both the iso-

tropy of discrete sources and the isotropy of the cosmic microwave background

radiation 66.

61 MacCallum 1973

62 Ellis, Maartens y MacCallum 2012b

63 MacCallum 1973

64 Roy Maartens: Is the Universe homogeneous? En: Philos. Trans. Royal Soc. A 369.1957 (2011);
P. K. Aluri et. al.: Is the observable Universe consistent with the cosmological principle? En: Class.
Quant. Grav. 40 (2023), pág. 094001. DOI: 10.1088/1361-6382/acbefc; Andrew Biggs y Ian
Browne: Gravitational lens time delays using polarization monitoring. En: Galaxies 5.76 (2017)

65 Timothy Clifton, Chris Clarkson y Philip Bull: The isotropic Blackbody Cosmic Microwave Back-
ground Radiation as Evidence for a Homogeneous Universe. En: Phys. Rev. Lett. 109 (2012),
pág. 051303. DOI: 10.1103/PhysRevLett.109.051303; Alan F. Heavens, Raul Jimenez y Roy
Maartens: Testing homogeneity with the fossil record of galaxies. En: JCAP 09 (2011), pág. 035.
DOI: 10.1088/1475-7516/2011/09/035. arXiv: 1107.5910 [astro-ph.CO]; Chris Clarkson y Roy
Maartens: Inhomogeneity and the foundations of concordance cosmology. En: Class. Quant.
Grav. 27 (2010), pág. 124008. DOI: 10.1088/0264-9381/27/12/124008

66 P. A. R. Ade et al.: Planck 2013 results. XVI. Cosmological parameters. En: Astron. Astrophys.
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To formalise all of these concepts and the kinematic properties of the cosmological

models mathematically, it is of capital importance to develop a few things about the

1 + 3 formalism in General Relativity.

1.2. Geometry of hypersurfaces

1.2.1. Hypersurface embedded in spacetime and induced metric Let M be a

4-dimensional manifold67. A submanifold Σ is the image of a 3-dimensional manifold

Σ̂ by an embedding68 Φ : Σ̂ 7→ M, defined by69

Σ = Φ(Σ̂). (1)

Let γ be a curve in Σ̂, such that the map Φ takes curves γ ∈ Σ̂ and maps them

to curves Φ(γ) ∈ Σ. Hence, Φ induces a map between tangent spaces, i.e. takes

vectors in Σ̂ and gives as a result vectors in Σ. This map is called the push-forward

map Φ∗
70. To study its action on vectors, let xα = (t, x, y, z) be the local coordinates

571 (2014), A16. DOI: 10.1051/0004-6361/201321591; P. A. R. Ade et al.: Planck 2015 results.
XIII. Cosmological parameters. En: Astron. Astrophys. 594 (2016), A13. DOI: 10.1051/0004-
6361/201525830; N. Aghanim et al.: Planck 2018 results. VI. Cosmological parameters. En: As-
tron. Astrophys. 641 (2020). [Erratum: Astron.Astrophys. 652, C4 (2021)], A6. DOI: 10.1051/
0004-6361/201833910; Chethan Krishnan et al.: Hints of FLRW breakdown from supernovae.
En: Phys. Rev. D 105 (6 2022), pág. 063514. DOI: 10.1103/PhysRevD.105.063514; C Krishnan
et al.: Does Hubble tension signal a breakdown in FLRW cosmology? En: Class. Quant. Grav.
38 (2021), pág. 184001. DOI: 10.1088/1361-6382/ac1a81; Nathan J. Secrest et al.: A Test
of the Cosmological Principle with Quasars. En: Astrophys. J. Lett. 908 (2021), pág. L51. DOI:
10.3847/2041-8213/abdd40

67 For further details about what a Manifold is, see the Appendix 6.1.

68 This means that Φ : Σ̂ 7→ Σ is a homeomorphism Elon Lages Lima: Elementos de topologia geral.
Ao Livro Técnico, Editôra da Universidade de São Paulo, 1970.

69 Given the homeomorphic character of (1), we can guarantee that each hypersurface does not
intersect itself Gourgoulhon 2012.

70 Felice y Clarke 1992
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of a chart in M, so

Φ∗ : Tp(Σ̂) −→ Tp(M)

vi = (vx, vy, vz) 7−→ Φ∗(v
i) = (0, vx, vy, vz), (2)

with p being a point in M and vi = (vx, vy, vz) being the components of the vector v

with respect to the coordinate basis ∂/∂xi ∈ TΦ(p)(Σ̂) associated with the coordinates

xi = (x, y, z) on the 3-manifold Σ̂ 71.

Additionally, the map Φ induces another map, Φ∗, called the pull-back map which, in

contrast to Φ∗, maps one-forms in T ∗
p (M) to one-forms in T ∗

p (Σ̂) as follows

Φ∗ : T ∗
p (M) −→ T ∗

p (Σ̂)

ω̃ 7−→ Φ∗(ω̃) : Tp(Σ̂) → R (3)

v 7→ 〈ω̃,Φ∗(v)〉 .

Thanks to (3), the pull-back map can be extended to the multi-linear forms on TΦ(p)(M):

let A a n-linear form on TΦ(p)(M), then Φ∗A will be the n-linear form on TΦ(p)(M) de-

fined by 72

Φ∗A(v1, ..., vn) = A(Φ∗(v1), ...,Φ∗(vn)). (4)

Of fundamental importance in the next subsection will be the map (4) on the metric

tensor of the spacetime M, denoted by g. The map h is called the induced metric on

71 Gourgoulhon 2012

72 Felice y Clarke 1992

46



Σ73 and is defined as

h = Φ∗g, (5)

such that

∀u, v ∈ Tp(Σ̂)⊗ Tp(Σ̂) =⇒ 〈u, v〉 = g(Φ∗(u),Φ∗(v)) = h(u, v). (6)

So, the next step consists in studying this and other operators.

1.2.2. Transverse and parallel projector operators One of the key ingredients

in cosmology is to define a unique family of fundamental observers, whose motion

represents the average motion of matter in the universe 74; observers that we shall re-

present by a narrow congruence of time-like curves γ representing the points at fixed

positions in each hypersurface Σ -or laboratory-. Therefore, the vector v is a member

of the tangent vector field V to this congruence such that, under a parametrization

τ , satisfies 〈v, v〉 = −1 on the congruence. Thus, we can see the hypersurface Σ

defined above as the set of points on the congruence having the same value of the

parameter τ , so it will represent the observer’s three-dimensional space-laboratory

at some given time 75.

We take a point p ∈ γ, and define V|p = v. Additionally, let π and h be endo-

morphisms onto Tp(M), defined as

73 Or 3-metric for simplicity.

74 Ellis, Maartens y MacCallum 2012b

75 Felice y Clarke 1992
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π(w) = −〈u,w〉u, (7)

h(w) = w − π(w), (8)

for all w ∈ V. In terms of components, we have

π(w)α = πα
β w

β : πα
β = −uα uβ, (9)

h(w)α = hαβ w
β : hαβ = δαβ + uα uβ. (10)

Now, we define the subspaces T⊥p(M) and T‖p(M) by 76:

T⊥p(M) =
{
n ∈ Tp(M) | 〈n, v〉 = 0

}
, (11)

T‖p(M) =
{
u ∈ Tp(M) | ∃λ ∈ R, u = λv

}
, (12)

called the orthogonal and parallel projections of the tangent space of M, respecti-

vely. By means of the definitions (11) and (12), we see that

π : Tp(M) 7−→ T‖p(M),

h : Tp(M) 7−→ T⊥p(M),

76 Felice y Clarke 1992

48



so these operators are identity maps when restricted to T‖p(M) and T⊥p(M), res-

pectively. Therefore, thanks to the definition of the operators h and π, we have that,

for all vectors w ∈ Tp(M), we can always decompose them as77

w = h(w) + π(w). (13)

As a consequence, we can decompose the tangent space Tp(M) into their orthogo-

nal and parallel parts as

Tp(M) = T⊥p(M)⊕ T‖p(M). (14)

The maps h and π are called the parallel and transverse operators of v at p 78. In

the case of the spacetime modelled as a 4-manifold, the orthogonal tangent space

T⊥p(M) is the tangent space of the 3-dimensional hypersurface Σ defined in the sub-

subsection 1.2.1, and the parallel tangent space T‖p(M) is associated to the time-like

wordline of the fundamental observer, then the vector n that spans T‖p(M) is called

the normal time-like vector.

Furthermore, thanks to (14), at each point p ∈ Σ, the space of all space-time vectors

can be orthogonally decomposed as

Tp(M) = Tp(Σ)⊕ span(n), (15)

77 Moreover, we can show that this decomposition is unique and that the correspondence between
Tp(M) and T‖p(M)⊕T⊥p(M) is an isomorphism. For more details, see Andrzej Trautman, FAE Pi-
rani y H Bondi: Lectures on General Relativity: Brandeis Summer Institute in Theoretical Physics.
1965.

78 Felice y Clarke 1992
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where span(n) means the 1-dimensional subspace of Tp(M) generated by the nor-

mal vector n 79.

In the sub-subsection 1.2.1 we noticed that the embedding Φ of Σ̂ in M induces the

push-forward (2) and the pull-back (3), but does not induce the inverse mappings80.

However, the orthogonal projector operator h provides naturally this “reverse” map-

ping: from its definition, h is a mapping TΦ(p)(M) → Tp(Σ̂), so we can construct with

it a mapping h∗ : T ∗
p (Σ̂) → T ∗

Φ(p)(M) such that, for any 1-form ω̃ ∈ T ∗
Φ(p)(Σ̂), we shall

have

h∗(ω̃) : TΦ(p)(M) −→ R

v 7−→ 〈ω̃,h(v)〉 , (16)

which defines a linear form in T ∗
Φ(p)(M). Of course, the definition (16) can be exten-

ded to any multilinear form A -as we did in (4)- acting on Tp(Σ̂) as follows

h∗(A) : TΦ(p)(M)⊗ ...⊗ TΦ(p)(M) −→ R

(v1, ..., vn) 7−→ A(h(v1), ...,h(vn)). (17)

As we did in (5), let us apply this definition to a metric tensor: the induced metric

h. Hence, h∗(h) constitutes a bilinear form on M, which coincides with (5) when its

arguments are tangent vectors of Σ and it also gives zero if any of its arguments is a

vector in T⊥p(M), i.e. a vector parallel to the normal vector n 81. Since it constitutes

79 Gourgoulhon 2012

80 Namely, the push-forward map provides a bridge from Tp(Σ̂) to TΦ(p)(M) and the pull-back one
from T ∗

Φ(p)(M) to T ∗
p (Σ̂), but this does not mean that it provides a bridge in a reverse way in both

cases.

81 ibíd.
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an “extension” of (5) to all vectors in TΦ(p)(M), we shall denote it by the same symbol:

h := h∗(h). (18)

Fortunately, this can be expressed in terms of the spacetime metric g and the dual

of the normal vector, denoted as ñ, according to

h = g + ñ⊗ ñ; (19)

or in components as

hαβ = gαβ + nαnβ, (20)

that coincides with (10) since n is parallel to u.

Finally, thanks to (13) and (15), the space-time distance between points p and p′

infinitesimally close in M can be decomposed as 82

δs2 = gαβ δx
α δxβ = −(δt)2 + (δl)2, (21)

with

(δt)2 = −παβ δxα δxβ, (22)

82 Felice y Clarke 1992
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(δl)2 = hαβ δx
α δxβ. (23)

This corresponds to the infinitesimal time interval and space distance between p and

p′, respectively, as measured by V as in special relativity83.

1.3. Kinematic properties of cosmological models

In cosmology, a physically motivated choice of preferred motion exists for the matter

components of the cosmological model under study. Generally, such an alternative

corresponds to a preferred 4-velocity field uα that generates a preferred congruence

of fundamental observers 84. For this reason, it is fundamental to study the 3 + 1

decomposition of the spacetime M about uα as we did in the former section.

Once this is done, we shall study the kinematics of the cosmological models to des-

cribe how the geometrical evolution is with respect to the proper time of the fun-

damental observers’ congruence. Therefore, the fundamental observers will be co-

moving with the matter-defined 4-velocity uα; however, if we change our choice of

fundamental 4-velocity, the kinematics of the model will transform in a well-defined

way 85. Thus, to describe the space-time geometry, it is necessary to use comoving-

type coordinates adapted to the fundamental observers, which are defined locally as

follows 86:

1. We choose a hypersurface Σ that intersects each fundamental observer world-

line and label each integral curve at the point where it intersects Σ with yi

coordinates.

83 To check that this is the correct interpretation, see the chapter 9 in De Felice’s book Felice y Clarke
1992.

84 Ellis, Maartens y MacCallum 2012b

85 Bondi 1961

86 Ellis, Maartens y MacCallum 2012b
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2. We extend this labelling off Σ by maintaining the same labelling for the wordli-

nes at later and earlier times. Thus, the yi are comoving coordinates: the value

of the coordinates is maintained along each worldline.

3. We define a time coordinate t along the fluid flow lines.

In this way, the couple (yi, t) are said to be comoving coordinates adapted to the

flow lines87. Even more, this choice of “preferred coordinates” preserves (i) the time

transformations {t′ = t′(t, yi), yi
′
= yi}, corresponding to a new choice of time hyper-

surface and (ii) coordinate transformations {t′ = t, yi
′
= yi

′
(yi)}. Also is convenient to

use a normalized time s, such that the coordinates xα = (s, yi) are called normalized

comoving coordinates, where s measures the proper time from Σ along the wordli-

nes.

In cosmology, the matter components allow us to make a physically motivated choice

of preferred motion88, which implies a preferred 4-velocity uµ at each point 89, as a

unit time-like vector

uµ =
dxµ

dτ
⇒ 〈u, u〉 = −1, (24)

or in normalised comoving coordinates as

uµ = δµ0 ⇔ ds

dτ
= 1,

dyi

dτ
= 0. (25)

87 In general, the surfaces t = cte will not be orthogonal to the fundamental worldline; indeed, in ge-
neral, it is not possible to choose a time coordinate for which these hypersurfaces are orthogonal
Ellis, Maartens y MacCallum 2012b.

88 We could, for example, choose the cosmic microwave background frame in which the dipole
radiation vanishes or the frame in which the total momentum density of all components vanishes.

89 ibíd.
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In general, this vector will be given by

uµ =

(
∂xµ

∂s

)
yi=cte

. (26)

Notice that this vector is closely linked to the normal vector n and the subspace

T⊥p(M) defined in (11).

Let γ(λ) be a curve on Σ with coordinates (s, yi), such that it links a set of funda-

mental observer worldlines in that hypersurface. At all times, the same curve links

the same congruence. Strictly speaking, the curve is dragged along by the world

lines from Σ to any other hypersurface where s = cte. Naturally, we define the vec-

tor βµ = (dxµ/dλ) δλ tangent to this curve, given in the comoving coordinates by

βµ = (0, δyi) with δyi = (dyi/dλ) δλ, such that it links the same pair of infinitesimally

closed worldlines. In general coordinates xµ, this vector will given by

βµ =

(
∂xµ

∂yi

)
s=cte

δyi. (27)

However, this does not imply that (27) will be in general orthogonal to the fundamen-

tal observers’ worldlines. So, it will represent spatial and temporal displacements

between neighbours’ fundamental observers 90.

Through (27), we define the relative position vector as the orthogonal projection of

βµ with respect to uµ by means of the h operator defined in (19), and denoted as

β〈a〉. This projected vector shall represent a spacetime displacement between neigh-

bours’ wordlines if and only if the relative velocity between them is not too large.

Once defined (27), the relative velocity will correspond to its time derivative projected

90 Ellis, Maartens y MacCallum 2012b
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orthogonally concerning uµ to produce a vector in its rest frame β̇〈a〉 := va. So, we

define the relative velocity as va = β̇〈a〉. Even more, as a consequence of (26) and

(27), va takes the form

va = Ha
b β

〈b〉 : Ha
b := h c

ah
d
b ∇d uc = ∇̄b ua, (28)

where the operator ∇̄b is the 4-dimensional covariant derivative projected onto the

three-dimensional hypersurface Σ 91. As an important fact, one can think about the

Ha
b tensor as measuring the failure of βa to be parallel-transported along the funda-

mental observers’ congruence.

To describe the cosmological kinematic quantities, we have to split Ha
b in its irredu-

cible parts:

Hab = H(ab) +H[ab] = Θab + ωab, (29)

where Θab = Θ(ab) = ∇̄(aub) and ωab = ω[ab] = ∇̄[bua] are known as the expansion and

vorticity tensors, respectively92. Moreover,

Θab = Θ〈ab〉 =
1

3
Θc

c hab := σab +
1

3
Θhab, (30)

where σab -known as the shear tensor- is the projected symmetric tracefree (PSTF)

part of Θab, i.e. σab = ∇̄<aua. On the other hand, Θ corresponds to the volume ex-

pansion tensor, as the trace part Θ = ∇̄au
a93. Let us interpret the physical meaning

91 Ellis, Maartens y MacCallum 2012b

92 Further details about its definitions can be found in Appendix 3.

93 All of this splitting is invariant because these are tensor equations. Thus, the splitting will be the
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of each of these tensor quantities through different types of cosmological models 94

F A pure expansion universe (ωab = σab = 0): in this situation, if we consider a

sphere of galaxies of radius δl (see eq.(23)) around us at time t, the distances

to all galaxies at time t+ δt have increased by dl = Θδlδt/3 and their directions

have all remained unchanged, so the galaxies then form a larger/shorter sphe-

re with each galaxy lying in the same direction as before. Therefore, we have a

distortion-free expansion without any rotation.

F A pure shear universe (ωab = Θ = 0): in this case, the galaxies sphere at time t

will suffer a change in one of its j-principal axis directions, so it will have chan-

ged an amount dl = σjδlδt and the galaxies’ directions remain unchanged.

Thus, the galaxies form an ellipsoid, expanded in one direction but contrac-

ted in the others, such that the volume is preserved. Hence, we have a pure

distortion without any rotation or change of volume.

F A pure vorticity universe (σab = Θ = 0): in this case, the galaxies experience a

rotation that preserves the distances, such that the unique possibles changes

are due to pure rotation. So, this represents a pure rotation without distortion

or expansion.

1.4. Homogeneous and anisotropic cosmologies

In this subsection, we shall formalise mathematically the concepts given intuitively

in subsection 1.1 by means of all the mathematical and physical machinery given in

the subsequent subsections, plus another mathematical tool, which is the theory of

Lie groups and Lie algebras, that we shall discuss.

same irrespective of what coordinates, or frames are used Ellis, Maartens y MacCallum 2012b.

94 ibíd.
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Stationarity means that there exists a Killing vector field which is everywhere time-

like, and then the space exhibits time independence. Staticity, for its part, additionally

requires that the time-like Killing vector field be also hypersurface-orthogonal. If the-

re is a group of motions that leave a point p fixed on the manifold, this is called an

isotropy group. Homogeneity occurs when a group acts transitively on the whole of

spacetime; specifically, spatial homogeneity occurs when a group acts transitively on

spatial sections 95. All of these things will be formalized in this section to construct

the Bianchi models, the heart of this investigation project.

As mentioned in the prolegomenon , we will trust or assume the veracity of the Co-

pernican principle, i.e. we shall use cosmologies with three-dimensional spatially

homogeneous hypersurface Σ sections. So, we will focus on 4-manifolds with 3-

dimensional spatially homogeneous hypersurfaces of simultaneity. However, what

does it mean to study a cosmology?

A cosmology 96: A cosmology consists of the quartet (M, g, u,Γ), with M being

the four-dimensional spacetime manifold, g being the spacetime metric tensor, u

being the time-like velocity field of the fundamental observers’ congruence and Γ

being the matter content.

1.4.1. Homogeneity We think of a manifold M as possessing a symmetry if the

geometry is invariant under a certain transformation that is an endomorphism on M;

namely, if the metric is the same, in some sense, from one point to another. Symme-

tries of the metric are called isometries 97.

95 MacCallum 1973

96 Normann 2020

97 S. Carroll: Spacetime and Geometry: An Introduction to General Relativity. Addison Wesley, Mas-
sachusetts, USA, 2004
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Isometry 98: A diffeomorphism ϕ : M 7→ M will be said to be an isometry if it carries

the metric into itself, that is, if the mapped metric ϕ∗g by the pull-back map ϕ∗, is

equal to g at every point. Then, the map ϕ∗ preserves the scalar products, as

g(X,Y )|p = ϕ∗g(ϕ∗X, ϕ∗Y )|ϕ(p), (31)

with X and Y being vector fields on Tp(M).

Moreover, the set of all one-parameter diffeomorphisms that are isometries forms a

group under the binary operation of composition99, called the isometry group.

Isometry group 101: The isometry group is denoted by Isom(M) and defined by

Isom(M) :=
{
ϕ : M 7−→ M | ϕ is an isometry

}
. (32)

With this definition, we can formalise mathematically the homogeneous spaces pre-

sented in 1.1 as follows.

Homogeneous spaces 102

If for each pair of points p, q ∈ M there exists a ϕ ∈ Isom(M) so that ϕ(p) = q, then

we say that M is a homogeneous space. In other words, a homogeneous space is

a space where you can get from one point to any other point using an isometry.

98 S.W. Hawking y G.F.R. Ellis: The Large Scale Structure of Space-Time. Cambridge Monographs
on Mathematical Physics. Cambridge University Press, Cambridge, UK, 1975

99 To check the proof, see chapter 2 in De Felice’s book 100

101 Grøn y Hervik 2007

102 ibíd.:
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Thus, homogeneity is a measure of how similar a manifold looks as we move from

point to point. To the one-parameter group of diffeomorphisms, a notion of an underl-

ying vector field is attached, such that this vector field is at every point p tangent to

the orbit103 of p 104.

Indeed, if the local one-parameter group of diffeomorphisms ϕt generated by a vector

field X is a group of isometries, we call the vector field X a Killing vector field. Thus,

the Lie derivative of the metric tensor g with respect to X is

LX g = ĺım
t→0

1

t
(g − ϕ∗

tg) = 0, (33)

since g = ϕ∗
tg

105. In conclusion, on a homogeneous manifold, there always exist

Killing vectors -denoted as {ξµ}- generating isometries by connecting any two points

on the manifold; these vectors are fundamental for understanding the notion of iso-

tropy.

1.4.2. Isotropy At any point p on M, the tangent space Tp(M) is a vector space

with the same dimension n of the manifold. Thus, any collection of n-linearly inde-

pendent vectors in Tp(M) is a basis for this space 106.

A n-dimensional manifold will be homogeneous if the number of Killing vectors {ξµ}

is equal to or larger than the dimension of the manifold 107. Denoting the number of

103 To check what an orbit is, see the Appendix 6.2.

104 Normann 2020

105 Hawking y Ellis 1975

106 Schutz 1980b

107 Grøn y Hervik 2007
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Killing vectors as m, we shall require that m ≥ n as a homogeneity requirement. So,

the case where m > n means that not all Killing vectors can be linearly indepen-

dent: the points where this happens are called singular points 108. Furthermore, the

difference

d = m− n, (34)

tells us the measure of how many transformations are left that will leave the metric

invariant upon having subtracted the n transformations that satisfy the homogeneity

requirement on an n-dimensional manifold. In other words, d corresponds to the in-

finitesimal transformations which leave p fixed. For this reason, d is said to be a

measure of what we call isotropy 109110.With all these ideas in mind, we define the

isotropy subgroup of a point p ∈ M as follows:

Isotropy subgroup 111:

Take a point p ∈ M. Then, the isotropy subgroup of p is defined as

Isop(M) =
{
ϕ ∈ Isom(M) |ϕ(p) = p

}
. (35)

Hence, the isotropy group is a subgroup of the isometry group (32) that leaves

the point p fixed 112. Moreover, the isometry group and isotropy subgroup are Lie

108 MacCallum 1973

109 Normann 2020

110 Many examples of this idea are given in section C of MacCallum 1973.

111 Normann 2020

112 Grøn y Hervik 2007
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groups113 associated with a Lie Algebra115.

The importance of the concept of Lie algebra is that there is a certain finite-dimensional

Lie algebra intimately associated with each Lie group and that properties of the Lie

group are reflected in properties of its Lie algebra. The connection between these

two topics is given by the following theorem116:

The Lie algebra of a Lie group 117: Let G be a Lie group. Then the tangent space

of G at the identity element Te(G) is a Lie algebra, i.e.

g = Te(G). (36)

As we saw, the Killing vectors {ξµ} are the generators of the isometries on the ma-

nifold at a particular point p. Moreover, {ξµ} corresponds to an element of the Lie

algebra of the isometry Lie group Isom(M). Furthermore, the Killing vector field of

the whole manifold forms a finite-dimensional vector space, such that its algebra is

isomorphic to the Lie algebra of Iso(M) 118.

Until now, we have two vector fields: the Killing vectors field {ξµ} and the vector

113 A Lie group is a group G which is also a manifold with a C∞ structure, such that for all x, y ∈ G, we
have that (x, y) 7→ xy and x 7→ x−1 are C∞ functions 114. This topic will be deepened throughout
the development of the thesis.

115 A Lie algebra g over R is a real vector space g together with a bilinear operator [ , ] : g×g → g
called bracket such that for all x, y, z ∈ g the bilinear operator is anti-commutative and satisfy the
Jacobi identity F.W. Warner: Foundations of Differentiable Manifolds and Lie Groups. Graduate
Texts in Mathematics. Springer, New York, USA, 2013. Again, this topic will be deepened th-
roughout the development of the thesis.

116 To check the proof, see section 3.3 in Hervik 2014.

117 Grøn y Hervik 2007

118 ibíd.
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field associated with the Lie algebra at the identity element e as a consequence of

the theorem 1.4.2, denoted as {eµ}. Since both arise from the same Lie group, we

may wonder if they represent the same algebra. We assume that both vector fields

coincide at a point p ∈ M; of course, this choice is always possible since they are

linearly independent by assumption and both span the tangent space at every point.

Thus, there will exist, by the inverse function theorem for manifolds119, an invertible

Jacobian matrix as a map 1-1 between these vector fields 120. However, this matrix is

position-dependent. Quite the contrary happens with the structure constants, so we

can evaluate them without trouble at the point p.

Let Dλ
µν be the structure coefficients of the Killing vector, and Cλ

µν the structure coef-

ficients of the Lie algebra at the identity element of the Lie groups, such that

[ξµ, ξα] = Dλ
µν ξλ and [eµ, eα] = Cλ

µν eλ. (37)

The structure constants are just different representations of the same Lie algebra, so

if we choose that the vector fields ξµ and eα coincide at one point, then the structure

constants will differ only by a sign121. Once the Lie algebra of the Killing vector fields

has been studied, we can understand the algebraic properties of the isometry group

Isom(M) and the isotropy subgroup Isop (M). With all of this in mind, we come

back for a while to the definition of the eq.(34): when not all the Killing vectors at p

are linearly independent, they have to span a tangent space of dimension s < r, with

119 Suppose M and N are smooth manifolds, and F : M → N is a smooth map. If p ∈ M is a point
such that the differential of F at p, dFp, is invertible, then there are connected neighbourhoods
U0 of p and V0 of F (p) such that F |U0

: U0 → V0 is a diffeomorphism J.M. Lee: Introduction to
Smooth Manifolds. Graduate Texts in Mathematics. Springer, 2003.

120 Y. Choquet-Bruhat, C. DeWitt-Morette y M. Dillard-Bleick: Analysis, Manifolds and Physics Revi-
sed Edition. Analysis, Manifolds and Physics. Elsevier Science, Oxford, UK, 1982

121 Strictly speaking, we say that eα defines a left-invariant frame, while ξµ defines the right-invariant
one 122. To see the proof of this statement, see Chapter 15 in Grøn y Hervik 2007.
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r being the dimension of Isom(M). So, analogously as we did in (34), we can have

a measure of isotropy as the difference.

d = r − s, (38)

which represents the dimension of the isotropy subgroup Isop(M). Thus, the Killing

vector fields that vanish at p form a subgroup of dimension d that leaves p fixed,

according to (34). With all of these tools, we can classify both the isotropic and

homogeneous properties of the space as follows 123 :

? The dimension d of Isop(M) of the manifold (M, g) determines the isotropic

properties of the manifold.

? The dimension s of the orbit of Isom(M), i.e. the dim((ξµ)) at a point p deter-

mines the homogeneity properties of the manifold.

According to definition 1.4, we are interested in four dimensional manifolds. Further-

more, the case s = 4 has to correspond to a static universe because there is no

change with respect to time. Moreover, we shall study expanding cosmological mo-

dels so that we shall impose that the dimension of the orbit at p ∈ M under Isom(M)

is equal to the dimension of the spatial hypersurface Σ, i.e. we impose s = 3.

Once specified s, we must also specify the dimension d of the isotropy group 124:

F d = 3: Isotropic. These models correspond to r = 3 and are maximally sym-

metric, known as the Friedmann-Lemaître-Robertson-Walker models.

F d = 1: Locally rotationally symmetric (LRS). In this case, we must have r = 4,

such that Isop(M) = SO(2).

123 Normann 2020

124 ibíd.
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F d = 0: Anisotropic. They are called the Bianchi models.

In this research work, we will focus only on the Bianchi models. So, we shall restrict

our study to consider a manifold that has

s = 3 and d = 0. (39)

Along the document, we shall see that the algebraic properties of the Lie group

can be understood in terms of the corresponding Lie algebra, thanks to the theo-

rem 1.4.2. To understand the total anisotropy case, we shall classify the three-

dimensional Lie-algebras by means of the orthonormal frame.

1.5. Orthonormal frame formalism

A cosmological model (M,g,u,Γ) describes the universe via a Lorentzian metric g,

an expanding observer congruence with 4-velocity u, and matter content Γ. Its dyna-

mics result from interactions between matter and geometry, governed by the Einstein

field equations.

Based on the ideas of Ellis and MacCallum 125, it is useful to express the cosmologi-

cal models in terms of a vector basis {eµ} and its dual 1 -form basis {ωµ}, ensuring

mutual orthogonality and unit length, with e0 being timelike. The metric tensor com-

ponents then satisfy the relation

g(eµ, eν) = ηµν : ηµν = diag(−1, 1, 1, 1). (40)

Relative to this orthonormal frame, the line element takes the form

125 G. F. R. Ellis y Malcolm A. H. MacCallum: A Class of homogeneous cosmological models. En:
Commun. Math. Phys. 12 (1969), págs. 108-141. DOI: 10.1007/BF01645908
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ds2 = ηµν ω
µ ⊗ ων . (41)

For any given basis of vector fields eµ, the commutators [eµ, eν ] also form vector fields

and can therefore be expressed as a linear combination of the basis vectors:

[eµ, eν ] = γλµν eλ : γλµν = γλµν (x
β), (42)

where the coefficients γλµν are called the commutation functions of the basis126.

By means the Levi-Civita connection to define the covariant derivatives ∇, the con-

nection components relative to a basis {eµ} are the set of functions Γβ
µν defined by

writing the vector fields ∇eνeµ as linear combinations of the basis vectors:

∇eνeµ = Γβ
µν eβ.

Since the connection is assumed to be torsion-free and compatible with the metric

(∇g = 0), it follows that the connection components are related to the derivatives of

the metric components and the commutation functions by means of 127

Γβµν =
1

2

[
eµ(gβν) + eν(gµβ)− eβ(gνµ) + γανµ gβα + γαβν gµα − γαµβ gνα

]
, (43)

where Γβµν = gβω Γ
ω
µν .

126 The connection between these functions and the structure constants in (37) will be relevant for
the classification of Bianchi models in the following chapter.

127 J. M. Stewart: Advanced general relativity. Cambridge Monographs on Mathematical Physics.
Cambridge University Press, abr. de 1994. DOI: 10.1017/CBO9780511608179
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If we use an orthonormal frame (41), the 24 commutation functions γλµν are the basic

variables and the gauge freedom present in the Einstein equations is reduced to

an arbitrary Lorentz transformation, representing the freedom in the choice of the

orthonormal frame 128. Additionally, when we apply the usual Jacoby identities for

vector fields to the basis vectors {eµ}, they yield a set of 16 identities summarised as

e[µγ
β
νω] − γβα[µγ

α
νω] = 0. (44)

These identities, combined with the Einstein field equations, yield first-order evolution

equations for certain commutation functions and impose constraints involving only

spatial derivatives. This approach, known as the orthonormal frame formalism129,

naturally facilitates the application of dynamical systems methods due to its direct

formulation in terms of first-order evolution equations.

Essentially, the orthonormal frame formalism provides a 1 + 3 decomposition of the

Einstein field equations into evolution and constraint equations, relative to the timeli-

ke vector field e0 in an orthonormal frame {eµ}. In cosmology, e0 is typically chosen

as the fundamental 4-velocity u or, in models with an isometry group, as the normal

to the spacelike group orbits. The expansion rate scalar Θ plays a crucial role in the

evolution equations, but in cosmological applications, it is usually replaced by the

Hubble scalar H = 1
3
Θ 133.

128 John Wainwright y George Francis Rayner Ellis: Dynamical systems in cosmology. Cambridge
University Press, 1997

129 The pioneers behind this formalism in the cosmological context were Ellis 130, Ellis & MacCallum
131 and McCallum 132.

133 Wainwright y Ellis 1997
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1.5.1. Conmutation functions as variables In the orthonormal frame in which

the metric has components ηµν and the basic variables are the commutation fun-

ctions γβµν , the components of the Levi-Civita connection given in (43) reduce to

Γβµν =
1

2

(
γανµ ηβα + γαβν ηµα − γαµβ ηνα

)
. (45)

We shall represent the commutation functions in terms of fundamental algebraic

quantities, ensuring that some possess clear physical or geometrical meaning. Spe-

cifically, the commutation function with a time index can be expressed through the

kinematic properties of the timelike congruence (u = e0), including the scalar ex-

pansion Θ, the four-acceleration u̇µ, the shear σµν , and the vorticity vector ωµ, as

introduced in Section 1.3. Additionally, it incorporates the quantity

Ωa =
1

2
εabceµb ecµ;νu

ν , (46)

which represents the local angular velocity of the spatial frame {ea} relative to a

Fermi-propagated spatial frame134. Furthermore, it can be shown that the commuta-

tion functions can be rewritten as 135

γa0b = −σ a
b −Hδ a

b − εabc(ω
c + Ωc),

γ00a = u̇a,

γ0ab = −2ε c
abωc.

(47)

Here, σab, ωa, and u̇a represent the nonzero components of σµν , ωµ, and u̇µ in the

orthonormal frame, respectively. On the other hand, the spatial components of the

commutation functions can be decomposed into a symmetric two-index quantity nab

134 For further details, see Chapter 6 in Misner, Thorne y Wheeler 1973.

135 Wainwright y Ellis 1997
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and a one-index quantity ab, given by 136:

γcab = εabmn
mc + aaδ

c
b − abδ

c
a. (48)

The decomposition introduced, in conjunction with the orthonormal frame formalism,

will play a fundamental role in the systematic classification of Bianchi cosmologies

as formulated by Schücking, Behr, and Bianchi 137. A comprehensive analysis of this

classification will be undertaken in the subsequent chapter.

136 Wainwright y Ellis 1997

137 E. Schucking y O. Heckmann: “World Models”. En: 11ème Conseil de Physique de l’Institut In-
ternational de Physique Solvay: La structure et l’évolution de l’univers : rapports et discussions.
1958, págs. 149-162
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2. Bianchi classification

This chapter builds extensively on chapter 4 in Cosmological models from a geome-

tric point of view 138, chapter 15 in Einstein’s General Theory of Relativity 139, chapter

1 and 6 in Dynamical Systems in Cosmology 140, A Class of Homogeneous Cos-

mological Models 141, On the Three-Dimensional Spaces which Admit a Continuous

Group of Motions 142 and The Bianchi models: then and now 143.

In section 1.2, we assume that the four-dimensional manifold M can be foliated in

three-dimensional spatial sections:

M = R× Σt.

The time variable is represented by R, with each Σt corresponding to a three-dimensional

homogeneous hypersurface labelled by a specific time parameter. However, how

many different possibilities do we have for Σt under these conditions? The answer

depends on how many different Lie algebras we have in three dimensions. What

Bianchi really did was to classify the three-dimensional Lie algebras. Still, the Lie

algebra can be taken as that of the isometry group, so that it can be shown that both

138 MacCallum 1973

139 Grøn y Hervik 2007

140 Wainwright y Ellis 1997

141 Ellis y MacCallum 1969

142 Luigi Bianchi: On the three-dimensional spaces which admit a continuous group of motions.
En: Memorie di Matematica e di Fisica della Società Italiana delle Scienze 11 (ene. de 1898),
págs. 267-352

143 G. F. R. Ellis: The Bianchi models: Then and now. En: Gen. Rel. Grav. 38 (2006),
págs. 1003-1015. DOI: 10.1007/s10714-006-0283-4
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turn out to be equivalent 144.

Bianchi cosmology 145: A Bianchi cosmology (M,g,u,Γ) is a model whose metric

admits a three-dimensional group of isometries acting simply146 transitively on spa-

celike hypersurfaces, which are surfaces of homogeneity Σt in spacetime.

Thus, any Bianchi model admits a Lie algebra of Killing vector fields with basis ξi and

structure constants Ci
jk such that satisfy the condition (37).

The group orbits, referred to as surfaces of homogeneity, have associated tangent

vectors ξi. The fundamental 4-velocity u may align perpendicularly with these orbits,

characterising orthogonal (non-tilted) models, or it may have a component along

them, defining tilted models. We shall focus on non-tilted models.

Following the Bianchi ideas, we shall classify the different Lie algebras of the Killing

vector fields, and hence the associated isometry group 147. This is equivalent to clas-

sifying the structure constants Ci
jk, which transform as a tensor of rank (1, 2) under a

change of the basis of the Lie algebra and satisfy the following two restrictions:

Ci
jk = −Ci

kj and Ci
j[kCn

lm] = 0. (49)

The first condition reflects the antisymmetry of the structure constants, while the

second is equivalent to the fulfilment of the Jacobi identity. The Bianchi classification

is based on the distinct types of three-dimensional Lie algebras, each designated by

144 Ellis 2006

145 Wainwright y Ellis 1997

146 What act simply transitively means is a matter of discussion in Appendix 6.2.

147 Bianchi 1898
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a Roman numeral from I to IX. Utilizing any of these algebras, one can formulate

a spatially homogeneous cosmological model. However, the defining feature of each

Bianchi model lies in its specific structure constants, which are determined through

a decomposition originally attributed to Bianchi 148, Schücking 149 and Behr 150151.

2.1. Bianchi-Schücking-Behr classification

Based on the decomposition made for the commutation functions in (48), we shall

decompose the structure constants in terms of the trace-free part and trace part by

means of

Ck
ij = εijmn̂

mk + âiδ
k
j − âjδ

k
i , (50)

where n̂mk = n̂km and âi are constants. The hats distinguish these quantities from the

corresponding ones in (48), which are not constant in general 152. The antisymmetric

nature of Ck
ij becomes manifest when expressed in this form, while the Jacobi identity

(49) is equivalently rewritten as

n̂ij âj = 0. (51)

By allowing an arbitrary linear transformation of the tangent space at a given point in

148 Bianchi 1898

149 Schucking y Heckmann 1958

150 F. B. Estabrook, H. D. Wahlquist y C. G. Behr: Dyadic Analysis of Spatially Homogeneous World
Models. En: J. Math. Phys. 9.4 (1968), págs. 497-504. DOI: 10.1063/1.1664602

151 This classification has an interesting history; for details, see Andrzej Krasinski et al.: The Bianchi
classification in the Schucking-Behr approach. En: Gen. Rel. Grav. 35 (2003), págs. 475-489. DOI:
10.1023/A:1022382202778.

152 Wainwright y Ellis 1997
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spacetime, the tensors Ck
ij -and consequently, the associated isometry groups- are

categorised into ten distinct equivalence classes. These classes are systematically

characterized using the quantities n̂ij and âj 153. The classification begins by distin-

guishing between class A, where âj = 0, and class B, where âj 6= 0.

From equation (51), there remains the freedom to perform an arbitrary time-dependent

rotation of the basis {ea} within each homogeneous hypersurface Σt. This freedom

allows for n̂ij to be rendered diagonal at each Σt, while also permitting a suitable rela-

belling or reversal of the coordinate axes to modify the signs of its diagonal elements.

Consequently, an appropriate basis can always be selected such that

n̂ij = diag (n̂1, n̂2, n̂3) and âi = (â, 0, 0), (52)

and (51) then reads

n̂1â = 0. (53)

This enables the classification of each Bianchi model class by examining the eigen-

value signatures of the symmetric tensor n̂ij, as outlined in table 1. The designation

of these equivalence classes adheres to the Bianchi-Schücking-Behr classification

framework 154.

In table 1, the last column shows which equivalence classes admit one of the three

Robertson-Walker models. Each equivalence class of tensors Ck
ij forms a linear sub-

manifold of the space of all 3-index tensors. The dimensions of these submanifolds

153 Collins y Hawking 1973

154 Krasinski et al. 2003
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are given in the fourth column.

Group Class Group Type Eigenvalues of n̂ij Dimension Contains Robertson-Walker?
6*A I 0, 0, 0 0 k=0

II +, 0, 0 3
VI0 0,+,− 5 k = 0

VII0 0,+,+ 5
VIII −,+,+ 6 k = +1

IX +,+,+ 6
4*B V 0, 0, 0 3 k = −1

IV 0, 0,+ 5
VIh 0,+,− 6 k = −1

VIIh 0,+,+ 6

Tabla 1. Classification of the Bianchi cosmologies into ten equivalence classes
using the eigenvalues of n̂ij. Taken from 155.

The VIh and VIIh classes are unique in that they admit a further refinement into five-

dimensional equivalence classes, each distinguished by a parameter h 6= 0. This

parameter is determined through the relation 156

âb âc =
h

2
εbik εcjl n̂

ij n̂kl. (54)

Or taking into account (53), it can be rewritten as

â2 = h n̂2 n̂3, (55)

so that h is well defined if and only if n̂2 n̂3 6= 0 in class B models. Note that h < 0 in

type VIh and h > 0 in type VIIh. Additionally, the type VIh with h = −1 is sometimes

referred to as Bianchi type III 157.

156 Collins y Hawking 1973

157 Grøn y Hervik 2007
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2.2. How to construct a Bianchi cosmology?

Let n̂ denote the unit vector field orthogonal to the orbits of the isometry group

Isom(M) (see Definition 1.4.1)158. Consequently, n̂ is tangent to a geodesic con-

gruence and satisfies the condition n̂[µ,ν] = 0. This naturally leads to the definition of

the time coordinate t, given by 159:

nµ = −t,µ,

such that the group orbits are contained within some hypersurface Σt. Furthermore,

the unit vector n̂ remains invariant under the action of the isometry group defined in

(37); that is160,

[ξa, n̂] = 0. (56)

We can select a triad of spacelike vector fields {ea} that are tangent to the group

orbits, satisfying the orthogonality condition g(n̂, ea) = 0. Additionally, these vectors

are either Lie-dragged along the Killing vector fields or, conversely, the Killing vector

fields are Lie-dragged along them:

ejξi = −ξiej = 0. (57)

158 In practice, it will be the 4-velocity of the fundamental observers.

159 Wainwright y Ellis 1997

160 In fact, the opposite is also true: the isometry group is invariant under the unit vector n̂ Grøn
y Hervik 2007.
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The frame {n̂, ea} is commonly referred to as the group-invariant frame 161. Con-

sequently, the components of the metric in this frame, as well as the commutation

functions, must satisfy the following conditions:

g00 = −1, g0i = 0, gij = gij(t) and γλµν = γλµν(t). (58)

Since the congruence n̂ is hypersurface-orthogonal, the vector fields {ea} form a Lie

algebra with structure constants γabc, which remain constant within each hypersur-

face Σt. Moreover, this algebra is isomorphic to the Lie algebra of the Killing vector

fields, as established in (37). Consequently, the classification of Bianchi cosmolo-

gies can be performed using either the structure constants Ck
ij (i.e., n̂ij and âi) or the

spatial commutation functions γkij (i.e., nij and ai). The remaining arbitrariness in the

frame choice corresponds to a time-dependent linear transformation, explicitly given

by

ẽi = Λ j
i (t) ej. (59)

By exploiting this remaining freedom, we can define a set of time-independent spatial

vector fields {Ei} that satisfy the condition given in (56). Consequently, the commuta-

tion functions remain constant, allowing us to apply a constant linear transformation

that equates them to the structure constants of the corresponding Lie algebra,

[Ei, Ej] = Ck
ij Ek. (60)

In this approach, known as the metric approach 162, the basic variables are the frame

161 Wainwright y Ellis 1997

162 ibíd.
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components of the metric gij(t)
163. The one-forms ωi, which are dual to the frame

vectors Ei are also group invariant, time-independent and satisfy the Maurer-Cartan

structure equation

dωk = −1

2
Ck

ij ω
i ∧ ωj. (61)

Here, d represents the exterior derivative and ∧ denotes the exterior product. In

essence, constructing a Bianchi-type cosmological model requires selecting the ap-

propriate structure constants corresponding to its Lie algebra and solving equation

(61) to determine the specific basis of one-forms. This procedure enables the explicit

construction of the metric components, allowing the spacetime line element to be

expressed as

ds2 = −dt2 + gij(t)ω
i ⊗ ωj. (62)

In general, this metric will exhibit the symmetries associated with the correspon-

ding Bianchi group, ensuring consistency with the underlying algebraic structure of

the model. Additionally, in Bianchi models with conformal expansion, we can always

choose coordinates so that the line-element takes the form164

ds2 = −dt2 + a2(t) h̃ab (x
c) dxa dxb, (63)

where a(t) is the scalar factor that controls the distances in Σt
165, h̃ab(xc) is the spa-

163 In the context of Bianchi models, this approach is quite useful when we want to introduce the
Lagrangian and Hamiltonian formalism Grøn y Hervik 2007.

164 Thorsrud 2018

165 Essentially, it is the scalar factor analogue to the usual FLRW cosmologies.
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tial part of the induced metric defined in (18) and is related with them by means of a

conformal transformation hab(xµ) = a2(t) h̃ab(x
c). We shall study this important parti-

cular case in chapter 166 (cf. theorem 5.2).

Below, for each Bianchi model, referred to as B(I-IX), we present the corresponding

structure constants alongside the basis 1-forms that satisfy equation (61), based on

chapter 11 in 167 and chapter 2 in 168.

? B(I): Class A. The tensor n̂ij has three zero eigenvalues, indicating that the

group is Abelian. Consequently, the structure constants vanish, i.e., Ck
ij = 0. A

suitable set of basis 1-forms is given by

{ωi} = {dx, dy, dz}.

? B(II): Class A. The tensor n̂ij has two zero eigenvalues, with the only non-zero

structure constant given by C3
12 = −1. A suitable set of basis 1-forms is given

by

{ωi} = {dx, dy, dz− x dy}.

? B(III): Class B. The tensor n̂ij possesses a single zero eigenvalue, while the

remaining two eigenvalues exhibit opposite signs. Type III can be decomposed

into the direct sum of Lie algebras of dimensions 1 and 2. Additionally, it can

166 4

167 S. W. Hawking y W. Israel: General Relativity: An Einstein Centenary Survey. Cambridge, UK:
Univ. Pr., 1979

168 Normann 2020
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be regarded as a special case of type VIh with the parameter h = −1. The

non-zero structure constant is C3
13 = 1 and a set of 1-form basis is

{ωi} =
{
dx, dy, e−x dz

}
.

? B(IV): Class B. The symmetric tensor n̂ij possesses two zero eigenvalues, with

the nonzero structure constants given by C3
13 = C3

12 = C2
12 = 1. A correspon-

ding set of left-invariant one-forms satisfying these relations is given by

{ωi} = { dx, e−x dy, e−x ( dz− x dy)}.

? B(V): Class B. The symmetric tensor n̂ij possesses three zero eigenvalues,

with the nonzero structure constants given by C3
13 = 1 and C2

12 = 1. A corres-

ponding set of left-invariant one-forms satisfying these relations is given by

{ωi} = { dx, e−x dy, e−x dz}.

? B(VI0): Class B. The symmetric tensor n̂ij has one zero eigenvalue. The non-

vanishing structure constants are C2
12 = −1 and C3

13 = 1. A corresponding set of

one-forms basis satisfying these relations is given by

{ωi} = { dx, ex dy, e−x dz}.

? B(VIh): Class B. The symmetric tensor n̂ij has one zero eigenvalue. This is a

one-parameter family of invariant sets. The non-vanishing structure constants

are C2
12 = p and C3

13 = 1. A corresponding set of one-forms basis satisfying
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these relations is given by

{ωi} = { dx, e−px dy, e−x dz}.

? B(VII0): Class A. The symmetric tensor n̂ij has one zero eigenvalue. The non-

vanishing structure constants are C2
13 = −1 and C3

12 = 1. A set of one-form

basis satisfying these relations is

{ωi} = { dx, sin(x) dz− cos(x) dy, cos(x) dz+ sin(x) dy}.

? B(VIIh): Class B. The symmetric tensor n̂ij has one zero eigenvalue. This is a

one-parameter family of one-form basis. The non-vanishing structure constants

are C2
12 = C3

13 = q, C2
13 = −1 and C3

12 = 1. A set of one-form basis satisfying

these relations is

{ωi} = { dx, e−qx (sin(x) dz− cos(x) dy), e−qx (cos(x) dz+ sin(x) dy)}.

? B(VIII): Class A. The symmetric tensor n̂ij does not have zero eigenvalues. The

non-vanishing structure constants are C1
23 = C2

31 = C3
21 = −1. A set of one-form

basis satisfying these relations is

{ωi} = {cosh(y) cos(z) dx− sin(z) dy, cosh(y) sin(z) dx+ cos(z) dy,

sinh(y) dx+ dz}.

? B(IX): Class A. The symmetric tensor n̂ij does not have zero eigenvalues. The

non-vanishing structure constants are C1
23 = C2

31 = C3
12 = 1. A set of one-form
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basis satisfying these relations is

{ωi} = {(cos(y) cos(z)− sin(z)) dx, cos(y) sin(z) dx+ cos(z) dy,

− sin(y) dx+ dz}.
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3. Abelian and Non-Abelian gauge theories

The power of science is acquired

through a kind of pact with the devil:

at the expense of a progressive

evanescence of the everyday world.

Science becomes monarch, but

when it does, its kingdom is hardly

more than a realm of ghosts.

—Ernesto Sabato. One and the

universe. (1945).

This chapter builds extensively on chapter 8 in The quantum theory of fields volume 1
169, chapter 15 in The quantum theory of fields volume 2 170, A new pedagogical way

of finding out the gauge field strength tensor in Abelian and non-Abelian local gauge

field theories 171, Bianchi cosmologies with p-form gauge fields 172 and Balancing an-

isotropic curvature with gauge fields in a class of shear-free cosmological models 173.

We are interested in gauge theories. Concretely, we want to find out a specific con-

figuration of non-Abelian gauge fields in addition to the usual matter content of the

universe, as a candidate to sustain the anisotropies present in the extended FLRW

169 Steven Weinberg: The Quantum theory of fields. Vol. 1: Foundations. Cambridge University Press,
jun. de 2005. DOI: 10.1017/CBO9781139644167

170 Weinberg 1994

171 Yeinzon Rodriguez: A new pedagogical way of finding out the gauge field strength tensor in Abe-
lian and non-Abelian local gauge field theories. En: (2015)

172 Normann et al. 2018

173 Thorsrud 2018
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shear-free models presented briefly in chapter .

A gauge theory is a type of field theory in which the Lagrangian and, furthermore,

the dynamics of the system itself are invariant under local transformations according

to certain Lie groups. The term gauge, in turn, refers to any specific mathematical

formalism to regulate redundant degrees of freedom in the Lagrangian of a physical

system. The transformations between possible gauges, called gauge transforma-

tions, form a Lie group, referred to as the symmetry group or the gauge group of

the theory. Associated with any Lie group is the Lie algebra of group generators. For

each group generator, a corresponding field, called the gauge field, is included in

the Lagrangian to ensure the invariance of the action under the local group trans-

formations, known as gauge invariance. If the symmetry group is non-commutative,

then the gauge theory is referred to as non-Abelian gauge theory 174. To study this

kind of matter configuration, we shall describe the backbone behind the Abelian and

non-Abelian gauge theories for their implementations in the following chapters.

3.1. Abelian gauge field theories

Abelian gauge theories are those in which the gauge group is commutative, meaning

the generators of the group commute with each other. In Abelian gauge field theories,

the transformations acting on a fermion field commute. We focus here on the case of

the U(1) gauge group, under which the fermion field ψ transforms according to

ψ′ = eigε(~x) ψ. (64)

In this context, the prime symbol denotes the transformed quantity, g is the coupling

constant175, and ε(~x) is a spatially dependent scalar field specifying the magnitude

174 Weinberg 1994

175 Also referred to as a gauge coupling parameter, a numerical value indicating the strength of the
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of the transformation.

The guiding principle is that the complete Lagrangian describing a fundamental inter-

action should remain invariant under transformations of certain chosen groups. The

first component of this complete Lagrangian is Diracs Lagrangian, which encapsula-

tes the mass and kinetic properties of a fermion field:

LD = ψ̄ (iγµ∂µ −m)ψ. (65)

Here, ψ̄ is the conjugate spinor associated with the fermion field ψ, γµ are the Dirac

matrices, and m is the fermion mass. If ε were independent of ~x (i.e., the transforma-

tions were global), then ∂µψ would transform just like ψ, keeping the Dirac Lagrangian

gauge-invariant. However, under gauge transformations -where ε varies with ~x- ∂µψ

transforms according to

(∂µψ)
′ = ig (∂µε(~x)) e

igε(~x)ψ + eigε(~x)∂µψ, (66)

which breaks the gauge invariance of LD. To eliminate the troublesome ∂µε(~x) term,

one must introduce a gauge field Aµ. This field, in conjunction with ∂µ, replaces ∂µψ

when acting on ψ. The resulting construction, known as the gauge covariant deriva-

tive of the fermion field, is an operator akin to an ordinary derivative but transforms

in the same manner as the fermion field 176:

Dµψ := ∂µψ − igAµψ. (67)

interaction Weinberg 1994.

176 Rodriguez 2015
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In this way, the Lagrangian (65) can be written as

LD = ψ̄ (iγµDµ −m)ψ. (68)

The gauge field Aµ must obey an appropriate transformation law to eliminate the

∂µε(~x) term and restore gauge invariance in LD. Specifically, we require:

(Dµψ)
′ = eigε(~x)Dµψ, (69)

so the gauge field must transform as

A′
µ = Aµ + ∂µε(~x). (70)

A key point is that Aµ mediates interactions between the fermion field and its antipar-

ticle, acting as the field messenger for the fundamental interaction characterised by

the chosen group, which in this case is U(1) 177.

We can conclude that in the construction of the whole gauge-invariant Lagrangian,

only ψ and Dµ ψ can be used: the only way in which the gauge field Aµ can be

implemented is through its gauge covariant derivatives. Nevertheless, a free term

quadratic in ∂µAν constituting the gauge fields kinetic term must be embedded in a

gauge-invariant expression within the Lagrangian. Consequently, we must incorpo-

rate such terms. Thus, it could be interesting to find out directly how it transforms:

(∂µAν)
′ = ∂µ (Aν + ∂νε(~x)) = ∂µAν + ∂µ∂νε(~x). (71)

177 Weinberg 2005
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Thus, we can automatically identify the annoying term ∂µ∂νε(~x). Maybe the antisym-

metrisation could be the proper way to eliminate this unwanted term:

(∂µAν − ∂νAµ)
′ = ∂µAν + ∂µ∂νε(~x)− ∂νAµ − ∂ν∂µε(~x)

= ∂µAν − ∂νAµ. (72)

Indeed, we have identified a gauge-invariant quantity, composed solely of derivatives

of the gauge field, which we designate as the gauge field strength tensor Fµν , defined

as 178

Fµν := ∂µAν − ∂νAµ. (73)

The goal is to construct a gauge-invariant term in the Lagrangian that includes a

kinetic term for the gauge field, namely a term quadratic in ∂µAν . The most straight-

forward approach is to form a Lorentz-invariant contraction of the field strength tensor

with itself:

LK−A = −1

4
FµνF

µν . (74)

Indeed, the field strength tensor (73) could be rewritten as

178 Weinberg 2005
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Fµν = ∂µAν − ∂νAµ

= ∂µAν − igAµAν − ∂νAµ + igAνAµ

= DµAν −DνAµ

= D[µAν],

(75)

where the operator Dµ is the same as defined in (67); however, DµAν is not a cova-

riant derivative, since it does not transform as a field that belongs to a gauge group

U(1) representation 179:

(DµAν)
′ =∂µA

′
ν − igA′

µA
′
ν

=∂µ (Aν + ∂νε(~x))

− ig (Aµ + ∂µε(~x)) (Aν + ∂νε(~x))

=∂µAν + ∂µ∂νε(~x)− ig [AµAν + Aµ (∂νε(~x))

+ (∂µε(~x))Aν + ∂µε(~x)∂νε(~x)] .

(76)

Initially, one may regard the representation of the field strength tensor in (75) as su-

perfluous; nonetheless, as will become evident later, this formulation is indispensable

for generalising the framework towards the non-Abelian gauge theories.

3.2. Non-Abelian gauge field theories

In the non-Abelian gauge field theories, the transformations over a fermion field do

not commute. Thus, we will consider the transformations under the SU(N) gauge

group. Let Ψ be a fermion field, such that its N -dimensional spinor transformation

has the form

179 Rodriguez 2015
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Ψ′ = ei g~ε(~x)·
~T Ψ. (77)

Here, ~ε(~x) is an (N2 − 1) dimensional vector that denotes the amount of the trans-

formation which, in turn, depends on the spatial location, and ~T denotes the “vector”

built with the N2 − 1 generators of the SU(N) group. The latter satisfies the following

Lie algebra:

[
Ta, Tb

]
= i f c

ab Tc, (78)

with f c
ab being the totally antisymmetric structure constants of the group and a, b, c

runs from 1 to N2 − 1. In this case, Dirac’s Lagrangian takes the form

LD = Ψ̄
[
i γµ (∂µ1̂)−m1̂

]
Ψ, (79)

where 1̂ is the unit matrix. Given that we are interested in local gauge transforma-

tions, the term (∂µ1̂)Ψ transforms as

[(
∂µ1̂

)
ψ
]′
=

(
∂µe

ig~ε(~x)·~T
)
ψ + eig~ε(~x)·

~T
(
∂µ1̂

)
ψ, (80)

which ruins the gauge invariance of (79). Therefore, to get rid of the term
(
∂µe

ig~ε(~x)·~T )
in (80), we need introduce N2 − 1 gauge fields Aa

µ that are grouped into a single

matrix by using the group generators Ta:

Aµ = Aa
µ Ta. (81)

Such a matrix-gauge field, together with ∂µ1̂ operating on Ψ, defines the covariant
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derivative of the fermion field and replaces
(
∂µ1̂

)
Ψ:

DµΨ :=
(
∂µ1̂

)
Ψ− i g AµΨ, (82)

such that it transforms as the fermion itself:

(
DµΨ)′ = eig~ε(~x)·

~TDµΨ. (83)

As a consequence, the new Dirac’s Lagrangian L̃D takes the form

L̃D = Ψ̄
[
i γµDµ −m1̂

]
Ψ, (84)

which is gauge invariant as long as the matrix-gauge field Aµ complies with a suitable

transformation rule so the ∂µeig~ε(~x)·
~T factor disappears:

A′
µ = eig~ε(~x)·

~TAµe
−ig~ε(~x)·~T − i

g

(
∂µe

ig~ε(~x)·~T )e−ig~ε(~x)·~T . (85)

Similar to Aµ in the Abelian case, the non-Abelian gauge fields Aa
µ introduce interac-

tions among different fermion fields and are the field messengers of the fundamental

interaction described by the SU(N) group 180. ?

From the development made in the Abelian case, it follows that only ψ and Dµψ can

appear explicitly when constructing a fully gauge-invariant Lagrangian; the gauge

field Aµ must enter exclusively via covariant derivatives. Nevertheless, one must still

accommodate free-particle terms quadratic in ∂µA
a
ν to provide the kinetic terms for

180 Rodriguez 2015
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the gauge fields, which must arise from gauge-invariant expressions. Consequently,

terms involving ∂µAν become the central elements of our construction. Similar to the

Abelian case, we shall study directly how this object transforms:

(∂µAν)
′ =∂µ

[
eig~ε(~x)·

~TAνe
−ig~ε(~x)·~T

− i

g

(
∂νe

ig~ε(~x)·~T
)
e−ig~ε(~x)·~T

]
=
[
∂µ

(
eig~ε(~x)·

~T
)]
Aνe

−ig~ε(~x)·~T

+ eig~ε(~x)·
~T (∂µAν) e

−ig~ε(~x)·~T

+ eig~ε(~x)·
~TAν

[
∂µ

(
e−ig~ε(~x)·~T

)]
− i

g

[
∂µ∂ν

(
eig~ε(~x)·

~T
)]
e−ig~ε(~x)·~T

− i

g

[
∂ν

(
eig~ε(~x)·

~T
)] [

∂µ

(
e−ig~ε(~x)·~T

)]
.

(86)

Analogously to Dirac’s Lagrangian case, the troublesome term is the partial deriva-

tive of ~ε(~x). As a first attempt to avoid it, we could try to antisymmetrise (86), in a

similar way as we did in (72); however, it will be useless, as it can be checked in 181.

Although we can use the interesting curiosity found in (75): the strength tensor can

be written in terms of D[µAν]. We can try building an object in non-Abelian gauge

field theories following this apparent curiosity:

D[µAν] =
[(
∂µ1̂

)
− igAµ

]
Aν −

[(
∂ν 1̂

)
− igAν

]
Aµ

= ∂µAν − ∂νAµ − ig [Aµ, Aν ] ,
(87)

and then defines this object as the matrix-gauge field strength tensor 182:

181 Rodriguez 2015

182 Weinberg 1994
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Fµν := ∂µAν − ∂νAµ − ig [Aµ, Aν ] . (88)

The next step consists of studying how this object transforms. By means of the trans-

formation law of the gauge field in (85), we can conclude that

F ′
µν = eig~ε(~x)·

~TFµνe
−ig~ε(~x)·~T , (89)

so that we can eliminate the troublesome term and, additionally, Fµν turns out to

transform into the adjoint representation of the SU(N) group 183. Furthermore, (88)

can be considered as a covariant derivative of the gauge field itself.

We aim to form a gauge-invariant term from the matrix-valued gauge field strength

tensor. Since the Lagrangian contains only scalars, we will use the trace of (89) and

verify its gauge invariance:

Tr
(
F ′
µν

)
= Tr

(
eig~ε(~x)·

~TFµνe
−igε(~x)·~T

)
= Tr

(
Fµνe

−igε(~x)·~T eig~ε(~x)·
~T
)

= Tr (Fµν) .

(90)

The trace of the Lorentz-invariant matrix quantity −1
2FµνF

µν is also gauge invariant:

[(
− 1

2
FµνF

µν
)]′

= Tr

[
eig~ε(~x)·

~T

(
−1

2
FµνF

µν

)
e−ig~ε(~x)·~T

]
= Tr

(
−1

2
FµνF

µν

)
. (91)

183 Rodriguez 2015
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Hence, we arrive at the sought-after Lorentz-invariant Lagrangian:

LK−A = Tr

(
−1

2
FµνF

µν

)
= −1

2
gabF

a
µνF

bµν

= −1

4
δabF

a
µνF

bµν ,

(92)

where Tr (TaTb) = gab corresponds to the induced metric on the group gab = δab
2

184

and

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfa

bcA
b
µA

c
ν . (93)

The kinetic terms for the gauge fields -i.e., free-particle terms quadratic in ∂µA
a
ν-

appear in the Lagrangian given by equation (92). However, due to the −ig [Aµ, Aν ]

term in equation (88), additional self-interaction terms among different gauge fields

also arise, in contrast to Abelian gauge field theories where no such self-interactions

occur.

3.3. Free p-form gauge theories

To explore the possibility of anisotropic hairs, it is essential to identify a matter sour-

ce that can sustain anisotropies. A natural candidate for this role is the p-form field,

which provides a general framework for modelling anisotropic matter sectors. In par-

ticular, the construction of shear-free Bianchi cosmologies necessitates a source

capable of counterbalancing the anisotropic spatial curvature that arises in the shear

propagation equation185.

For a Lorentzian manifold of dimension n, the canonical volume form η is given by

184 This is also usually known as the Cartan metric tensor. For more details see the Appendix 6.

185 For a detailed overview of p-forms, the reader is referred to Appendix 6.1.
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the relation η = ?1186, and hence any Lorentz scalar (function) f defines a volume

form V = ?f . Since the volume form is a top-form, integrating it will again give a

scalar. A functional S may therefore be constructed in a coordinate/̄invariant manner

as S =
∫
?f . The question is now which volume form V we take to define our theory.

In constructing a gauge theory, there is a natural choice. In particular, we take V =

−1
2
F ∧ ?F , where F is a (p + 1)-form constructed by the exterior derivative of a

p-form A. The action now reads

S = −1

2

∫
F ∧ ?F , (94)

where

F = dA =
1

p!
∇νAµ1...µp ω

ν ∧ ωµ1 ∧ · · · ∧ ωµp ,

such that, (dA)νµ1...µp = ∇[νAµ1...µp]. Thus,

F = dA =
1

(p+ 1)!
∇[νAµ1...µp] ω

ν ∧ ωµ1 ∧ · · · ∧ ωµp . (95)

The Hodge dual is given by

?F =
1

(p+ 1)!(n− p− 1)!
Fµ1...µp+1 ηµ1...µp+1ν1...νn−p−1 ω

ν1 ∧ · · · ∧ ωνn−p−1 . (96)

From (95) and (96) the explicit expression for the F and ?F components are

186 Here,?1 represents a ”canonical“ 0-form.
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Fµ1...µp+1 = (p+ 1) ∇[µ1Aµ2...µp+1]

? Fν1...νn−p−1 =
1

(p+ 1)!
Fµ1...µp+1 ηµ1...µp+1ν1...νn−p−1 . (97)

Thus, the action (94) in components can be written as

S = − 1

2(p+ 1)!

∫
d4x

√
−g Fµ1...µp+1 Fµ1...µp+1 . (98)

Furthermore, the components of the energy-momentum tensor can be written as

Tµν ≡ − 2√
−g

δL
δgµν

=
1

p!
Fα1...αp

µ Fνα1...αp −
1

2(p+ 1)!
gµνFα1...αp+1Fα1...αp+1 , (99)

where L = − 1
2(p+1)!

Fµ1...µp+1Fµ1...µp+1 is the Lagrangian density.

The contracted Bianchi identity, which expresses the conservation of energy-momentum,

is given by T µν
;ν = 0. However, within the framework of exterior calculus, this condi-

tion can be formulated in a more elegant and geometrically insightful manner as

dF = d(dA) = 0 −→ ∇[νFµ1...µp+1]. (100)

Furthermore, under the assumption of the absence of sources, the Hodge dual ?F

must also be closed 187. Mathematically, this condition is expressed as

187 Grøn y Hervik 2007
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d ? F = 0 −→ ∇µ1Fµ1...µp+1 = 0, (101)

which corresponds to the equations of motion derived by varying the Lagrangian

density with respect to the p-form A.

This symmetry under the Hodge dual transformation F → ?F is also present in the

energy-momentum tensor, as we shall demonstrate below. Indeed, the theory of a

canonical p-form with action (94) is physically equivalent to that of a (2 − p)-form

theory through the Hodge dual at the field strength p + 1 level 188. The duality bet-

ween a 2-form gauge field and a 0-form gauge field, corresponding to a canonical

massless scalar, will be examined in detail below. In the specific case of Maxwell

theory (p = 1), this duality manifests as the well-known self-duality, wherein electric

and magnetic components transform into each other 189.

For each p, we shall decompose the energy-momentum tensor (97) following the

standard 1 + 3 covariant decomposition framework190

Tµν = ρuµuν + phµν + 2q(µuν) + πµν , (102)

where hµν = gµν+uµuν is the local metric of the instantaneous rest space orthogonal

to the timelike unit norm vector field uµ (Cf. (20)). As we studied in chapter 1, we shall

identify the vector uµ as the four-velocity of a comoving observer, so the metric hµν

188 Daniel Z. Freedman y Antoine Van Proeyen: Supergravity. Cambridge, UK: Cambridge Univ.
Press, mayo de 2012. DOI: 10.1017/CBO9781139026833

189 Éric Gourgoulhon: Special Relativity in General Frames. From Particles to Astrophysics. Graduate
Texts in Physics. Berlin, Heidelberg: Springer, 2013. DOI: 10.1007/978-3-642-37276-6

190 For further details, see the appendix 4.
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will correspond to the induced metric on homogeneity hypersurfaces Σt. Besides,

the observer sees the following energy density ρ, pressure P , energy flux qγ and

anisotropic stresses πµν191:

ρ = uµuνTµν , P =
1

3
hµνTµν , qγ = −hγµuνTµν ,

πµν =

(
hα(µh

β
ν) −

1

3
hµνh

αβ

)
Tαβ. (103)

The last two observables lie in the space orthogonal to the observer, satisfying

uγqγ = 0 and uµπµγ = 0. Given that the anisotropic stress is traceless (πµ
µ = 0),

it is often termed anisotropic pressure, while the trace component contributes to the

isotropic pressure P 192.

On the other hand, the theories formulated from the general (p+ 1)-form action (94)

exhibit the following key properties 193:

1. There exists gauge invariance L 7→ L̃ under A → A+ dU , where U is a p− 1-

form.

2. The equations of motion contain derivatives up to second order only.

3. The Lagrangian involves, at most, second-order terms in the field strength F .

4. The theory is constructed exclusively from exterior derivatives of a p-form.

5. The fields involved are minimally coupled to gravity194.

191 Misner, Thorne y Wheeler 1973

192 Ellis, Maartens y MacCallum 2012b

193 Normann et al. 2018

194 The principle of minimal gravitational coupling requires that the total Lagrangian for the field equa-
tions of general relativity consists of two additive parts, one corresponding to the free gravitational
Lagrangian and the other corresponding to external source fields in curved spacetime Ian M An-
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3.3.1. p-form classification From now on, we denote by A the p-form gauge field,

and refer to the associated (p + 1)-form F = dA as its field strength. Moreover, we

shall assume spatial homogeneity at the field-strength level, formalised by the follo-

wing definition:

Spatially homogeneous gauge field 195

At the level of the field strength F , a gauge field is considered spatially homogeneous

if it satisfies the condition

F (t,x) =⇒ F (t). (104)

Note, however, that since we choose to build the (p+1)-form field from an underlying

gauge field, we have

F (t) = dA (t,x). (105)

That is, the gauge field A(t,x) may exhibit both spatial and temporal dependence196.

To organize the different scenarios of p-form matter fields constructed by taking the

exterior derivative of a p-form, we shall use the notation introduced below: {a, b} whe-

re a denotes the rank of the (p+ 1)-form F and b the rank of its Hodge dual ?F .

derson: The principle of minimal gravitational coupling. En: Archive for Rational Mechanics and
Analysis 75 (1981), págs. 349-372.

195 Normann et al. 2018

196 Consequently, this definition is more general compared to John D. Barrow y Kerstin E. Kunze:
String cosmology. En: Chaos Solitons Fractals 10 (1999), pág. 257. DOI: 10 . 1016 / S0960 -
0779(98)00183-0, where only time-dependence was allowed.
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In four-dimensional space-time where a + b = 4, there are three distinct cases to

consider at the field strength level:

i.) {2, 2} ii.) {3, 1} or {1, 3} iii.) {4, 0}.

The degeneracy observed in case ii.) arises due to the symmetry inherent in equa-

tions (95). Conversely, in case iii.), such degeneracy does not occur, as the condition

F 6= dA contradicts equation (95), leaving only the configuration {4, 0} 197.

The {4, 0} case This particular case corresponds precisely to a cosmological

constant scenario 198. From equation (97), it follows that a 4-form D may be deri-

ved from a 3-form. By introducing the definition ?D = c, it results that

L4−f = − 1

48
Dµ1···µ4Dµ1···µ4 =

1

2
c2 =⇒ T 4−f

µν =
1

2
gµν c

2. (106)

Additionally, from (100) and (101), we have that

dD = 0 −→ 0 = 0,

d ?D = 0 −→ ∇µc = 0 → ∂µc = 0. (107)

The {1, 3} and {3, 1} cases Case {1, 3}: Following (97), it is possible to build a

1-form J starting from a scalar field φ(t,x). Thus,

197 Normann et al. 2018

198 S. W. Hawking: The Cosmological Constant Is Probably Zero. En: Phys. Lett. B 134 (1984),
pág. 403. DOI: 10.1016/0370-2693(84)91370-4
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L1−f = −1

2
JµJ µ =⇒ T 1−f

µν = JµJν −
1

2
gµν JγJ γ. (108)

Moreover, equations (100) and (101) take the form

dJ = 0 −→ ∇[µJν] = 0,

d ? J = 0 −→ ∇µJ µ = 0. (109)

The equations described above describe a massless scalar field 199.

Case {3, 1}: From equation (97), one can construct a 3-form C starting from a 2-

form B. By means of its Hodge dual, which is a 1−form, it is possible to express the

components as ?Cµ = 1
6
ηαβγδ Cαβγ. Furthermore,

L3−f = − 1

12
Cµνγ Cµνγ =⇒ T 3−f

µν = ?Cµ ? Cν −
1

2
gµν ? Cγ ? Cγ. (110)

Moreover, equations (100) and (101) take the form

dC = 0 −→ ∇µ ? Cµ = 0,

d ? C = 0 −→ ∇[µ ∗ Cν] = 0. (111)

It is worth emphasising that the {1, 3} and {3, 1} configurations are equivalent, and

these two cases constitute the primary focus of the present research work.

199 Freedman y Van Proeyen 2012
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The {2, 2} case The remaining possibility involves a 2-form E obtained from a

1-form B, in accordance with (97). This yields

L2−f = −1

4
EµνEµν =⇒ T 2−f

µν = −EµγEγ
ν −

1

4
gµνEγδEγδ, (112)

which corresponds precisely to the source-free electromagnetic Lagrangian 200. Equa-

tions (100) and (101) become

dE = 0 −→ 3∇[µEνλ] = 0,

d ? E = 0 −→ ∇µEµν = 0. (113)

These are the known Maxwell’s equations.

200 Gourgoulhon 2013
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4. The shear-free condition

This chapter builds extensively on chapter 1 in Cosmological models from a geome-

tric point of view 201, chapter 3 in 3+1 Formalism in General Relativity 202, chapter 4

in Relativity on Curved Manifolds 203, chapter 4 in Relativistic Cosmology 204, chapter

3 in Lecture notes in Lie groups and Lie algebras 205, chapter 2 in Tales from Won-

derland 206 and chapter 15 in Einstein’s General Theory of Relativity 207.

The Bianchi cosmological models are characterised by metrics supporting a three-

dimensional isometry group, which acts transitively on spacelike hypersurfaces, known

as surfaces of homogeneity. Under this structure and the application of Frobenius’

theorem, these spacetimes allow for a foliation into homogeneous surfaces, denoted

as Σt, each identified by the time coordinate t = x0, and possessing constant curva-

ture scalars.

Let uµ represent the unique timelike vector field associated with the 4-velocity of

a comoving observer, which is orthogonal to these homogeneous surfaces. Con-

sequently, we shall focus on the non-tilted Bianchi models. Hence, the vector field

uµ also represents all matter fields’ flow. In these models, the congruence of funda-

mental observers is characterised by being non-accelerated and irrotational, with the

201 MacCallum 1973

202 Gourgoulhon 2012

203 Felice y Clarke 1992

204 Ellis, Maartens y MacCallum 2012b

205 Hervik 2014

206 Normann 2020

207 Grøn y Hervik 2007
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primary kinematics quantities of interest being the Hubble expansion scalar H and

the shear tensor σµν , given by

3H = ∇µu
µ and σµν = ∇(νuµ) −Hhµν , (114)

respectively.

Besides, we shall consider two categories of matter fields: the constituents of the

ΛCDM model, represented as a collection of comoving perfect fluids, and a set of

p-form gauge fields, denoted as Aµ1...µp. To avoid inducing anisotropy in the time

direction, we impose that the heat flux generated by the gauge fields vanishes. Con-

sequently, the energy-momentum tensors for the ΛCDM constituents, Tµν , and for

the gauge fields, T (A)
µν , assume the following form

Tµν = ρuµuν + Phµν : ρ =
∑
`

ρ`, P =
∑
`

P`, (115)

T (A)
µν = ρAuµuν + PAhµν + πµν , (116)

where the index ` runs over all ΛCDM constituents fluids. Thus, the total energy-

momentum tensor takes the form

Tµν = (ρA + ρ)uµuν + (PA + P )hµν + πµν . (117)

Additionally, the matter fields satisfy the evolution equations

ρ̇+ 3H(ρ+ P ) = 0, (118)

ρ̇A + 3H (ρA + PA) = −πµνσµν , (119)
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whereas the congruence evolves according to the Raychudhuri equation and the

shear propagation equation, in addition to the Friedman equation that constrains the

variables:

Ḣ +H2 = −1

6
(ρ+ 3P )− 1

6
(ρA + 3PA)−

2

3
σ2, (120)

σ̇µν + 3Hσµν = πµν − 3Sµν , (121)

3H2 − σ2 +
3R

2
= ρ+ ρA. (122)

Here, an overdot denotes a time derivative along the congruence -such as ρ̇ =

uµ∇µρ-, the shear scalar σ is defined by σ2 = σµν σµν , and

3Sµν = 3Rµν −
3R

3
hµν , (123)

represents the trace-free part of the three-dimensional Ricci tensor defined on Σt.

The full set of propagation equations, equivalent to Einstein’s equations, typically in-

cludes terms for vorticity ωµν , 4-acceleration u̇µ, and their derivatives Ellis, Maartens

y MacCallum 2012b. However, in the non-tilted models studied here, the matter mo-

ves geodesically, eliminating both 4-acceleration and vorticity, and thus simplifying

the propagation equations.

In general, equations (120)-(122) have more unknowns than equations, unless an

equation of state is specified. Therefore, we require a matter model with a suitable

equation of state that can sustain the inherent anisotropy in Bianchi models.

Thus, considering orthogonal shear-free models provides a very convenient scenario

for acquiring new insights. Let us therefore consider a cosmological model with a

vanishing shear tensor during the whole evolution. Consequently, the vanishing of
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the shear and of its time derivative reduces the shear propagation equation (121) to

3Sµν = πµν , (124)

known as the shear-free condition 208.

If the anisotropic stresses are zero, the geometry must have constant curvature, as

the absence of such stresses aligns with the assumption that these spacetimes co-

rrespond to FLRW universes. However, if we permit πµν 6= 0 despite the absence of

shear, the model inevitably cannot have constant curvature. Similarly, the anisotropic

stresses cannot vanish if the geometry lacks constant curvature. This behaviour is

observed in cosmological models based on Bianchi types that do not include FLRW

as a special case or in the Kantowski-Sachs model, where vanishing shear does

not lead to spatial isotropy 209. Therefore, in shear-free orthogonal models, a clear

interplay exists between anisotropic stresses and curvature anisotropy. Deviations

from spatial isotropy lead to anisotropic pressures, while anisotropic stresses quan-

tify how much the homogeneous hypersurfaces deviate from spatial isotropy 210. The

main goal of this research consists in investigating systematically under which con-

ditions non-abelian gauge fields are capable of balancing the anisotropic curvature

in this way, and what role the non-abelian character of the fields plays, in contrast to

the abelian case investigated in 211.

208 Mimoso y Crawford 1993b

209 Wainwright y Ellis 1997

210 Mimoso y Crawford 1993b

211 Thorsrud 2018

106



5. How to balance the anisotropic curvature with comoving gauge fields?

Principle of Sufficient Reason: No

fact can hold or be real, and no

proposition can be true, unless there

is a sufficient reason why it is so and

not otherwise

—Gottfried Wilhelm Leibniz.

Monadology (1714).

The cosmological principle constitutes a foundational assumption of modern cosmo-

logy, asserting that the Universe is statistically homogeneous and isotropic on suffi-

ciently large scales (& 100 Mpc) 212. Within the framework of general relativity, this

principle motivates the description of the background spacetime by the FLRW metric
213, which represents an expanding universe free of shear and vorticity 214. While the

FLRW framework further assumes that the cosmic energy content is modelled by

a perfect fluid, observational evidence constrains only the isotropy and irrotational

nature of the expansion itself 215. This allows for the possibility of non-vanishing an-

isotropic stresses in the matter sector, provided they are compensated by anisotropic

spatial curvature so as to maintain a shear-free evolution 216. Such a weakened im-

212 Patrick Peter y Jean-Philippe Uzan: Primordial Cosmology. Oxford University Press, 2013; Steven
Weinberg: Cosmology. Oxford University Press, 2008; V. Mukhanov: Physical Foundations of
Cosmology. Cambridge University Press, 2005. DOI: 10.1017/CBO9780511790553

213 B. Schutz: Geometrical Methods of Mathematical Physics. Cambridge University Press, 1980;
MacCallum 19730

214 G. F. R. Ellis, R. Maartens y M. A. H. MacCallum: Relativistic Cosmology. Cambridge University
Press, 2012. DOI: 10.1017/CBO9781139014403

215 D. Saadeh et al.: How isotropic is the Universe? En: Phys. Rev. Lett. 117.13 (2016), pág. 131302.
DOI: 10.1103/PhysRevLett.117.131302

216 J. P. Mimoso y P. Crawford: Shear - free anisotropic cosmological models. En: Class. Quant. Grav.
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plementation of the cosmological principle can be realised at the background level

within homogeneous but anisotropic spacetimes, notably those described by Bianchi

or Kantowski–Sachs geometries 217.

Several works have thus far shown the existence of shear and vorticity-free cosmo-

logies with anisotropic stress and anisotropic spatial curvature that balance each

other so that they exhibit background dynamics equivalent to that of the standard

FLRW cosmology. Most notable is perhaps the investigations led by Thorsrud 218,

who started from the p-form action

S = −1

2

∫
P ∧ ?P , (125)

where P is a differential (p + 1)-form. The action (125) gives rise to source-free

“Maxwell-like” equations of the form

? P = 0 , Field equations, (126)

P = 0 , Bianchi identity. (127)

Here, is the space-time exterior derivative, and ? denotes the Hodge-star operator.

The first equation corresponds to the field equations, and the second equation is the

Bianchi identity, in this case following from the nilpotency of the exterior derivative

operator: P ≡ K, where K is an underlying differential p-form.

10 (1993), págs. 315-326. DOI: 10.1088/0264-9381/10/2/013

217 MacCallum 1973; Ellis, Maartens y MacCallum 2012a

218 Thorsrud, Normann y Pereira 2020; Ben David Normann et al.: “A study of inhomogeneous mass-
less scalar gauge fields in cosmology”. En: 15th Marcel Grossmann Meeting on Recent Develop-
ments in Theoretical and Experimental General Relativity, Astrophysics, and Relativistic Field
Theories. Sep. de 2019. DOI: 10.1142/9789811258251_0199; Mikjel Thorsrud: Bianchi models
with a free massless scalar field: invariant sets and higher symmetries. En: Class. Quant. Grav.
36.23 (2019), pág. 235014. DOI: 10.1088/1361-6382/ab45b3; Normann et al. 2018; Thorsrud
2018
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The p-form actions in the matter sector are well worth studying as much as they

naturally give rise to gauge theories and also allow for anisotropies, both of which

(excluding shear) are desirable ingredients in a realistic model of the universe.

In 219, Thorsrud clearly showed that the only case capable of a dynamical cancella-

tion of anisotropies is the case p = 01 (see also 2), which by Hodge duality is the

same as p = 2 (see also 3) in the source-free case4. Interestingly, this case is stable

under anisotropic perturbations 5.

Actually, it is a noteworthy result that there at all exist models that are dynamically

equivalent to FLRW cosmologies 6, and one is led to ask: are extended FLRW mo-

dels realistic, or do they merely constitute a set of fine-tuned special cases? This

research contributes to answering that question by extending the work of Thorsrud

to what might be seen as a more realistic scenario, by including interactions. Part of

these interactions is given by a source term in the action, and the other part is given

by the possible non-Abelian nature of the matter fields involved. We explicitly con-

sider the SU(2) non-Abelian gauge group to clearly exemplify what role the gauge

group plays.

219 Thorsrud 2018

1 Note that here and throughout we shall reference the p-form on the gauge-field level, and not on
the corresponding field-strength level (the latter being a differential (p+ 1)-form).

2 S. Carneiro y G. A. Mena Marugan: Anisotropic cosmologies containing isotropic background
radiation. En: Phys. Rev. D 64 (2001), pág. 083502. DOI: 10.1103/PhysRevD.64.083502

3 T. S. Koivisto et al.: On the Possibility of Anisotropic Curvature in Cosmology. En: Phys. Rev. D
83 (2011), pág. 023509. DOI: 10.1103/PhysRevD.83.023509. arXiv: 1006.3321 [astro-ph.CO]

4 Except for an overall sign in the energy-momentum tensor.

5 Thorsrud, Normann y Pereira 2020

6 ibíd.
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Our findings align with those of Thorsrud in the appropriate limit. To summarise, we

have found the following:

1. the equation-of-state parameter for the underlying differential p-forms must be

wK = −1/3 as a necessary condition for dynamical cancellation of shear with

matter anisotropies,

2. nevertheless, this condition is not sufficient to sustain extended FLRW cosmo-

logies when interactions are present (except for the trivial non-Abelian genera-

lisation of the free p = 0 and p = 2 cases analysed by Thorsrud), specifically

those coming from a source term in the action.

The latter point is of interest as long as one considers the cosmological actions as

approximations to the underlying particle physics dynamics, where interaction is a

crucial feature.

Let’s start by examining the known results presented by Thorsrud in some detail, and

then build upon this to discuss the main results of the thesis.

5.1. Known results: Free Abelian gauge field configurations

We shall consider all non-trivial p-form gauge fields in spacetime governed by the

action (94), namely those with p ∈ {0, 1, 2, 3}. However, in light of the objective to

construct a comprehensive classification of exact shear-free solutions, as outlined

in Chapter 5, the case p = 3being physically equivalent to a cosmological constant

Λ 7can be excluded8. Consequently, the analysis will henceforth be restricted to the

cases p ∈ {0, 1, 2}.

7 Hawking 1984

8 For further detail, refer to subsection 5.1.4 below.
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To avoid ambiguity, we adopt the following convention: when referring to the gauge

field K, we shall use Arabic numerals {0, 1, 2, . . .}; whereas, when referring to the co-

rresponding field strength P = dK, we shall employ Roman numerals {I, II, III, IV, . . .}.

5.1.1. 0-form For a 0-form gauge field φ, the Lagrangian and the energy momen-

tum tensor, taking into account (108), can be written as

L = −1

2
J γJγ = −1

2
∇γφ∇γφ =⇒ Tµν = ∇µφ∇νφ− 1

2
gµν∇γφ∇γφ, (128)

which corresponds to the massless scalar field Lagrangian, and its energy-momentum

tensor.

To obtain its associated dynamic quantities, it is mandatory to make a 1+3 covariant

decomposition. In the I-form at the strength level, its decomposition can be written

in components as

Jµ = −ϕuµ + vµ, (129)

where vα is a spacelike vector orthogonal to uα, meaning that vγvγ > 0 and uγvγ = 0.

Under these conditions, the energy density, pressure, energy flux, and anisotropic

stress corresponding to the energy-momentum tensor (128) can be expressed as

follows:

ρ =
1

2

(
v2 + ϕ2

)
, P =

1

2

(
−1

3
v2 + ϕ2

)
, qµ = −ϕvµ, (130)

πµν = vµvν −
1

3
v2hµν ,

where we have used the definitions presented in (103).
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5.1.2. 1-form In the case of a 1-form gauge field Aµ, the Lagrangian and the as-

sociated energy-momentum tensor, as dictated by equation (112), can be expressed

as

L = −1

4
FµνFµν =⇒ Tµν = FµγFγ

ν −
1

4
gµνFγδFγδ, (131)

where F = dA. To derive the corresponding dynamical quantities, it is essential to

perform a 1 + 3 covariant decomposition. For the II-form at the field strength level,

this decomposition can be expressed in components as

Eµ = Fµνu
ν , Bµ = ∗Fµνu

ν =
1

2
ηµαβF

αβ ⇐⇒ Fµν = 2u[µEν] + ηµναB
α. (132)

Hence, the components of the energy-momentum tensor (131) can be expressed as

Tµν = −EµEν −BµBν + uµuν
(
E2 +B2

)
+

1

2
gµν

(
E2 +B2

)
+ 2u(µην)αβE

αBβ. (133)

This decomposition is, as a consistency check, trace-free. Here, ηαβγ ≡ ηαβγδu
δ deno-

tes the three-dimensional Levi-Civita form defined on the spatial hypersurface ortho-

gonal to the observer, satisfying uαηαβγ = 09. From this, the corresponding expres-

sions for the energy density, pressure, energy flux, and anisotropic stress are

ρ =
1

2

(
E2 +B2

)
, P =

1

6

(
E2 +B2

)
, qµ = ηµαβEαBβ,

πµν = −EµEν +
1

3
E2hµν −BµBν +

1

3
B2hµν .

(134)

9 For further details, refer to Appendix 5.
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It is important to recognise that the scalars ρ and P are invariant only in the covariant

sense: although they do not depend on the choice of coordinate frame, they are

determined by the observers four-velocity uµ. In contrast, the equation of state P/ρ =

1/3 holds universally for all electromagnetic fields and all observers. This implies

that the equation of state is invariant in a stronger sense, being independent of both

the electromagnetic field tensor Fµν and the observer uµ; it is therefore a Lorentz-

invariant quantity.

5.1.3. 2-form For a 2-form gauge field Nµν , the Lagrangian and the associated

energy-momentum tensor, as specified by equation (110), are expressed by

L = − 1

12
CαβγCαβγ =⇒ Tµν =

1

2
Cαβ

µ Cναβ −
1

12
gµνCαβγC

αβγ. (135)

As discussed in Subsection 3.3.1, to make the physical equivalence with a 0-form

massless scalar field explicit, equation (135) can be reformulated using the Hodge

dual ?C, which is a 1-form whose components are

?Cδ =
1

6
ηαβγδC

αβγ ⇐⇒ Cαβγ = −ηαβγδ ? Cδ. (136)

By comparing the field strengths in equations (128) and (135), one observes the

duality ∇µφ ↔ ?Cµ, under which the corresponding energy-momentum tensors map

into one another. Given that, in the free theories governed by the action (98), the

field strength is the sole physical degree of freedom, this duality suffices to establish

the physical equivalence between the p = 0 and p = 2 cases. Therefore, both cases

exhibit essentially identical 1 + 3 decompositions:

?Cµ = −ϕuµ + vµ ⇐⇒ Cαβγ = ϕηαβγ − ηαβγδv
δ, (137)
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and share the same dynamical quantities as given by (130).

From (130), it is important to note that the energy flux qµ vanishes only when the

Hodge dual ?C is either purely spacelike, with ?Cµ = vµ, or purely timelike, with

?Cµ = −ϕuµ, relative to the observer. In contrast to the Maxwell case for p = 1

discussed above, the equation of state P/ρ is not fixed but is instead a dynamical

quantity that depends on both the field ?C and the observers four-velocity u. Spe-

cifically, when the Hodge dual ?C is orthogonal to the observer, the 0-form and the

2-form field yields an equation of state P/ρ = −1/3.

5.1.4. 3-form Given the aim of establishing a comprehensive classification of

exact shear-free solutions, as discussed in Chapter 4, the 3-form case can be ex-

cluded from the analysis. This configuration is physically equivalent to a cosmolo-

gical constant Λ 10, and therefore does not produce any anisotropic stresses that

counterbalance the curvature anisotropy inherent in Bianchi models.

5.2. Known theorems

Once analysed the various p-form cases and their corresponding dynamical quan-

tities, we are now in a position to determine which type of p-form, as governed by

the action (94), is suitable for counterbalancing anisotropic spatial curvature in the

shear-free limit by the fulfillment of the following two known theorems:

Spatial curvature decay in Bianchi models 11: The components of the spatial Ricci

tensor 3Sµν relative to an orthonormal basis exhibit a decay proportional to 1/a2 in

the shear-free limit, where a(t) denotes the scale factor governing distances in the

homogeneous spatial hypersurfaces Σt.

10 Hawking 1984

11 Thorsrud 2018
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Proof Previously, in equation (63), we derived the general form of the line element

for a Bianchi-type cosmological model undergoing conformal expansion, given by

ds2 = −dt2 + a2(t) h̃ab (x
c) dxa dxb.

As h̃ab(xc) is a function of the spatial coordinates xc alone, it follows that the corres-

ponding Ricci tensor 3R̃ab will also depend exclusively on these spatial coordinates.

In addition, since ∂c a(t) = 0, the Ricci tensor remains invariant under this conformal

transformation, i.e. 3Rab = 3R̃ab (x
c). Therefore, relative to a coordinate basis with

the line element given by (63), the components of 3Rab and 3R̃ab are equal and time-

independent.

In the following, we shall use hats to denote the components of these tensors rela-

tive to an orthonormal basis; for instance, 3Râb̂ and 3R̃âb̂. Let Λa
â (x

µ) represent the

corresponding basis transformation matrix, and Λ̃a
â (x

c) its inverse, where the latter

depends solely on the spatial coordinates. Thus, by definition

Λ̃a
â(x

c)︸ ︷︷ ︸
(�)

h̃ab(x
c) Λ̃b

b̂
(xc) = δâb̂. (138)

Considering the conformal transformation between the induced metric h and its spa-

tial part h̃ given by h = a2(t) h̃, we can rewrite (138) as

(
1

a(t)
Λ̃a

â (x
c)

)
︸ ︷︷ ︸

(�)

hab (x
µ)

(
1

a(t)
Λ̃b

b̂
(xc)

)
= δâb̂. (139)

A comparison between the (�) term in equations (138) and (139) reveals that the

transformation matrices satisfy the following relation:
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Λb
b̂
(xµ) =

1

a(t)
Λ̃b

b̂
(xc) . (140)

Taking into account (123) and (140), it follows that

3Râb̂ (x
µ) =

3Rab (x
c)

a2(t)
. (141)

Thus, we have established that the components of 3Rab relative to an orthonormal ba-

sis exhibit a decay proportional to 1/a2(t). Consequently, the same behaviour holds

for the trace-free part 3Sab. �

In FLRW models, it is well known that the spatial curvature scales as 3R ∝ 1/a2(t) 12.

Similarly, all curvature tensors expressed in an orthonormal basis exhibit the same

dependence. Here, we demonstrated that in the shear-free limit, the spatial curva-

ture in all Bianchi models also decays as 1/a2(t). This behaviour is expected, given

that the transformation a2(t) 7→ a2(t + ∆t) corresponds to a conformal rescaling of

the three-dimensional hypersurfaces.

The relation 3Sab ∝ 1/a2, in conjunction with the shear-free condition given by equa-

tion (74), rigorously entails that the anisotropic stress tensor πµν must exhibit the

same asymptotic behaviour, decaying proportionally to 1/a2.

Building on this result, one may inquire whether a connection exists between the

equation of state corresponding to each p-form case and the decay behaviour of

the anisotropic stress tensor πµν in the shear-free limit. The theorem that follows is

devoted to addressing this question.

12 Ellis, Maartens y MacCallum 2012b
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Decay relation between ρ and πµν in the free case 13 The energy-momentum ten-

sor of the gauge field is homogeneous and quadratic in the field strength, hence this

implies that

πµν ∝ 1/a2 =⇒ ρA ∝ 1/a2. (142)

Proof We shall start rewriting the energy density ρ in terms of the stress tensor

πµν . Taking into account the 1+3 decomposition of the field strength given in (129),

(132) and (137) for the p-form gauge fields with p ∈ {0, 1, 2}, we note that in the zero

flux energy case qµ = 0 the dynamic quantities obey the following structure:

ρA =
1

2
X2, PA =

(−1)p+1

6
X2, πµν = (−1)p

(
XµXν −

1

3
X2hµν

)
, (143)

where,

Xµ =


∇µφ, if p = 0

Bµ or Eµ, if p = 1

?Cµ, if p = 2

It is important to observe that the only distinction between the p = 0 and p = 2

cases lies in the formal definition of Xµ, consistent with their physical equivalence

via Hodge duality. For the Maxwell case (p = 1), we have assumed either Eµ = 0 or

Bµ = 0 to ensure that the Poynting vector qµ = ηµαβEαBβ, vanishes. As before, we

employ an orthonormal frame {eµ}, where e0 = ∂t is orthogonal to the hypersurfaces

Σt, though in this case, we omit the use of hats on indices. In this frame, we obtain:

13 Thorsrud 2018
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Xµ = (0, X1, X2, X3) , X2 = X1X1 +X2X2 +X3X3. (144)

When Xµ has only a single non-zero component, denoted X ˇ “( with ˇ “( ∈ {1, 2, 3}, both

the energy density ρ and the anisotropic stress tensor πµν are quadratic in X ˇ “( , and

are related through the expression:

ρ =
3(−1)p

4
π ˇ “( ˇ “( , (145)

and the implication (142) follows. If Xµ has two independent non-zero components,

denoted by X ˇ “ ˇ “== and X ˇ “) with ( ˇ “ ˇ “
==
, ˇ “) ) ∈ {1, 2, 3}, then we obtain

π ˇ “ ˇ “==ˇ “ ˇ “== =
(−1)p

3
(2X ˇ “ ˇ “==X ˇ “ ˇ “== −X ˇ “)X ˇ “) ) , π ˇ “) ˇ “) =

(−1)p

3
(2X ˇ “)X ˇ “) −X ˇ “ ˇ “==X ˇ “ ˇ “==) , (146)

such that it can be inverted to obtain

ρ =
3(−1)p

2
(π ˇ “ ˇ “==ˇ “ ˇ “== + π ˇ “) ˇ “) ) , (147)

and again the implication (142) follows. In the final case, where Xµ contains three

independent non-zero components, we examine the off-diagonal spatial components

of the anisotropic stress tensor πµν , all of which are non-zero. These components can

be inverted to yield:

ρ =
(−1)p

2

(
π12π13
π23

+
π21π23
π13

+
π31π32
π12

)
. (148)

We note that πµν ∝ 1/a2 implies ρ ∝ 1/a2.
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Hence, implication (142) has been demonstrated for comoving p-form gauge fields

with p ∈ {0, 1, 2}. Moreover, this implication may equivalently be reformulated as:

ρ 6∝ 1/a2 =⇒ πµν 6∝ 1/a2. � (149)

Non-suitable candidates In the shear-free limit, where σµν → 0, the matter evolution

equation (69) implies that the decay ρ ∝ 1/a2 is only compatible with an equation of

state P/ρ = −1/3. However, for a II-form field at the strength level, the equation of

state is +1/3, which, in light of equation (69), necessitates an energy density decay

of 1/a4 in the shear-free regime. Consequently, condition (149) decisively rules out

the free Maxwell field as a viable source to counterbalance the anisotropic curvature.

?

Suitable candidates An equation of state P/ρ = −1/3 can only be realised in the

I-form case at the field strength levelor equivalently, in the III-form case via its

Hodge dual, as shown in equation (136)under the restriction of vanishing energy

flux. Therefore, within the framework of Abelian free p-form gauge theories, the only

viable candidates capable of supporting anisotropic spatial curvature are the p = 0

case and the p = 2 case via Hodge duality.

5.3. Research results: interaction case

For a Lorentzian space-time manifold of dimension n, the canonical volume form η is

given by the relation η = ?1, and hence any Lorentz scalar (function) f defines a vo-

lume form V ≡ ?f . Since the volume form is a top form, integrating it will again give a

scalar. A functional S may therefore be constructed in a coordinate-invariant manner

as S =
∫
?f . The question is now which volume form V we take to define our theory.

When constructing a gauge theory, there exists a natural choice. In particular, in or-

der to extend the Thorsrud ideas to account for the non-Abelian character of gauge

theories as well as interactions, we consider a vector bundle where the base mani-
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fold is the 4-dimensional spacetime and the typical fibre is the Lie algebra associated

to a specific Lie group. We take V = −1
2
Pa∧ ?Pa+Ka∧ ?Ja+ f

a
bcKa∧ ?Hbc where Pa

are the components of a (Lie-algebra valued) field-strength differential (p+ 1)-form

P =
1

(p+ 1)!
Pa

µ1...µp+1
ta ⊗ ωµ1 ∧ ... ∧ ωµp+1 . (150)

In the above ta are basis vectors of the fibre and the ωµ are basis elements of the

cotangent space. Moreover, J a are the components of a (Lie-algebra valued) source

differential p-form

J =
1

p!
J a

µ1...µp
ta ⊗ ωµ1 ∧ ... ∧ ωµp , (151)

and Ka are the components of a (Lie-algebra valued) underlying p-form gauge field

K =
1

p!
Ka

µ1...µp
ta ⊗ ωµ1 ∧ ... ∧ ωµp . (152)

Note that Pa is a differential form constructed from Ka:

Pa ≡ DKa , (153)

where D is the gauge-covariant exterior derivative on adjoint-valued forms X , given

by

DX a := X a + %fa
bc Ab ∧ X c, (154)

where is the covariant exterior space-time derivative, % is the Lie group coupling

constant, fa
bc are the structure coefficients of the Lie algebra, and

A = Aa
µta ⊗ ωµ , (155)

is the 1-form connection on the fibre.
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That is to say, we start by considering the action

S =

∫ [
−1

2
Pa ∧ ?Pa +Ka ∧ ?Ja + fa

bcKa ∧ ?Hbc

]
, (156)

where the latin index is lowered by the Cartan-Killing metric, gab = −2δab (with inverse

gab = −δab/2)14. This action gives rise to Yang-Mills- like equations of the form

D ? Pa = (−1)p+1(?J a + fa
bc ?Hbc) , Field equations, (157)

DPa = %fa
bc F b ∧ Kc , Integrability condition. (158)

Note the failure of the nil-potency of the exterior derivative operator D whenever the

curvature of the fibre is non-vanishing: DP = D2K 6= 0.

Building upon the free case discussed in the previous section, we now proceed to

examine all non-trivial p-form gauge fields in spacetime for p ∈ {0, 1, 2, 3} with inter-

actions via a potential and the non-Abelian naturalness of the gauge field with an

associated SU(2) Lie group, as introduced in Chapter 3. The aim is to contrast these

results with those obtained by Thorsrud in the free scenario and to assess whether

the inclusion of non-Abelian structures leads to novel dynamical behaviours or solu-

tions.

To start, we have to generalise the theorem 5.2 by including interactions via a poten-

tial term and the non-Abelian character of the gauge field:

[Decay relation between ρ and πµν in the interaction case]

In the presence of interactions, if the anisotropic stress πK associated to the underl-

ying p-form gauge fields evolves as some function F (a) of the expansion parameter,

14 For furhter details see the 6
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so does the kinetic energy density of the same fields:

πK ∝ F (a) =⇒ ρK − V ∝ F (a) , (159)

where V is the potential energy density coming from the source term in the action.

Proof It will be convenient to express the energy density ρA in terms of the stress

tensor πA. We will see below that, for all the cases considered,

ρK =
f

2
X2 + V , PK =

f

6
(−1)p+1X2 − V ,

πK
µν = f (−1)p

(
XµaX

a
ν − 1

3
X2hµν

)
, (160)

where f is a scalar function that parametrises the non-canonical nature of the kinetic

term, Xa is a 1-form that depends on the underlying differential p-forms involved, and

X2 ≡ Xa
µX

µ
a .

We will see that, in an orthonormal frame {eµ}, where e0 = ∂t is orthogonal to the

hypersurfaces Σt,

Xa
µ = (0, Xa

1 , X
a
2 , X

a
3 ) , X2 = Xa

1X1a +Xa
2X2a +Xa

3X3a . (161)

Let’s first assume that f > 0.15 Let’s define

Y a ≡
√
f Xa , Y 2 ≡ Y a

µ Y
µ
a ) = f X2 .

Then, the energy density and the stress tensor in (160) become

15 We will comment the f < 0 case at the end of the proof.
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ρK =
1

2
Y 2 + V , and πK

µν = (−1)p
(
Yµa ⊗ Y a

ν − 1

3
Y 2hµν

)
. (162)

We will consider three cases depending on how many spatial components of X are

different to zero.

Case 1: One non-zero component When the vector Y a possesses a single non-

vanishing component, say Y a
ˇ “( with ˇ “( ∈ {1, 2, 3}, the corresponding energy density ρK

and anisotropic stress tensor πK both depend quadratically on Y a
ˇ “( . In this case, these

quantities are related through the expression:

ρK − V =
3

4
(−1)p πK

ˇ “( ˇ “( . (163)

Hence, the implication (159) follows.

Case 2: Two independent non-zero components If Y a possesses two inde-

pendent non-vanishing components, denoted Y a
ˇ “ ˇ “== and Y a

ˇ “) with ( ˇ “ ˇ “
==
, ˇ “) ) ∈ {1, 2, 3}, the

following relations are obtained:

πK
ˇ “ ˇ “==ˇ “ ˇ “== =

(−1)p

3
(2Y a

ˇ “ ˇ “== Ya ˇ “ ˇ “== − Y a
ˇ “) Ya ˇ “) ) , πK

ˇ “) ˇ “) =
(−1)p

3
(2Y a

ˇ “) Ya ˇ “) − Y a
ˇ “ ˇ “== Ya ˇ “ ˇ “==) . (164)

These expressions can be inverted to obtain

ρK − V =
3

2
(−1)p

(
πK

ˇ “ ˇ “==ˇ “ ˇ “== + πK
ˇ “) ˇ “)

)
, (165)

and again, the implication (159) follows.

Case 3: Three independent non-zero components In the final case, when Y a

contains three independent non-vanishing components, the off-diagonal spatial com-

ponents of the anisotropic stress tensor πK are all non-zero. These components can
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then be inverted to obtain:

ρK − V =
(−1)p

2

(
πK
12π

K
13

πK
23

+
πK
21π

K
23

πK
13

+
πK
31π

K
32

πK
12

)
. (166)

Again, the implication (159) follows. �

If f < 0, let’s write f = σ|f | with σ = sign(f) and let’s define Y a =
√
|f |Xa. Then

πK = σ(−1)p
(
Y a ⊗ Ya −

1

3
Y 2h

)
, ρK =

1

2
σY 2 + V.

This adds an overall sign σ to the proportionality constants while the scaling with a is

unchanged. Thus, the same conclusion holds.

This theorem leads us to the following reasoning: the vanishing of the shear is pos-

sible if the anisotropic stress πK balances the anisotropic spatial curvature 3S (the

shear-free condition), eq. (124); in view of theorem 5.2, this means that the compo-

nents of πK, relative to an orthonormal basis, must evolve as 1/a2; now, according to

Theorem 5.3, the kinetic energy density of the underlying p-form gauge fields, ρK−V ,

must evolve as 1/a2 too; finally, in view of eqs. (119) and (160), the equation of state

for the underlying differential p-form must be wK = −1/3.

In conclusion, wK = −1/3 is a necessary but not sufficient condition to satisfy the

shear-free condition.

We now proceed to examine the non-trivial non-Abelian p-form gauge-field configu-

rations in spacetime for p ∈ {0, 1, 2, 3}, when the p-form gauge fields are members of

the su(2) Lie algebra, as introduced before.

5.3.1. 0-form ? We start with the following action for an underlying non-Abelian

differential 0-form:
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S =

∫ [
−1

2
Pa ∧ ?Pa − V (K)

]
. (167)

The 1-form Pa can be decomposed as16

Pa = −ωa u+ va , with va(u) = 0 .

or written in components,

Pa
µ = −ωa uµ + vaµ. (168)

Here, vaµ is a spacelike vector orthogonal to uµ and ωa is a scalar field. Hence, the

energy-momentum tensor associated with this gauge field takes the form

Tµν =

[
1

2
(ω2 + ν2) + V

]
uµuν − ωa (uµvν a + uνvµa) + vµav

a
ν (169)

+

[
1

2
(ω2 + ν2)− V

]
hµν ,

where ω2 = ωa ω
a and v2 = vaµ v

µ
a . Given these conditions, the energy density, pressu-

re, energy flux, and anisotropic stress associated with the energy-momentum tensor

(169) take the following form:

ρ =
1

2

(
v2 + ω2

)
+ V, P =

1

2

(
−1

3
v2 + ω2

)
− V, (170)

qµ = −ωa vµa , πµν = vaµvν a −
1

3
v2hµν ,

where the quantities are obtained using the definitions provided in equation (103).

16 For further details regarding this 1+3 decomposition, refer to Appendix 2.
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To make qµ = 0 without making πµν = 0, the scalar fields ωa must be zero which, in

turn, makes wK = −1/3. Therefore, the necessary condition to balance the aniso-

tropic spatial curvature with the anisotropic stress is satisfied. In essence, we have

obtained results analogous to those presented by Thorsrud in Thorsrud 2018 in the

non-interacting single-field p = 0 case. Consequently, all of its implications can be

extended to include the non-Abelian p = 0 case with no source term. This indicates

that such a configuration is indeed capable of sustaining anisotropic spatial curva-

ture in the shear-free limit (all the necessary and sufficient conditions are satisfied).

Therefore, for p = 0, both a non-interacting single gauge field and a non-Abelian

gauge field, the latter with no source term, yield valid shear-free solutions.

5.3.2. 1-form For the 1-form non-Abelian configuration, we start with the action

for the gauge field sector, defined by

S = −1

2

∫
dx4

√
−|g| Fa ∧ ?Fa. (171)

In the above, F denotes the SU(2) gauge field-strength tensor, defined as F = DA.

Accordingly, when expressed in a general basis, the field strength tensor can be

written in terms of the SU(2) generators Ta as follows:

F =
1

2
Fa

µν Taω
µ ∧ ων → Fa

µν = 2∇[µAa
ν] + gεab bcAb

µAc
ν , (172)

or by means of the 1+3 decomposition17, we arrive at

Fa = u ∧ Ea + ?(u ∧ Ba),

17 For further details regarding this decomposition, refer to Appendix 2.
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or written in components,

Fa =

(
u[µEa

ν] +
1

2
ηλµνBaλ

)
ωµ ∧ ων → Fa

µν = 2u[µEa
ν] + ηλµνBaλ, (173)

where,

Ba ≡ ?3Fa =
1

2
ηijkFaijωk → Ba

k =
1

2
ηijkFaij and Ea

µ ≡ Fa
µνu

ν . (174)

The energy-momentum tensor associated with the action (171) takes the form

Tµν =− Ea
µEν a − Ba

µBν a + uµuν
(
E2 +B2

)
+

1

2
gµν

(
E2 + B2

)
(175)

+ 2u(µην)αβE
α
aB

β a.

In the above, E2 = EaEa = EaEbgab = −2δabEaEb, and an analogous relation holds for

B2. Up to this point, everything is consistent with the standard irreducible decompo-

sition given in Appendix 2. It is now appropriate to recall that these components are

ultimately functions of the gauge field variables Am
µ. In particular, using the definition

F = DA, we obtain:

Ea
i = 2∇[iAa

0] + gεabcAb
0Ac

i ,

Ba
i = ηijk∇[jAak] +

1

2
gηijkε

a
bcAbjAck.

(176)

Then we get the following energy, pressure, energy flux and anisotropic stress via

(103) given by:

127



ρF =
1

2

(
E2 + B2

)
,

pF =
1

6

(
E2 + B2

)
,

qFλ = ηλγβEaγBaβ,

πF
µν = − (Ba

µBaν + Ea
µEaν) +

1

3
hµν

(
E2 + B2

)
.

(177)

The analysis reveals that the results obtained in the non-Abelian 1-form case closely

parallel those previously established by Thorsrud in Subsection 5.1.2, leading once

again to an equation of state of the form P/ρ = +1/3. This correspondence justifies

the generalisation of Remark 5.2 to include the non-Abelian scenario. Thus, such an

equation of state is incompatible with the decay condition required to support aniso-

tropic curvature in the shear-free regime. It follows that neither single non-interacting

1-form gauge fields nor non-Abelian 1-form gauge fields with no source term can

serve as suitable fields for sustaining anisotropic shear-free cosmologies.?

5.3.3. 0-form plus 1-form Given that the previous two cases yielded no substan-

tial deviations from the results obtained by Thorsrud in the Abelian framework, it is

natural to explore whether novel features arise when these configurations are com-

bined within a non-Abelian setting. To this end, we begin by considering the action

governing the gauge field sector, defined as follows:

S = −
∫

dx4
√

−|g|
(
f

2
Pa ∧ ?Pa +

1

2
Fa ∧ ?Fa + V

)
, (178)

where f is a scalar function that considers the interaction between the 0-form and

1-form non-Abelian gauge fields, and V is a potential.

The energy-momentum associated with the action (178) can be written as

128



Tµν = f Fλa
µ Fλν a −

f

4
gµν F2 + J a

µ J a
ν − 1

2
gµν J 2 − gµν V. (179)

The matter fields satisfy the evolution equation

ρ̇+ 3H (ρ+ p) = −πµν σµν , (180)

whereas the congruence evolves according to the Raychudhuri equation and the

shear propagation equation

Ḣ +H2 = −1

6
(ρ+ 3p)− 2

3
σ2, (181)

σ̇µν + 3Hσµν = πµν − 3Sµν , (182)

in agreement with saw in chapter 4. Here, the energy density ρ corresponds to the

total energy density, i.e. ρ = ρJ + ρF + ρV . The same applies to the total isotropic

pressure p and the total anisotropic stresses πµν . Additionally,

3Sµν = 3Rµν −
3R

3
hµν ,

is the trace-free three-dimensional Ricci tensor on the hypersurfaces Σt. Besides,

there is one Hamiltonian constraint among the variables:

3H2 − σ2 +
3R

2
= ρ+ ρ, (183)

that we shall sometimes refer to as the “Friedmann equation”. The energy density,

isotropic pressure, flux energy and stress tensor for each kind of {0, I, II, III}-form

129



are given by

0-form V

ρ
V = V, qvµ = 0,

pV = −V, πV
µν = 0.

(184)

I-formJ a
µ

ρ
J = 1

2
(ω2 + v2), qJµ = −ωa vµa,

pJ = 1
2

(
ω2 − 1

3
v2
)
, πJ

µν = vaµ vν a − 1
2
hµν v

2.

(185)

II-form Fa
µν


ρF = f

2
(E2 + B2), qFµ = f ηµαβ Ea

α Bβ a,

pF = f
6
(E2 + B2), πF

µν = −f(Ea
µ Eν a + Ba

µ Bν a)

+f
3
hµν(E2 + B2).

(186)

To guarantee non-tilted fluids, we have to impose that the total flux q vanish, so we

have to impose both that Ea
µ = 0 or Ba

µ = 0, and ωa = 0. Thus,

0-form V

ρ
V = V, qvµ = 0,

pV = −V, πV
µν = 0.

(187)

I-formJ a
µ

ρ
J = 1

2
v2, qJµ = 0,

pJ = −1
6
v2, πJ

µν = vaµ vν a − 1
2
hµν v

2.

(188)

II-form Fa
µν

ρ
F = f

2
B2, qFµ = 0,

pF = f
6
B2, πF

µν = −f Ba
µ Bν a +

f
3
hµν B2.

(189)
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Moreover, we choose an orthonormal frame, where

e0 = ∂t and u = e0 ⇒ u0 = 1 : uµ uµ = −1.

Considering that our choice of frame matches the local Lorentz frame at the observer,

we have that

Eµ = (0, ~E) → E i and Bµ = (0, ~B) → Bi. (190)

Hence, given the choice of an observer whose local rest space coincides with the

hypersurface of simultaneity18, and considering the conformal expansion inherent

to Bianchi modelswhere, according to equation (63), the induced metric takes the

form hab(x
µ) = a2(t) h̃ab(x

c)it follows from equation (190) that it is appropriate to work

with the induced metric h̃ij rather than hij, since the observer perceives no temporal

evolution within the hypersurfaces Σt
19. Consequently, equations (187)(189) may be

rewritten as follows:

0-form V

ρ
V = V, qvi = 0,

pV = −V, πV
ij = 0.

(191)

I-formJ a
i

ρ
J = 1

2
v2, qJi = 0,

pJ = −1
6
v2, πJ

ij = vai vj a − 1
2
h̃ij v

2.

(192)

18 For a detailed proof of this statement, the reader is referred to Chapter 12 of Gourgoulhon 2013.

19 Essentially, this means that h̃ij evolves as a constant.
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II-form Fa
ij

ρ
F = f

2
B2, qFi = 0,

pF = f
6
B2, πF

ij = −f Ba
i Bj a +

f
3
h̃ij B2.

(193)

Thus, the key results presented by Thorsrud in sections 5.1 and 5.2 can be suitably

extended to encompass the case under consideration, as follows:

1. Taking the energy density and isotropic pressure from equation (192), it follows

that the equation of state ρJ /pJ = −1/3 remains unchanged from the Abelian

case. Consequently, in the shear-free limit, the matter evolution equation (180)

indicates that the energy density decays as ρJ ∝ 1/a2, which in turn implies

that:

ρJ =
1

2
ν2 ∝ 1

a2

=
1

2
h̃ijν

i
a ν

j a ∝ 1

a2
: h̃ij ∝ cte

∴ νia ∝
1

a
and νi a ∝

1

a
.

2. Hence, the stress tensor of the 1-form at the strength level must evolve as

πJ
ij = vai vj a︸ ︷︷ ︸

∝1/a2

−1

2
h̃ij v

2︸ ︷︷ ︸
∝1/a2

∴ πJ
ij ∝ 1/a2,

which confirms and extends the results obtained in theorem 5.2.

3. Regarding the II-form case at the field strength level, and similarly to the I-

form case, the equation of state derived from (193) remains identical to that of

the Abelian scenario, as the function f does not influence at all. Therefore, we

have ρF/pF = −1/3. In the shear-free limit, the matter evolution equation (63)

implies that the energy density decays as ρF ∝ 1/a4, which in turn leads to:
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ρF =
1

2
f B2 ∝ 1

a2

=
1

2
f h̃ij Bi

a Bj a : h̃ij ∝ cte

∴ fB2 ∝ 1

a4
, fBi

a Bj a ∝ 1

a4
and fBa

i Bj a ∝
1

a4
.

4. The latter implies that the anisotropic stress tensor corresponding to the II-

form at the strength level must decay as

πF
ij = − fBa

i Bja︸ ︷︷ ︸
∝1/a4

+
1

3
f h̃ijB2︸ ︷︷ ︸
∝1/a4

∴ πF
ij ∝ 1/a4,

what confirms and extends the results obtained in remark 5.2.

The results can be summarised as follows:



H ∝ 1/a =⇒ Ḣ ∝ 1/a2,

ρJ ∝ 1/a2 =⇒ νai ∝ 1/a and νia ∝ 1/a,

ρJ ∝ 1/a2 =⇒ πJ
ij ∝ 1/a2,

ρF ∝ 1/a4 =⇒ f Ba
i Bj a ∝ 1/a4 and f Bi

a Bj a ∝ 1/a4,

ρF ∝ 1/a4 =⇒ πF
ij ∝ 1/a4,

h̃ij ∝ cte, 3R ∝ 1/a2 and 3Sij ∝ 1/a2.

(194)

To determine whether this non-Abelian gauge field configuration can sustain the an-

isotropic spatial curvatureand thereby satisfy the shear-free condition (74)it is es-

sential to examine the decay behaviour of each term in the dynamical equations

(181)(185) within the shear-free regime, to evaluate the validity of the condition ri-

gorously. If it is not inherently satisfied, one may further investigate whether specific
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decay properties of the interaction function fwhich governs the coupling between the

gauge fieldscan ensure compliance with the shear-free constraint.

In the context of non-tilted fluids and under the shear-free regime, the Raychaudhuri

equation (181), the shear propagation equation (182), and the Friedmann equation

(183), corresponding to an interacting non-Abelian gauge field comprising both 1-

form and 2-form components, together with a potential term, assume the following

respective forms:

Ḣ︸︷︷︸
∝1/a2

+ H2︸︷︷︸
∝1/a2

=
1

3
V − 1

6
f B2︸︷︷︸
∝1/a4

, (195)

3Sij︸︷︷︸
∝ 1/a2

= νai νj a︸ ︷︷ ︸
∝ 1/a2

−1

3
h̃ij ν

2︸ ︷︷ ︸
∝ 1/a2

− f Ba
i Bj a︸ ︷︷ ︸

∝ 1/a4

+
1

3
f h̃ij B2︸ ︷︷ ︸
∝ 1/a2

, (196)

3 H2︸︷︷︸
∝ 1/a2

+
1

3
3R︸︷︷︸

∝ 1/a2

=
1

3
ν2︸︷︷︸

∝ 1/a2

+
2

3
f B2︸︷︷︸
∝ 1/a2

. (197)

Irrespective of the evolution of the potential, a consistent pattern is evident across

the three equations: the contribution of the II-form at the field strength level makes

it impossible to achieve matching decay rates on both sides of each equation. Mo-

reover, it appears unfeasible to isolate the interaction function f in a manner that

allows for the determination of its required decay behaviour to sustain the anisotro-

pic curvature. In conclusion, this class of interacting non-Abelian gauge fields fails to

counterbalance the anisotropic spatial curvature and, therefore, cannot yield shear-

free solutions, according to the theorem 5.3.

5.3.4. Another alternative: qJµ + qFµ = 0 In the preceding case, we assumed, ai-

ming to ensure non-tilted fluids, that each energy flux individually vanishes. However,
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an alternative approach yielding the same condition requires that the total energy flux

vanishes; that is, the combined contribution of the 1-form and 2-form energy fluxes

is equal to zero. Hence,

qJµ + qFµ = 0 =⇒ f ηµαβ Eα
a Bβ a = ωa vµ, (198)

which implies that

ν2 = νaµν
µ
a = f 2 ω−2 ηµαβΛηµωΓθ Ea

α Bb
α Eω

b BΓ
auΛu

θ

= f 2 ω−2
(
E2 B2 + Ea

Γ BΓ
a Bb

ω Eω
b

)
, (199)

where the identities involving the Levi-Civita symbol, as outlined in Appendix 5, have

been employed.

Hence, the expressions for the energy density, isotropic pressure, energy flux, and

anisotropic stress tensor differ from those given in equations (184)(186) in the follo-

wing manner:

0-form V

ρ
V = V, qvi = 0,

pV = −V, πV
ij = 0.

(200)

I-formJ a
i



ρJ = 1
2

[
ω2 + f 2 ω−2

(
E2B2 + Ea

i Bi
a Eb

j B
j
b

)]
,

pJ = 1
2

[
ω2 − 1

3
f 2 ω−2

(
E2B2 + Ea

i Bi
a Eb

j B
j
b

)]
,

qJi = −ωa vi a,

πJ
ij = f 2 ω−2

[
ηilmηjnp E l

a Bma En
b Bpb

−1
2
h̃ij

(
E2B2 + Ea

h Bh
a Eb

k Bk
b

)]
.

(201)
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II-form Fa
ij


ρF = f

2
(E2 + B2), qFi = ωa νi a,

pF = f
6
(E2 + B2), πF

ij = −f(Ea
i Ej a + Ba

i Bj a)

+f
3
h̃ij(E2 + B2).

(202)

Although the equation of state cannot be explicitly determined for the 1-form ca-

se, since the ratio ρJ /pJ remains expressed in terms of the electric and magnetic

components, for the 2-form contribution, the equation of state remains unchanged,

yielding ρF/pF = +1/3. This, in turn, implies that:

ρF ∝ 1/a4 =⇒ f E2 ∝ 1/a4 and f B2 ∝ 1/a4. (203)

By substituting expressions (200)(202) into the Raychaudhuri equation (181), the

shear propagation equation (182), and the Friedmann equation (183), one finds that

all resulting terms remain expressed in forms analogous to (203). This leads to the

same drawback encountered in the previous section. Consequently, even when ac-

counting for the constraint (198), this configuration of interacting gauge fields fails to

counterbalance the anisotropic spatial curvature and thus cannot support shear-free

solutions.

5.3.5. 2-form In subsection 5.1.3, the analysis relied on Hodge duality with the

0-form case to explore the behaviour of the 2-form field. However, in the non-Abelian

context, this correspondence does not necessarily hold, making it essential to exa-

mine it independently.

We start with the action for the gauge field sector, defined by
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S = −1

2

∫
dx4

√
−|g| Ha ∧ ?Ha, (204)

where,in components, Ha
µνα = Dµ Ca

να with Ca
να denoting a non-Abelian two-form gau-

ge field. In this setting, the III-form Ha admits the following decomposition20:

Ha = u ∧ ε(~u,~ba, ·, ·) + ωa ε(~u, ·, ·, ·),

or written in components:

Ha
µνα = − (3u[µ ηνα] ρb

ρ a + ωa ηµνα), (205)

such that, ηµνα ≡ ηµναΓ u
Γ. Thus, the energy-momentum tensor associated to (204)

takes the form

Tµν = ω2 hµν − ωa(uµbν a + uνbµa) + baµbν a −
1

2
(ω2 + b2)gµν . (206)

This expression precisely reproduces the energy-momentum tensor corresponding

to the 0-form case presented in (169). Consequently, the associated energy density,

isotropic pressure, energy flux, and anisotropic stress coincide with those given in

(170). It follows that the conclusions drawn in subsection 5.3.1 for the non-Abelian 0-

form case remain applicable: both Abelian and non-Abelian 2-form gauge fields give

rise to viable shear-free solutions. However, the non-Abelian character does not yield

any substantial physical differences or introduce new dynamical features relative to

the Abelian scenario.

20 For additional details on this decomposition, see Appendix 2.

137



5.3.6. 3-form As a last attempt, we shall study the 3-form non-Abelian gauge field

configuration. The action for this sector is defined by

S = − 1

48

∫
dx4

√
−|g| K2. (207)

Here, K2 ≡ KaKa, with the field strength given by Ka
µναω = DµIa

ναω, where Ia
ναω re-

presents a non-Abelian 3-form gauge field. In the context of a four-dimensional spa-

cetime manifold, the field strength-being a IV -form-is necessarily a top-form and, as

such, must be proportional to the canonical volume form η, as discussed in Gour-

goulhon 2013. Therefore,

Ka
µναω = ϕa ηµναω.

Thus, the components of the energy-momentum tensor related to the action (207)

are

Tµν =
1

6
Kaωαβ

µ Ka νωαβ −
1

48
gµνK2 = −1

2
ϕ2 gµν . (208)

Employing equation (103), the resulting expressions for the energy density, isotropic

pressure, energy flux, and anisotropic stress are as follows:

ρK = −pK =
1

2
ϕ2 and qKµ = πK

µν = 0. (209)

Essentially, this configuration does not contribute to counterbalancing the anisotropic

spatial curvature in the shear-free limit and is thus ruled out as a viable candidate for

producing shear-free solutions, mirroring the conclusions reached for the analogous

Abelian case examined in Subsection 5.1.4.
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6. Conclussions

This work has systematically examined interacting differential p-forms with p ∈ {0, 1, 2, 3}

to assess their ability to sustain anisotropic spatial curvature in shear-free cosmolo-

gies. The p-form action is composed of the canonical kinetic term, invariant under an

internal non-Abelian gauge symmetry (SU(2) to be precise), plus a source term; the

interactions show up in the source term as well as in the non-Abelian nature of the

p-forms involved. The analysis confirms that, as happens with the single field case

analyzed in Thorsrud 2018, the non-Abelian differential 0-form and 2-form, without

the source term, satisfy the condition, obtained in Section 4, necessary for the exis-

tence of shear-free solutions. In contrast, the non-Abelian differential 1-form and

3-form, with or without the source term, and the non-Abelian differential 0-form and

2-form, with the source term, fail to satisfy such a condition.

The non-Abelian nature of the differential p-forms was not an obstacle to satisfy the

necessary condition of Section 4. However, the presence of a source term was an

insurmountable obstacle, spoiling the good results obtained for the non-Abelian diffe-

rential 0-form and 2-form. Since the existence of interactions is an essential element

of any realistic field theory, our conclusion is certainly negative: relaxing the cosmo-

logical principle is not an option because of the shear-free anisotropic cosmological

model failure.
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APPENDIXES

Anexo A. A Brief Guide to Differential Geometry

Manifolds crop up everywhere in

mathematics. These generalisations

of curves and surfaces to arbitrarily

many dimensions provide the

mathematical context for

understanding “space” in all of its

manifestations.

—John M. Lee. Introduction to

Smooth Manifolds (2013).

This appendix builds extensively on chapters 14, 15 and 16 in Special Relativity in

General Frames 21, chapter 3 in 3+1 Formalism in General Relativity 22 and chapter

2 in An introduction to theory of rotating stars 23.

6.1. Manifold and its tangent and cotangent spaces

Spacetime requires four coordinates to identify an event, which in classical and spe-

cial relativity is taken to be globally true (i.e., events map to R4). In general relativity,

however, we do not assume any global properties from the outset. This is analogous

to describing Earths surface with two coordinates locally but failing to capture its glo-

bal geometry by simply extending those coordinates worldwide. Thus, we use the

21 Gourgoulhon 2013

22 Gourgoulhon 2012

23 Eric Gourgoulhon: “An Introduction to the theory of rotating relativistic stars”. En: CompStar 2010:
School and Workshop on Computational Tools for Compact Star Astrophysics. Mar. de 2010
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notion of a manifolda set where each point has a neighbourhood resembling Rn24,

yet the overall structure may differ globally.

Manifold 25: An n-dimensional, C∞, real manifold M is a set together with a collection

of subsets {Oα} satisfying the following properties:

1. Each p ∈ M lies in at least one Oα, i.e., the {Oα} cover M .

2. For each α, there is a one-to-one, onto, map ψα : Oα → Uα, where Uα is an

open subset of Rn.

3. If any two sets Oα and Oβ overlap, Oα ∩ Oβ 6= ∅ (where ∅ denotes the empty

set), we can consider the map ψβ ◦ ψα
−1 (where ◦ denotes composition) which

takes points in ψα (Oα ∩ Oβ) ⊂ Uα ⊂ Rn to points in ψβ (Oα ∩ Oβ) ⊂ Uβ ⊂ Rn.

We require these subsets of Rn to be open and this map to be C∞, i.e., infinitely

continuously differentiable. (Since we are dealing here with maps of Rn into Rn, the

advanced calculus notion of C∞ functions applies.)

One can define vectors at each point of a manifold by considering the tangent space

TpM. For example, a river flow on Earth’s surface can be modelled as a vector field,

assigning a vector in TpM to each point p. Intuitively, this arises from collecting all

tangent vectors to every possible curve passing through p.

In an analogous way, the co-tangent space T ∗
pM is where 1-forms (with p = 1 in

(216)) reside. Let {eµ} be a basis for TpM. Then a corresponding basis {ων} for

T ∗
pM is defined by the dual relation

24 Basically, a manifold is a set made up of pieces that “look like” open subsets of Rn such that these
pieces can be “sewn together” smoothly Robert M Wald: General relativity. University of Chicago
press, 2024.

25 ibíd.
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ων (eµ) = δνµ. (210)

6.2. Group action on spacetime

Spacetime symmetries are described in a coordinate-independent way by introdu-

cing a (symmetry) group G that acts on the manifold M. Each transformation in G

shifts points in M, and the metric g remains invariant under these displacements.

Formally, a group action of G on M is defined by the mapping26

Φ : G×M −→ M

(g, p) 7−→ Φ(g, p) := g(p), (211)

such that

? ∀ (g, h) ∈ G2, ∀ p ∈ M, g(h(p)) = gh(p), where gh denotes the product of g by h

according to the group law of G (see Fig. 1).

? If e is the identity element of the group G, then ∀ p ∈ M, e(p) = p.

The orbit of a point: It is defined as the set {g(p), g ∈ G} ⊂ M, i.e., the set of points

which are connected to p by some group transformation27.

An important subclass of group actions arises when G is a one-dimensional Lie

group (i.e., a continuous group). In a neighbourhood of the identity element e, each

group element can be labelled by a real parameter t such that gt=0 = e. The orbit

of a point p ∈ M under this action is then either {p} (if p is a fixed point) or a one-

dimensional curve in M. In the latter case, t serves as a natural parameter along the

26 Do not confuse the generic element g of the group G with the metric tensor g.

27 In fact, the set of all orbits of p ∈ M must be a submanifold of M MacCallum 1973.
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curve (see Fig. 2 ). The tangent vector associated with this parameter is termed the

generator of the symmetry group with respect to the t parametrisation, given by

~ξ =
d~x

dt
. (212)

Here, d~x is the infinitesimal displacement taking p to gdt(p) (see Fig. 2). Conse-

quently, in any infinitesimal neighborhood of p, the action of G amounts to transla-

tions along the vector dt~ξ.

Transitively action on a group 28: A group G is said to act transitively on a manifold

M if given any two points p, q ∈ M there exist a group element g ∈ G that connects

them; i.e.,

g(p) = p. (213)

Clearly, a group is transitive on each of its orbits.

28 MacCallum 1973
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Figura 1. Group action on the spacetime
manifold M. Taken from É. Gourgoulhon:
3+1 Formalism in General Relativity:
Bases of Numerical Relativity. Lecture
Notes in Physics. Springer Berlin
Heidelberg, 2012.

Figura 2. Under the action of a
one-dimensional Lie group labelled
by t ∈ R, the orbit of a point p
forms a curve, and the vector
~ξ = d~x

dt
is the generator

corresponding to the parameter t.
Taken from É. Gourgoulhon: 3+1
Formalism in General Relativity:
Bases of Numerical Relativity.
Lecture Notes in Physics. Springer
Berlin Heidelberg, 2012.

If the element g ∈ G that enters in (213) is unique, the group is said to be simply-

transitive29. If g in (213) is not unique, the group is said to be multiply-transitive on

each orbit 30.

6.3. Differential forms and their operations

In what follows, let us consider an n-dimensional space E. For any integer p ∈ N, a

differential p-form A is defined to be a smooth field of p forms –i.e., a smooth field of

alternating tensors of valence p– as described below 31.

29 Colloquially we could say that there is only one way to get from p to q.

30 MacCallum 1973

31 Gourgoulhon 2013
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Within the space of all tensors, a notable subset consists of those multilinear forms

that are completely antisymmetric –namely, the (0, p)– type tensors which change

sign upon interchange of any two arguments:

p = 2 : A(~v1, ~v2) = −A(~v2, ~v1),

p = 3 : A(~v1, ~v2, ~v3) = −A(~v2, ~v1, ~v3),

...

p = n : A(~v1, ~v2, · · · , ~vn) = −A(~v2, ~v1, · · · , ~vn).

Such multilinear forms are termed alternate forms because they vanish whenever

two of their arguments coincide. For any integer p ≥ 2, a p-form is defined as an

alternate form of valence p. We denote the set of all p-forms on E by Ap(E).

Wedge product 32: Let Ap(E) and Aq(E), the spaces of p-forms and q-forms on

an n-dimensional vector space E, respectively. We define the wedge product as the

mapping

∧ : Ap(E)× Aq(E) −→ Ap+q(E)

(A,B) 7−→ A ∧ B, (214)

such that

A ∧ B (~v1, · · · , ~vp+q) :=
1

p!q!

∑
σ∈Sp+q

(−1)k(σ)A(~vσ(1), · · · , ~vσ(p))×

B(~vσ(p+1), · · · , ~vσ(p+q)). (215)

32 Gourgoulhon 2013
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Here, (~v1, · · · , ~vp+q) is any element of Ep+q, Sp+q denotes the group of all permu-

tations of p + q elements, and k(σ) is the number of transpositions into which the

permutation σ can be factorized. In the above definition, A ∧ B is an alternate form

of valence p+ q, ensuring that the map (214) is well defined.

By means of the wedge product, any p-form can be written as

P =
1

p!
Pµ1···µp ω

µ1 ∧ · · · ∧ ωµp . (216)

In an n-dimensional space, it is necessary that p ≤ n. Consequently, the n-form is

called the top-form. Because a top form possesses only one component, all such

forms are necessarily proportional. The volume form, η, is an example of a top-form,

defined as33

η =
1

n!

√
|g| εµ1···µn ωµ1 ∧ · · · ∧ ωµn . (217)

Here, |g| denotes the absolute value of the determinant of the metric tensor g, and

εµ1···µn is the standard antisymmetric symbol of rank n. The Hodge dual ?P of a p-

form P is defined as an (n− p)-form obtained by contracting P with the volume form.

Formally, this is expressed as

?P =
1

p!(n− p)!
ηµ1···µpν1···νn−pPµ1···µpων1 ∧ · · · ∧ ωνn−p

=
1

(n− p)!
∗ Pµ1···µn−pω

µ1 ∧ · · · ∧ ωµn−p . (218)

On the other hand, the exterior derivative d is a linear operator that maps (p−1)-forms

33 Grøn y Hervik 2007
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to p-forms, i.e., d : Ap−1(E) → Ap(E). Letting ∇ denote the covariant derivative, one

finds for a ( p− 1)-form K that

dK =
1

(p− 1)!
∇µ1Kµ2···µp ω

µ1 ∧ · · · ∧ ωµp . (219)

As both dK and P are p-forms, one might have P = dK. When this condition holds,

P is said to be exact. Furthermore, for any p form P, the exterior derivative satisfies

the following property:

d2P = 0. (220)

However, it does not generally extend to vector-valued p forms34. A p-form P that

satisfies dP = 0 is called closed. Hence, by (220), all exact p-forms are necessarily

closed, but the converse is not always true. This is where Poincaré’s lemma beco-

mes relevant.

Poincare’s lemma 35: For any star-shaped36 open set U there will, for any closed

p-form P, exist a (p− 1)-form K such that P = dK.

34 For further details and a discussion on applying exterior calculus to general relativity, see Chapter
6 in Grøn y Hervik 2007.

35 ibíd.

36 If V is a finite-dimensional vector space, a subset U ⊆ V is said to be star-shaped if there is a
point c ∈ U such that for every x ∈ U , the line segment from c to x is entirely contained in U Lee
2003.
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Anexo B. 1 + 3 p-form gauge field decomposition

This appendix builds extensively on chapters 3, 14, 15 and 16 in Special Relativity in

General Frames 37.

1-form: Let J a one-form. Given a unit timelike vector ~u (in practice, it will be the

4-velocity of some observer), there exists a one-form v and a unique vector scalar

field ϕ such that

J = −φu+ v =⇒ Jµ = −φuµ + vµ. (221)

2-form: Let A be a 2-form:

∀(~v, ~w) ∈ E2, A(~v, ~w) = −A(~w,~v).

Given a unit timelike vector ~u (in practice, it will be the 4 -velocity of some observer),

there exists a unique linear form q ∈ E∗ and a unique vector ~b ∈ E such that

A = u⊗ q − q ⊗ u+ ε(~u,~b, ·, ·) : 〈q, ~u〉 = 0 and ~u ·~b = 0, (222)

where u is the dual form associated to ~u.

Proof We shall start studying the action of two arbitrary vectors (~v, ~w) ∈ E2 on

the 2-form A:

37 Gourgoulhon 2013
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A (~v, ~w) = (u⊗ q − q ⊗ u+ ε(~u,~b, ·, ·)) (~v, ~w)

= (u⊗ q) (~v, ~w)− (q ⊗ u) (~v, ~w) + ε(~u,~b,~v, ~w)

= 〈u,~v〉〈q, ~w〉 − 〈q,~v〉〈u,~v〉+ ε(~u,~b,~v,~b〉, (223)

where 〈u,~v〉 = ~u · ~v.

Let us build the expression (222). From there, we can infer the action of the unit

timelike vector ~u on A:

A (·, ~u) = (u⊗ q − q ⊗ u+ ε(~u,~b, ·, ·)) (·, ~u)

= (u⊗ q) (·, ~u)− (q ⊗ u) (·, ~u) + 0ε(~u,~b, ·, ~u)

= u 0〈q, ~u〉 − q -1〈u, ~u〉.

Then, we set

q = A (·, ~u). (224)

Thus, q is the linear form defined by ∀~v ∈ E, such that, 〈q,~v〉 = A (~v, ~u). Taking into

account the antisymmetry of A, we can infer that 〈q, ~u〉 = 0. Therefore, the second

expression in (222) is fulfilled. Now, from (222) let us define a new 2-form as

B := A− u⊗ q + q ⊗ u, (225)

such that
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B (·, ~u) = qA (·, ~u)− u 0〈q, ~u〉+ q -1〈u, ~u〉 = q − q = 0.

With this in mind, we shall determine the action of B on the hyperplane Eu normal

to ~u, where (Eu,g) is a Euclidean space38. Let us choose an orthonormal basis in

(Eu,g), denoted by (~ei) = (~e1, ~e2, ~e3). If ~u is the 4-velocity of an observer, one may

choose (~ei) as the three spatial vectors of the observer’s local frame in such a way

that we can define the following three numbers:

b1 := B (~e2, ~e3), b2 := B (~e3, ~e1), b3 := B (~e1, ~e2), (226)

and construct the vector

~b := bi ~ei ∈ Eu. (227)

We can see that ~b satisfies the third expression in (222): ~u ·~b = 0. Besides, for any

pair of vectors ~v, ~w ∈ Eu, thanks to the antisymmetry of B, it follows that

B (~v, ~w) = B (vi ~ei, w
j ~ej) = viwj B (~ei, ~ej)

= v1w2b3 − v2w1b3 − v1w3b2 + v3w1b2 + v2w3b1 − v3w2b1

=

∣∣∣∣∣∣∣∣∣
b1 v1 w1

b2 v2 w2

b3 v3 w3

∣∣∣∣∣∣∣∣∣ . (228)

This corresponds to the usual mixed product of three vectors in the Euclidean space

38 For details see chapter 3, section 2 in Gourgoulhon 2013.
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(Eu,g), assuming that an orientation has been selected such that (~ei) forms a right-

handed basis. However, it is important to recall that the choice of an orientation of

a vector space of dimension n is equivalent to the choice of a fully antisymmetric

n-linear form 39. For n = 4, the antisymmetric four-linear form is the standard Levi-

Civita tensor ε. However, in this context, we focus on the n = 3 case, where it is

natural to choose the antisymmetric trilinear form εu, which is defined from ε by 40

∀~v1, ~v2, ~v3 ∈ Eu, εu(~v1, ~v2, ~v3) := ε(~u,~v1, ~v2, ~v3). (229)

It represents a trilinear form in Eu and satisfies εu (~e1, ~e2, ~e3) = 1. Through metric

duality, εu defines the cross product of two vectors in Eu as

∀ ~v, ~w ∈ E2
u, ~v ×u ~w := εu (~v, ~w, ·) = ε (~u,~v, ~w, ·). (230)

In other words, the expression (230) is nothing more than the mixed product of three

vectors (~v1, ~v2, ~v3) in Eu:

εu (~v1, ~v2, ~v3) = (~v1 ×u ~v2) · ~v3 = (~v2 ×u ~v3) · ~v1 = (~v3 ×u ~v1) · ~v2. (231)

Since εu (~e1, ~e2, ~e3) = 1 and thanks to the expression in (230), (228) can be rewritten

in terms of (231) as

39 Lee 2003

40 Gourgoulhon 2012
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∀ ~v, ~w ∈ E2
u, B (~v, ~w) = εu (~b,~v, ~w) = bi vj wk εu (~ei, ~ej, ~ek)

=

∣∣∣∣∣∣∣∣∣
b1 v1 w1

b2 v2 w2

b3 v3 w3

∣∣∣∣∣∣∣∣∣
= ε (~u,~b,~v, ~w). (232)

Considering the definition of the 2-form B in (225), this confirms the decomposition

(222) of the 2 -form A. However, the proof of the uniqueness of the linear form q and

the vector ~b is still required:

1. Uniqueness of q: If 〈q, ~u〉 = 0, then

∀ ~v ∈ E, A (~v, ~u) = 〈u,~v〉 0〈q, ~u〉 − 〈q,~v〉 -1〈u, ~u〉+ 0ε (~u,~b,~v, ~u)

= 〈q,~v〉,

so q := A (·, ~u) is the only possible choice.

2. Uniqueness of ~b: If we restrict (223) to the hyperplane Eu, we have that

∀(~u, ~w) ∈ E2
u, A (~v, ~w) = ε (~u,~b,~v, ~w) = εu (~b,~v, ~w). (233)

Let ~b′ ∈ Eu be another vector that satisfies the decomposition (222). Conse-

quently, from (233), it follows that

εu (~b
′, ~v, ~w) = εu (~b,~v, ~w) =⇒ εu (~b−~b′, ~v, ~w) = 0.
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Since εu is non-degenerate on Eu, we can conclude that~b′−~b = ~0, which shows

the unicity of ~b. �

There exists a more elegant and compact manner to express the decomposition

(222), given by:

A = u ∧ q + ?(u ∧ b) : 〈q, ~u〉 = 0 and ~u ·~b = 0. (234)

The Hodge star operator permit us to express the vector ~b in terms of A and ~u, as

we already expressed q in terms of A and ~u in (224). Let us take the Hodge star of

(234):

?A = ?(u ∧ q) + ? ? (u ∧ b) = ε(~u, ~q, ·, ·)− u ∧ b. (235)

Setting the first argument of this 2-form to ~u, we obtain the linear form

?A(~u, ·) = ε(~u, ~q, ~u, ·)︸ ︷︷ ︸
0

−〈u, ~u〉︸ ︷︷ ︸
1

b+ 〈b, ~u〉︸ ︷︷ ︸
~b·~u=0

u = b. (236)

We have thus

b = ?A(~u, ·), (237)

which contrasts with the expression obtained in (224). Hence, in the decomposition

(234), the 1-form q is obtained directly from A, whereas the vector ~b is obtained from

the Hodge dual of A.

3-form: Let J be a 3-form:
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∀(~v, ~w, ~f) ∈ E3, J (~v, ~w, ~f) = −J (~w,~v, ~f) = −J (~v, ~f, ~w).

Given a unit timelike vector −→u (in practice, it will be the 4-velocity of some observer),

there exists a unique scalar field ϕ and a unique vector
−→
b ∈ E such that

J = u ∧ ε(~u, ~b, . . . , ) + ϕ ε(~u, ~b, . . . , ) : ~u · ~b = 0. (238)

Proof Let us define a 3-form J ∈ E by

J = u ∧ A+ u ∧ ε (~u,~b, ·, ·)

= u⊗A−A⊗ u+ u⊗ ε (~u,~b, ·, ·)− ε (~u,~b, ·, ·)⊗ u, (239)

where A is a 2-form and ε is the Levi-Civita tensor. Similarly to what we did in the

proof of the above theorem, we set

A := J (·, ·, ~u), (240)

such that,

A (·, ~u) = J (·, ~u, ~u)

= -1〈u, ~u〉A (·, ~u)−A (·, ~u) -1〈u, ~u〉+ -1〈u, ~u〉 0ε (~u,~b, ·, ~u)

= 0. (241)

Now, we define a 3-form as
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D := J − u⊗A+A⊗ u, (242)

in such a manner that

D (·, ·, ~u) = AJ (·, ·, ~u)− u 0A (·, ~u) +A -1〈u, ~u〉

= A−A = 0. (243)

Besides, we shall define the action of D in the hyperplaneEu normal to ~u: let (~ei) ∈ Eu

be the orthonormal vector basis associated to the observer’s local frame, where each

vector ~v ∈ Eu can be written as

~v = vi ~ei ∈ Eu : ~u · ~v = 0.

Regarding to the action of any three vectors (~b,~v, ~w) ∈ Eu on D, it follows that

D (~b,~v, ~w) = bi vj wk D (~ei, ~ej, ~ek), (244)

such that any 3-form defined on Eu will be proportional to the volume-form 41, so

D (~ei, ~ej, ~ek) ∝ εu (~ei, ~ej, ~ek)

∴ D (~ei, ~ej, ~ek) = ϕ εu (~ei, ~ej, ~ek) : ϕ ∈ R. (245)

Hence, from (232) we can conclude that

41 Lee 2003
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D (~b,~v, ~w) = ϕ

∣∣∣∣∣∣∣∣∣
b1 v1 w1

b2 v2 w2

b3 v3 w3

∣∣∣∣∣∣∣∣∣ .

Thus,

D (~b,~v, ~w) = ϕ [(~b×~u ~v) · ~w] = ϕ εu (~b,~v, ~w). (246)

Previously, we could demonstrate that any 2-form A admits a unique orthonormal de-

composition given by (222). Thus, using (246) we can rewrite the 3-form orthogonal

decomposition (238) as follows

J = u ∧ (u ∧ q + ε(~u,~b, ·, ·)) + ϕ ε(~u, ·, ·, ·)

= 0u ∧ u ∧ q + u ∧ ε(~u,~b, ·, ·) + ϕ ε(~u, ·, ·, ·).

Therefore,

J = u ∧ ε(~u,~b, ·, ·) + ϕ ε(~u, ·, ·, ·), (247)

that corresponds with the decomposition (238). However, it remains to show the

uniqueness of the 2-form A and the scalar ϕ:

1. Uniqueness of A: If (241) holds, then ∀(~d, ~f) ∈ E

168



J (~d, ~f, ~u) = (u⊗A−A⊗ u+ ε (~u, ·, ·, ·)) (~d, ~f, ~u)

= 〈u, ~d〉0A(~f, ~u)−A(~d, ~f)-1〈u, ~u〉+ 0ε(~u, ~d, ~f, ~u)

= A(~d, ~f) ∴ A = J (·, ·, ~u),

which is in agreement with (240).

2. Uniqueness of ϕ: We suppose that there exists another ϕ′ ∈ R such that (246)

holds, so

ϕ εu(~b, ~d, ~f) = ϕ′ εu(~b, ~d, ~f) =⇒ (ϕ− ϕ′) εu(~b, ~d, ~f) = 0.

Since εu is non-degenerate on Eu, we can conclude that ϕ − ϕ′ = 0, which

shows the uniqueness of ϕ. �

Anexo C. Velocity field decomposition

This appendix builds on chapters 11 in Einstein’s General Theory of Relativity 42 and

Tales from Wonderland 43.

Let u be the four-velocity field and define the four-acceleration as

a =
du

dτ
, (248)

with τ being the proper time. Employing a semicolon (;) for the covariant derivative

42 Grøn y Hervik 2007

43 Normann 2020

169



and using a dot (̇) to denote differentiation with respect to τ , we can express the

components of (248) as

u̇α = aα = uα;µ u
µ. (249)

The projector hµν maps tensors onto the simultaneity slice orthogonal to the four-

velocity u. Consequently, the covariant derivative of u can be expressed as

uα;β =
1

3
θ hαβ + σαβ + ωαβ + u̇αuβ, (250)

where θ is the expansion scalar, σαβ denotes the shear tensor, and ωαβ represents

the vorticity tensor. They are defined as follows 44:

θ = uµ;µ,

σαβ = u(α;β) −
1

3
uµ;µ hαβ + u̇(αuβ),

ωαβ = u[α;β] + u̇[αuβ].

(251)

Here, square brackets around indices indicate an antisymmetric combination, while

parentheses denote a symmetric combination.

Freely moving particles follow geodesics, which are the analogue of straight lines in

curved spacetime. Consequently, in the absence of external forces, we have

a = 0. (252)

Throughout this thesis, we assume that the fundamental observers move freely. In

44 Ellis, Maartens y MacCallum 2012b
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addition, we require co-motion, implying that

u = ∂τ . (253)

Combining this result with (252) and noting that θ = 3H (where H is the Hubble

parameter), we arrive at

θ = 3H,

u(α;β) = σαβ +H hαβ,

ωαβ = 0.

(254)

Finally, the expansion tensor θµν takes the form

θαβ = σαβ +
1

3
θhαβ. (255)

Anexo D. Energy-momentum tensor standard irreducible decomposition

This appendix builds on chapters 3 in Relativistic Hydrodynamics 45 and Tales from

Wonderland 46.

Let T µν be the components of a rank (2,0) tensor and let hµν be the projection on-

to the hypersurfaces orthogonal to the 4-velocity uµ. Thus, we decompose the full

metric gµν according to

gµν = hµν − uµuν . (256)

Since uµ is time-like, hµν will always represent spatial sections. As usual, we define

the lower components according to

45 Luciano Rezzolla y Olindo Zanotti: Relativistic hydrodynamics. OUP Oxford, 2013

46 Normann 2020
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Tµν = Tαβgαµgβν . (257)

Then, using (256), we find

Tµν = Tαβ(hαµ − uαuµ)(hβν − uβuν). (258)

Expanding the brackets, we obtain

Tµν = hαµh
β
νTαβ + uµuνu

αuβTαβ − uµh
β
νu

αTαβ − uνu
βhαµTαβ. (259)

Projecting onto uµuν: The energy density ρ is the scalar quantity we observe in

the comoving frame. It is defined as

ρ ≡ uαuβTαβ. (260)

Projecting one index onto uµ and one onto hαµ: To get the energy flow qν we

project one ‘leg’ on each side. We find

qν ≡ −hανuβTαβ. (261)

The spatial part: The part of T µν projected onto spatial sections is

hαµh
β
νTαβ. (262)

These will therefore give the purely space-like components of Tµν . More specifically,

the isotropic pressure p is now given as the trace, whereas the rest, πµν , represents

the shear. Hence

p =
1

3
hµνTµν (263)

and

πµν ≡ hαµh
β
νTαβ − p hµν . (264)
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With these definitions, we may rewrite Tµν .

Symmetric T µν: Any symmetric tensor T µν may now be decomposed such that

Tµν = ρuµuν + p hµν + 2q(µuν) + πµν . (265)

Anexo E. The volume-form

Given an n-dimensional pseudo-Riemannian manifold M we may define the compo-

nents of the Levi-Civita n-form as

ηαβγδ =
√
gεαβγδ, (266)

where g is the absolute value of the determinant g of the metric tensor with compo-

nents gµν . Also, εαβγδ is the totally skew symbol, and we define

ε0123 = 1. (267)

As usual, we use upper and lower indices with the metric. Consequently, one may

show that for an n-dimensional space-time, the following relation holds 47:

ηµ1···µn−pν1···νpηµ1···µn−pσ1···σp = −(n− p)! p! δν1···[µ1···δ
νp
µp]
. (268)

For the particular case n = 4, one finds

47 Grøn y Hervik 2007
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ην1ν2ν3ν4ηµ1µ2µ3µ4 = −4!δν1···[µ1···δ
ν4
µ4]
, (269)

ηµ1ν2ν3ν4ηµ1µ2µ3µ4 = −3!δν2···[µ2···δ
ν4
µ4]
, (270)

ηµ1µ2ν3ν4ηµ1µ2µ3µ4 = −4!δν3[µ3
δν4µ4]

, (271)

ηµ1µ2µ3ν4ηµ1µ2µ3µ4 = −3!δν4µ4
, (272)

ηµ1µ2µ3µ4ηµ1µ2µ3µ4 = −4!. (273)

We now use the Hodge dual to define a covariant antisymmetric symbol in the (n−1)-

dimensional hypersurface orthogonal to the observers with velocity u = uµeµ. We

define

?u := (n−1)η, (274)

where ? is the Hodge-star operator and (n−1) is there to show that this is the skew

(n − 1)-form inherited from η in the pseudo-Riemannian manifold M. Spelling it all

out, we have

?u =
1

(n− 1)!
ηαν1···νn−1u

αων1 ∧ · · · ∧ ωνn−1 . (275)

Thus the components of (n−1)η are given by

ην1···ν(n−1)
= ηαν1···ν(n−1)

uα. (276)

We do not need the subscript in front, as the number of indices reveals where the

form lives. Using this, and the fact that uαuα = −1, one obtains the general result

ηµ1···µn−1−pν1···νpηµ1···µn−1−pσ1···σp = (n− 1− p)! p! δν1···[µ1···δ
νp
µp]
. (277)

We observe the sign difference relative to the corresponding expression in the mani-

174



fold M. Specifying to n = 4 again, the components of 3η are given by

ηλµν = ηαλµνu
α. (278)

Finally, as useful particular cases of (268), we find that

ην1ν2ν3ηµ1µ2µ3 = 3!δν1···[µ1···δ
ν3
µ3]
, (279)

ηµ1ν2ν3ηµ1µ2µ3 = 2!δν2[µ2
δν3µ3]

, (280)

ηµ1µ2ν3ηµ1µ2µ3 = 2!δν3µ3
, (281)

ηµ1µ2µ3ηµ1µ2µ3 = 3!. (282)

Anexo F. The Cartan metric tensor

For the Lie-algebra valued 1-forms Aa, one may use the Cartan metric tensor to raise

and lower indices. The Cartan metric tensor is defined such that in a specific basis,

its components gij are given as

gij = fk
ilf

l
jk, (283)

where f j
lk are the structure coefficients of the Lie algrebra. For the su(2) algebra,

f j
lk = εjlk, (284)

where εjlk is the Levi-Civita antisymmetric symbol, defined such that εabc = 1. Note

that we may now use the Cartan-Killing metric tensor to raise and lower indices, so

that, for instance

εabc = gamε
m
bc. (285)

Using one of the relations in (277), we readily prove the explicit expression for the

Cartan-Killing metric tensor in our case:

gij = −2δij. (286)
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Its inverse, denoted by gjk and fulfilling the defining relation gijgjk = δik is given by

gjk = −1

2
δjk. (287)
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