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Resumen

Titulo: Inversion de onda completa 2D en el dominio del tiempo para datos de radar de penetracion terrestre E]
Autor: Jheyston Omar Serrano Luna
Palabras Clave: Inversion de onda completa, radar de penetracion terrestre, unidades de procesamiento grafico.

Descripcion: En esta tesis doctoral se presenta una metodologia de inversion de onda completa para adquisiciones
de offset-corto y un solo-canal. En este tipo de adquisiciones se tienen diferentes desafios, pero sin lugar a duda la
mds importante de ellas es su falta de bajos nimeros onda en el proceso de inversion. Las adquisiciones de offset-
corto y un solo canal son mas sensibles al punto de partida comparadas con adquisiciones multi-offset. Se utiliza este
tipo de adquisicién ya que permite portabilidad en zonas de dificil acceso asi como una rdpida recoleccién de datos
permitiendo reducir los tiempos de procesamiento y costos. En esta tesis doctoral se ha propuesto una funcién de costo
alternativa para compensar la diferencia de amplitud entre el dato recolectado y el dato modelado de forma automatica.
Tres restricciones son utilizadas en la funcién de costo, las cuales son: Gaussian , variacion total y variacién total
modificada. Tanto los regularizadores como la funcién de costo alternativa han sido evaluadas en datos sintéticos y
recolectados. Los regularizadores permiten converger a modelos mds suaves que mantienen las principales estructuras
y son mds estables en escenarios ruidosos. Usando la regularizacion Gaussian se logra reducir el ruido incoherente
en los datos cuando se aplica en la direccién de los scans. El software libre gprMax junto con la medicién de campo
y la técnica de optimizacién global permiten obtener los pardmetros internos de la antena asi como sus patrones de

radiacion. Finalmente, el patrén de radiacion se tiene en cuenta en la propagacion de un frente de onda bidimensional

Tesis doctoral

Facultad de Ingenierias Fisico-Mecdnicas. Escuela de Ingenierias Eléctrica, Electrénica y telecomunicaciones. Di-
rector: Ana Beatriz Ramirez Silva, Doctorado en Ingenieria Eléctrica. Codirector: Sergio Alberto Abreo Carrillo,
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y se incluye en el proceso de inversion para datos sintéticos.
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Abstract

Title: 2D Full Waveform Inversion in time domain for Ground Penetrating Radar Data Fj
Author: Jheyston Omar Serrano Luna
Keywords: Full Waveform Inversion, Ground Penetrating Radar, Graphics processing units.

Description: Full Waveform Inversion methodology for short-offset and single-channel acquisitions is proposed in
this thesis doctoral. This kind of acquisition has different challenges, but without a doubt, the most important of them
is its lack of low wavenumbers in the inversion process. Single-channel and short-offset acquisitions are more sensitive
to the starting point compared to multi-offset acquisitions. This kind of acquisition is used since it allows portability in
areas of difficult access, in addition to rapid data collection, reducing processing times and costs. An alternative cost
function is proposed to compensate for the difference of amplitude between the collected and modeled data. Three
constraints are used in the cost function: Gaussian, Total Variation, and Modified Total Variation. The regularizations
and the alternative cost function have been evaluated in synthetic and collected data. The use of regularization helps to
converge in smooth models where the main subsurface layers are kept and are stable with noisy data.. The incoherent
noise is reduced using Gaussian regularization in the scans-direction. The free software gprMax together with the
field measurement and the global optimization technique allows obtaining the internal parameters of the antenna and
its radiation patterns. Finally, the radiation pattern is taken into account in the propagation of a two-dimensional

wavefront, and it is included in the inversion process for synthetic data.

Doctoral Thesis

** Faculty of Physicomechanical Engineering. School of Electrical, Electronic and Telecomunications Engineering.

Advisor: Ana Beatriz Ramirez Silva, Ph.D in Electrical Engineering. Co-advisor: Sergio Alberto Abreo Carrillo,
Doctor in electronic engineering.
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Introduction

How to obtain a geophysical method that allows characterizing the properties of internal
materials of the subsurface from a set of observations in a free surface?, this is the question for-
mulated by experts in geophysics for many years. The oil-deposits have been discovered using
traditional methods based on seismic ray-tracing. However, these approximations allow obtaining
a smooth version of the subsurface parameters. In 1983, The Full Waveform Inversion (FWI) is
developed by Lailly (Lailly and Bednar, |1983), but until 1984 is adapted in the seismic context by
Tarantola (Tarantola, [1984). FWI is a local optimization technique that allows estimating physical
subsurface parameters as V,, Vg, p, A, among others, from a set of observations at the surface.
FWI has been applied in different contexts like seismic (Bunks et al., [1995), seismology (Blom
et al., 2020), medical imaging (Agudo et al., [2018), and electromagnetics (Serrano et al., [2018)),
(Mozaftari et al., [2020)), (Lambot et al., 2004a)), (Klotzsche et al., 2019), (Klotzsche et al., 2010),
among others.

In geophysics, the Ground Penetrating Radar (GPR) is a standard geophysical method used
to identify shallow materials of the subsurface (<100m). The GPR method is based on the elec-
tromagnetic waves, and in the electromagnetic properties of subsurface materials like permittivity,
permeability, and conductivity. The GPR method has several applications such as ice characteri-
zation, mines and tunnels detection, pavement condition assesment, soil characterization for agri-
cultural use and oil and gas exploration (Daniels, 2004). The GPR method usually works with

frequencies from 10 MHZ to 2.4 GHz (Daniels| | 1996).
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The use of GPR, together with FWI, has many challenges, such as the starting point, the
lack of sufficient illumination in the acquisition that produces high wavenumbers in the estimation
of the parameters, the cross-talk between parameters, the high computational cost, and finally, the
inverse problem is ill-conditioned and ill-posed. In this doctoral thesis, a methodology is proposed
to mitigate the problem of the noise contamination of the acquired data, showing advantages and
disadvantages in synthetic and collected data. In addition, the inversion algorithm is implemented
in high-performance architectures using GPUs and communication protocols to obtain electromag-
netic parameters of the soil using less computational time.

The main contributions of this doctoral thesis are: 1. The estimation of the internal parame-
ters of a shielded antenna through a global optimization technique (i.e. PSO). The importance of
incorporating the antenna’s radiation patterns during a 2D Full Waveform Inversion. 2. The Full
Waveform Inversion methods include alternative cost functions. A new cost function is proposed
to address scenarios where the source energy is unknown or where the DC level affects the electro-
magnetic parameters’ estimation. A Gaussian regularization promotes convexity and reduces the
incoherent noise present in the data. Two regularizations on the parameters: TV and MTYV, where
we have reached a better fit in synthetic and collected data than the traditional FWI. The regu-
larization TV and MTV are stable and avoid incorrect values with noisy data. 3. The algorithm
optimization methods to reduce the computational cost of the GPR-FWI. A horizontal resolution
rule to reduce the execution times by 2x without substantially affecting the inversion results. A
shot decomposition scheme, together with a hybrid architecture of CPUs-GPUs, speeds up 8x the

execution time. In FWI-3D, a new computational strategy avoids the complete gradient compu-
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tation, reducing the computational resources required by up to 9.5x.

The document initially introduces the basic concepts of GPR and FWI. In chapter 3, the
forward and inverse problems are introduced. This chapter also studies the behavior of CPML,
numerical dispersion, numerical stability, discretization using finite differences, the computational
cost required by an FWI and ends by presenting the problems associated with the lack of wave
numbers. In chapter 4, the alternative cost function seeks that observed and modeled data com-
parable in amplitude. Next, the Gaussian regularization is included in scans-directions to reduce
incoherent noise, promote convexity in the cost function; and finally, the use of constraints such
as Total Variation (TV) and Modified Total Variation (MTV) are studied. Experiments are carried
out in each section to identify advantages in the estimation of synthetic models and tunning up the
regularization parameters. Chapter 5, presents results with data collected in Colombia, where the
regularizations and the alternative cost functions are tested in the estimation of the permittivity and
conductivity parameters. In chapter 6, a methodology to find the internal parameters and radiation
patterns in the E and H plane for a 400 MHz shielded antenna that uses global optimization is
implemented using PSO and the free software gprMax. In the last chapter, a new computational
strategy for FWI-3D is introduced, and the use of applying machine learning together with FWI to
improve the estimation of electromagnetic parameters.

Figure (1| shows the general overview with some stages and chapters in this thesis. The
three initial steps are: to generate an initial model based on the information in the data, to make
an estimate of the source, and to collect the raw data. Next, preprocessing stage is carried out to

highlight the information of interest on the raw data; to generate a modeled data based on the finite



2D Full Waveform Inversion in time domain for Ground Penetrating Radar Data 28

difference method where the radiation pattern, the source estimation, and the initial models are
included. Based on the observed and modeled data, alternatives cost functions and regularizations
are proposed on the data or on the parameters to reduce the noise in the parameter estimation.
A backpropagation stage is carried out together with the mathematical formulation to define the
gradients that allow updating the parameters to be estimated. Finally, a quality control stage is

carried out to determine if the parameters obtained converge in models with a geological sense.
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1. Objectives
Main Objective
To formulate a methodology of inversion for estimating the permittivity, permeability, and
conductivity parameters from real data for ground penetrating radar using single-channel and

single short-offset acquisition.

Specific Objectives

To develop the mathematical FWI formulation in time domain for GPR applications.

To develop and implement an algorithm for FWI in time domain using a cluster of GPUs.

To evaluate the proposed FWI algorithm using synthetic and real GPR data.
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2. Ground penetrating radar

This chapter provides a background GPR method. A compilation of the basic concepts
of GPR, the state-of-the-art in the use, the types of waves obtained in GPR acquisitions, their
horizontal resolution, and the electrical and magnetic properties are presented.
2.1. Ground penetrating radar

The Ground Penetrating Radar (GPR) is an electromagnetic method with applications in
geophysics, civil engineering, and archeology (Daniels, [2004), (Miller et al., [2010). The GPR
method is based on Maxwell’s equations using a transmission antenna, a receiving antenna, and the
unit control. The unit control synchronizes both antennas, where the transmitter antenna generates
an electromagnetic pulse according to its source radiation pattern (Persico, 2014). The changes in
the magnetic and electrical properties, due to buried objects or the presence of different layers,
make the energy to scatter. A receiving antenna on the surface measures the energy according to a
receiver radiation pattern. The energy of the transmitted electromagnetic pulse that is measured at
the surface is called a scan . In a shielded antenna, the distance between the transmitter antenna 7
and receiver antenna R, is fixed. The control unit and the antennas move along in the scanning line
direction, measuring several scans. Figure [2] shows the principle of operation in the GPR method
for a shielded antenna for a single scan.

In the GPR method, it is possible to separate some events when the distance between the
transmitter and receiver antenna is compared with the wavelength of the electromagnetic pulse.

Figure [3]shows the trajectories between the transmitter and receiver antennas using the rays theory.
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Figure 2. The principle of operation in GPR acquisition, adapted from Persico| (2014)) Figura 1.1.

The trajectories are: air-wave (AW); ground-wave (GW); reflected wave (RW), and critically re-
fracted wave (CRW). The AW trajectory is a direct wave, and its velocity is the speed of light. The
GW trajectory is propagated slower than the AW, and it is a surface wave. The RW is generated
by the changes in the electromagnetic parameters of the subsurface (relative permittivity, relative
permeability, or conductivity). Part of the energy is transmitted, and other is reflected according to
Snell’s law, and the CRW is produced by a critical angle in the Snell’s law.

A radargram is a set of scans after a GPR acquisition. Figure ] shows a real preprocess
radargram with the main trajectories in GPR data: AW, GW, RW, and CRW. The radargram in
Figure []is a dataset of scans taken in Lizama, near Bucaramanga (Colombia) using the GSSI-SIR
3000 equipment, and a shielded antenna at 400 MHz.

The interest in FWI of GPR data has been growing in recent years. Initially, the research is
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Figure 3. GPR trajectories between transmitter and receiver antennas: air-wave (AW), ground-
wave (GW), reflected-wave (RW) and critical refracted wave (CRW), adapted from Jol (2008))
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Figure 4. Ground penetration radar data (radargram).

oriented to agriculture using high frequency to characterize the first centimeters of the subsurface,

Lambot et al| (2004b)). Later, the research is oriented to the estimation of permittivity and the
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conductivity to characterize layered structures of concrete, Kalogeropoulos et al. (2011). These
studies are focused on the frequency domain and restricted to 1D geometries.

The first work in which FWI 2D is performed in the time domain to find the parameters
of permittivity and conductivity, it is developed by [Ernst et al.|(2007). First, the permittivity is set
when the conductivity is estimated. Then, the conductivity is set when the permittivity is estimated
from the data. This algorithm is improved by Meles et al.| (2010) using Crosshole/Borehole-to-
Surface GPR data for simultaneous inversion of permittivity and conductivity.

In the frequency domain, some authors have implemented the full waveform inversion met-
hod over GPR data using parallel programming. |Yang et al. (2012) adapted the algorithm of Meles
et al.| (2010) in the frequency domain using an alternative scheme of inversion. Lavoué et al. (2014)
applied an inversion of GPR data in the frequency domain for multi-offset data obtaining models of
permittivity and conductivity with synthetic models. Watson| (2016) implemented a 3D FWI with
GPR data in synthetic case using finite-elements and considering the permittivity parameter only.
2.2. Spatial resolution in GPR

The spatial resolution in GPR can be: vertical (Ar) (longitudinal or depth) and horizontal
(Al) (lateral, angular or plain);Rial et al| (2007). Figure [5] shows the principle of vertical and hori-
zontal resolution. The vertical and horizontal resolution defines the capacity of the GPR method to
distinguish two objects of interest in the subsurface.

The vertical resolution is expressed by the efective duration of the radar pulse (Wp). The
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vertical resolution is defined by:

C-Wp

4

Ar > ey

where Wp = ]%C, fc 1s the central frequency, c is the speed of the light and &, is the relative permit-
tivity. Two events are distinguishable if they have a separation greater than W), /2. The horizontal
resolution indicates the minimum distance that must exist between two reflectors, such that the ra-
dar can identify both reflectors. This lateral resolution mainly depends on the spatial sampling and

on the propagating wavelengths; that is, the number of scans per meter. The horizontal resolution

is defined by:

(2)

Figure 5. Ground Penetrating Radar resolution: A/ horizontal resolution and Ar vertical resolution.
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2.3. Electric and magnetic properties

The GPR method is widely used in engineering, for its versatility and simplicity in the data
collection. The GPR method can be considered as the electromagnetic response of the subsurface
due to an injected electromagnetic pulse. The frequencies used in GPR ranges from 30 MHz to 2
GHz. Materials are characterized: dielectric, magnetic or conductive, depending on the predomi-
nant phenomenon.

2.3.1. Dielectrics. The dielectrics are composed of negative and positive charges
that cannot travel freely. In the presence of an external field, the centroids of the charges can
change position slightly creating electric dipoles. In GPR dipole polarization is the predominant
mechanism, where the dipoles in the material align with the electric field (E). The constitutive

relationship between the electric field and the electric flux density (D):

D = gE, 3)

where the electric polarization (P) is given by

D =¢gE+P,
D = gE + &1 E, )
D =¢&y(1+ . )E,

where &) (F/m) is the the permittivity of free-space. The permittivity is the capacity to store and

release electromagnetic energy in electric charges. The permittivity is a complex value where the
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real part is associated with the store, and the imaginary part is associated with lossy. Some books
assign the real part of the permittivity parameter to the symbol k, and it is called the dielectric
constant. Materials with low saline conditions and low clay contents are the best choice to cha-
racterize in GPR because they have low attenuation. On the left side of Figure [f] the particles do
not have displacement or polarization. On the right side of Figure [ an external field is applied
such that the cloud of electrons is moved from its original position (polarization) creating electric

dipoles.

Jo_‘ Unpolarized Atomic Elements &@p» Polarized Atomic Elements

Electric field
—)

@% aa:

&%@ d+- g+

Figure 6. (left) non polarizate material (E = 0); (right) Electrically polarized material with external
electric field.

2.3.2. Conductors. Conductivity refers to the ability to pass the electric charges
through the material. Materials with many free electrons are called conductors, which have a ran-
dom movement that produce zero current. With an external field, electrons move in the opposite
direction to the field, producing conduction current and the energy will be converted to heat due

to collisions. The conductivity of a conductor (o), characterizes the conducting properties of free
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electrons. Figure [/| shows the behavior of the charges when an external electric field is applied.
Conductivity defines the ratio between the electric field (E) and the current density (J), the relation
is given by

J=oFE 5)

Electric field

@ Positive Charges
® Negative Charges

Figure 7. Concept of conductivity with external electric field.

Like the permittivity parameter, conductivity is also a complex measure, where its imagi-
nary part produces a phase shift in the current conduction, produced by the electric field. The high
values of conductivity (>20 m/s) are a problem in FWI because the energy is converted into heat,
and the receiver antenna does not measure the energy. Table [T| shows some values of permittivity

and conductivity of different materials that can be present in the subsurface at 100 MHz.
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Medium Static conductivity (mS/m) at 100 MHz | Relative permittivity at 100 (MHz)
Air [0] [1]
Clay - dry [1,100] [2,20]
Clay - wet [100,1000] [15,40]
Concrete - dry [1,10] [4,10]
Concrete - wet [10,100] [10,20]
Freshwater [1x1071,10] [78,88]
Freshwater ice [107°, 1] [3]
Seawater [4000] [81,88]
Seawater ice [10,100] [4,8]
Permafrost [10~1,10] [2,8]
Granite - dry [107°-1073] [5,8]
Granite fractured and wet | [1,10] [5,15]
Limestone - dry [1076-1073] [4,8]
Limestone - wet [10,100] [6,15]
Sandstone - dry [10-7-1073] [4,7]
Sandstone - wet [1073-1072] [5,15]
Shale - saturated [10,100] [6,9]
Sand - dry [1074,1] [3,6]
Sand - wet [10-1,10] [10,30]
Sand - coastal, dry [1072,1] [5,10]
Soil - sandy, dry [10~1,100] [4,6]
Soil - sandy, wet [10, 100] [15,30]
Soil - loamy, dry [107°,1] [4,6]
Soil - loamy, wet [10,100] [10,20]
Soil - clayey, dry [10~1,100] [4,6]
Soil - clayey, wet [100,1000] [10,15]
Soil - average [5] [16]

Table 1. Typical values of permittivity and conductivity for different materials. Taken from Jol

(2008).
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3. The forward and inverse problem

The GPR method is based on the propagation of electromagnetic waves. In this chapter, a review
of the Maxwell equations, the constitutive relations, the finite time difference method, the convolu-
tional perfectly matched layer is described. The forward and inverse methods are introduced with
their equations and discretization. The mathematical formulation to obtain the adjoint operator and
the definition of gradients are shown in this chapter. In the last part of the chapter, the definitions
of gradient descent, L-BFGS, lack of illumination in short-offset and single-channel acquisitions,
and the selection of the number of scans, are introduced.
3.1. The forward problem

In the forward problem, the electric field at the surface is computed given that the source and
electromagnetic parameters of the subsurface are known. Some alternatives to solve the forward
problem is to use finite differences in the time domain, finite differences in the frequency domain,
or finite elements. The section introduce the use of the electromagnetic wave equation described by
Maxwell, its discretization using finite differences in the time domain, the use of CPML to avoid
non-natural borders, numerical dispersion, and stability analysis.

3.1.1. The electromagnetic wave equations. The isotropic and non-dispersive elec-

tromagnetic wave equations are described by the Maxwell equations:

JdB(r,t)

VxE(r,t) =— 5

; (6)
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V x H(r,1) = aDa(:’t) LI, 7
V.-D(r,t) =q(r,?), (8)
V-B(r,t) =0, )

where E(r) is the electric field (V/m), H(r,?) is the magnetic field intensity (A/m), D(r,¢) is the
displacement field or electric flux density(C/m?), B(r,?) is the magnetic flux density (T), J(r,?) is
the current density (A/m?), q(r,¢) is the charge density (C/m?) and ¢ is time. Equation (6)) defines
that the variation with respect to the time of the magnetic field (B(r,#)) produces an electric field
(E(r,1)) that is located around of B(r,7) and r is the position vector in the spatial coordinates x, z.

Taking the Equation (6)) and solving the rotational:

[ j k
VxE(r,t) = &i 8i ai = _3B(§1t',t)’
x y z
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9B(rr) _ (aEZ(r,t) - 8Ey(r,t)> - (8Ex(r,t) - aEZ<r,¢)) .

ot dy dz dz dx (10)
JEy(r,1) JEi(r,1) P
dx dy .
Taking the Equation (/) and solving the rotational, then
[ j k
_ dD(r,1) B
V xH(r,t) = 3, +J(r,1) = % (% &% ;
Hx(r>t> Hy(r>t> HZ(rat)
therefore,
dD(r,1) I = JdH,(r,1) B JH,(r,1) Py JH,(r,1) B JdH,(r,1) o
ot dy dz dz dx (11

dHy(r,r)  JdH(r,?) P
ox dy '

Two propagation modes are defined to describe the Maxwell equation in 2D: transverse electric
(TE) and transverse magnetic (TM). The GSSI GPR equipment considers only the TE mode becau-

se of the orientation of the antennas within the shielding. In TE mode, the fields H,(r,¢), H,(r,?)

and E,(r,?) are different from zero.
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Figure 8. Transverse electric mode configuration.

From Equations (I0) and (T1) the propagation (TE) is obtained, where the fields (E.(r,7)

and E,(r,7)) are zero. Rewriting the Equation (10)), then

OB(r,1) [ OB, (1), (IE(r0)),
—— _( 5 )z+(—ax k. (12)

Using the constitutive relation B = uH, then

OH,(r,1)  IE,(r.1)
o  dz
H.(r,1) OE,(r.)

or  Ox

(13)
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The Equation (TT]) is different from zero in the y-direction. Therefore, rewriting the Equation (TT)

dD(r,1) [ OHi(r,t) JH(r,z)
ot +(r.1) = ( dz  Ox ’ (14)
and using the constitutive relation D = €E
JE(r,1) [ OHi(r,t)  OH,(r,z)
T () = ( dz  ox ' (15

3.1.2. Modeling the electromagnetic wave propagation. GPR is based on elec-
tromagnetic wave propagation described by Maxwell. The Maxwell’s equations in a medium non-

dispersive and isotropic are described by

JEy(r,1)  JHi(r,t) JH,(r,?)

g(r) 5 7z o o(r)E,(r,1) + J(r,t), (16)

OH,(r,¢ JE,(r,t
p(n e _ O],

7)

JH.(r1) JE(r,
(2R IBIn), (8)

where Ey(r,) is the electric field in the y-direction (V/m); H,(r,t) is the magnetic field in the
x-direction (A/m); H,(r,t) is the magnetic field in the z-direction (A/m) ; Js(r,?) is the electro-

magnetic pulse (A/m?); u(r) is the permeability (H/m); £(r) is the permittivity (F/m); o (r) is the
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conductivity (S/m). The permittivity, permeability and conductivity are defined as

£(r) = g&r(r),

u(r) = pop,(r), (19)

o(r) = opo,(r),
where & and U are the permittivity and permeability in the vacuum and oy is a regularization

value. & (r), u,(r), and o,(r) are the relative permittivity, permeability, and conductivity, respecti-

vely. The parameters & and i are defined as

€ ~ 8.85 x 10™12 (F/m),
(20)

Uo ~ 47 x 1077 (H/m).

The Equations (16), (I7) and (I8)) are discretized using the 3D Yee’s scheme, as it is shown in

Figure 9]
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Figure 9. Discretization of the electromagnetic equation using FDTD method (Yee, (1966).

Finally, the electromagnetic wave equation (Equations (16)), (T7) and (I8)) is discretized
using eighth order in space and second order in time. The electrical field E, and the magnetic

fields H,, H, are computed as

Eyi+1/2,j+1/2
Hyivi)2,) (21)
HZi.,j+1/2
n+1/2 n—1/2 ; i
Eyi+1/2’j+1/2_ Vit1/2,41/2 o CFD[Z]‘<Hxi+1/2,j+l_ xi+1/27j—1—l)
€iv1/2,j+1/2 A — Z 4 B
¢ ) l:(; . o)
23: CrollJ(Hefyy ji1p =By j1p) o
1=0 Ay i+1/2,j+1/259i41/2,j41/2

_r1225 245 49 5 7. TR T
where Cpp = [1024, 3073 5190 — 7 168} ; Ay, A; are the length step in x-direction and z-direction,
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respectively; and A; is the time step; and i, j and n are the dicretized version of x, z and ¢,

respectively. According with Sullivan (2013)), the electrical field in the n time is computed as

Ey¢ 21 = O.SEy:.’j:ll//z2 i1t O.SEy?J:ll//z2 12 The magnetic fields are computed using the
following equations
+1 n+1/2 n+1/2
i, .Hx:l+1/2,j _Hx;l+1/2,j _ 3 Crpll] (Eyi+1/2,j+3/2+1 _Eyz'+1/2,j+1/271) (23)
l+1/27] At P AZ )
+1 n+1/2 n+1/2
s HZZjH/z - HZ?,j+1/2 _ 3. Crpll] <Eyi+3/2+l,j+l/2 - Eyz'+1/2—l,j+1/2 (24)
i,j4+1/2 A, = A, .
Replacing i+ 1/2=1i,i—1/2=i—1,j+1/2=jand j—1/2 = j—1 then:
+1/2 —1/2
LB PoRG g Crolll (et ~Hiy1o1)
1,] A = Az 25)
> CrpllJ(Hjyy ; —Heg' g ) n
Z A —0ijEy; ;,
1=0 X
n+1 n+1/2 n+1/2
CH-H i Croll)(Ey; ;15— Byijor’) 26)
1,] A[ = AZ ’
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| +1/2 +1/2
H T M 3 Crplll(Byy  — By )
it =)
A

1=0 Ax

27)

3.1.3. Convolutional perfectly matched layer in electromagnetic waves. The si-
mulation space for the propagation of electromagnetic waves is limited. These fixed dimensions
mean that when the energy reaches the bounders, they generate reflections that do not exist in the
observed data. Convolutional Perfectly Matched Layer (CPML) is a method that allows the energy
reaching the edges to be attenuated and thus mitigates the effect of unnatural bounders created by
computational limitations. According to Pasalic and McGarry| (2010), four auxiliary fields are pro-
duced in the spatial derivatives for the 2D electromagnetic wave equation: Wgy,, Wey;, WHyz, WHox

The partial derivative concerning i is defined by
—==:1+%, (28)

n
where ¥} = a,~‘Pl’.’_1 + b; (%) . Therefore, the electromagnetic wave equations are reformulated

as:

JEy(r,t) JH,(r,r) OJH.(r,1)
)= T o T ox

- G(I‘)Ey (I‘, t) + JS (I‘,t) + lPsz - lPHZ,X) (29)

JH,(r,¢ JE,(r,t
pn D) OBy, (0)
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JH,(r,t)  JEy(r,?) v,
— e

—k(r)—, ox

The initial condition in ‘P?’l is zero. The parameters a; and b; are set to:

b = e~ (it o)A

The parameters used in a@; and b; are defined by:

-3
R=10"° L;=Pcpyr- A, do = Zln(R).
i

(Pepmr —i)Ai, 0<i< PepurL

Fi=19 0, Pepyr <i<N;—Pepur

(i — (Ni— Pcpmr))Ai, Ni—Pepur <i<N;,

49

€1y

(32)

(33)

(34)

(35)

(36)
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where Pcpyyr is the total points used in the CPML boundary, c is the speed of the light in air, f,
is the central frequency of the source, and i is x-direction or z-direction. Equations (29), (30}, and
(3T)) shows that the W parameter is expressed as an auxiliary field of dissipation very similar to
the behavior of o, in the electromagnetic wave. The vectors a; and b; have an exponentially form
that allows a gradual attenuation and avoid reflections when the energy reaches the CPML zone.
The parameters d; and F; influence the behavior of the vectors a;, and b;; if they increase, they
cause the exponential to quickly drop to zero, thus generating an effect of an unnatural barrier. On
the contrary, if they decrease, it causes the exponential to decay slowly; therefore, the energy is
not attenuated. Finally, the ¢; parameter generates a shift in the vectors a; and b;, so if it is very
large, it removes the CPML area. In our implementation, the CPML is used in top, bottom, left and
rigth borders. The behavior of CPML is shown in Figure [I0] where 40 points are selected in the
implementation. We have produced an electromagnetic pulse in the vacuum. Figure [I0] shows the
electric field Ey, for three snapshots of time: 250 (2.5 ns), 400 (4 ns) and 700 (7 ns). The first column
in Figure|10|shows the electric field E, without CPML, the second column shows the electric field
E, with CPML, and the third column shows the difference between the first and second column.
The efficiency of the CPML is study using the total energy density. The total energy density

is computed according to:

v=§€0'Ey+§.U0'Hx+§I~LO'Hz- (37)

Figure [ 1| shows the energy density for the electric and magnetic fields. Figure[TT}a) shows
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Figure 10. Electric field Ey in three differents snapshots: 250, 400, 700. First column without
CPML, second column with CPML and third column shows the difference between first and second
column.

the electric energy density E,, Figure @-b) and Figure @-c) shows the magnetic energy density
for H, and H_, respectively; and Figure[IT}-d) shows the total energy density (Ec. where in blue
shows the energy density without CPML and in orange the energy density with CPML. During the
first 200 samples, the energy is injected and then gradually the energy is absorbed in the CPML

layers. The energy is attenuated in 413 dB and it is enough for the modeled data (Berenger, [1994),

(Komatitsch and Martin, [2007).

Figure (12| shows the behavior of the total energy density through the iterations in the two

scenarios: with CPML and without CPML.
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Figure 11. The behavior of the total energy density through the iteration, in blue the energy
density without CPML and in orange the energy density with CPML: a) Electric E, energy; b)
Magnetic H, energy , c) Magnetic H, energy and d) Total energy density.

3.1.4. Numerical dispersion and numerical stability. According to the Courant-
Friedrichs-Lewy (CFL) condition for numerical stability (De Moura and Kubrusly,[2013)), the time-
step (A;) is defined for the cell size and the maximum velocity of the electromagnetic waves; it is

given as

1
c,/iﬂ—i

The FDTD method has some drawbacks related to the cartesian grid used. When the geometry

A< (38)

in the objects does not fit the grid, the objects suffer a staircase effect. The staircase problem
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Figure 12. The behavior of the total energy density in the electric field through the iterations.

causes that the propagation of the electromagnetic waves suffers a delay, numerical dispersion
and local spatial errors, Cangellaris and Wright (1991) and |[Holland! (1993)), (Dridi et al., [2001).
Some alternatives are mentioned by Warren (Warren, |2009) to solve the staircase problems: an
unstructured global grid to model non-conformal objects, a fine global grid, fine sub-grids within
the global grid, and local sub-cell methods to model non-conformal objects. Despite the problems
of the FDTD method, it is selected due to its simplicity, efficiency, and numerical stability. Besides,
in many models, the FDTD approximation offers a reasonable estimation of parameters in FWI
with less computational cost than finite elements.

3.1.4.1. Numerical dispersion of the electromagnetic wave equation in an isotropic
and non-dispersive medium. The numerical dispersion of the electromagnetic wave equation

is studied using the solution of the electromagnetic fields as planar waves. For each field, the
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electromagnetic field is defined by

Ey _ Eoyej(na)At—rkaAx—rzszz)

Y

Hx — Hoxej(nwAt_rxkxAx_rzszz) (39)

bl

HZ — Hozej(”wAt_rxkxAx—rzszz)’

where E,y, H,y, H,; are the maximum amplitude, ® is the angular frequency, k, and k, are the
wavenumber in x and z directions, repectively. In the following equations, the spatial coordinates
i and j are replaced by r, and r,, respectively. The Equation (40) is obtained after replacing the

expressions of Equation (39) on the left side of Equation (23).

n+% n—%

eEyrm By Ai (Eoyej(n(oAt—rkaAX—rzszz)> <e(%) _é%“”‘f))
t

Ay
_ E (E ej(n(DAt—kaxAx_"szAZ)> 2]Sln a)Al
AN 2 /)

Equation is obtained after applying the same methodology on the right side of Equation (23).

(40)

i CFD [l] ' (Hx”:lx:rzﬂLl B Hx’;xurzil ¢ — i CFD Zr atlre Hzfxflflvrz)

41
A, A (41)

=0
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After factoring terms, then

Hoxej(nwAt —rekyAc—rkA;) 3
l

X Y Croll] (e—j(l)szz = j(_l_z)szz>
< =0

H ej(nwAt_rxkxAx_rzszz) 3 B o
oz A lz‘(’)CFD[l] (e J(DkeAy —e j(—1 l)kxAx> ‘

(42)

The Equation (43)) is obtained by replacing the expressions of Equation (39) on the left side

of Equation (26))

B H ) = 5 (e M0k ) (plod 1), 43)
A A

The Equation (44)) is obtained by replacing the expressions of Equation (39) in the right side of

Equation (26))
+1/2 +1/2
i Crpll] (Ey’:x,rzilﬂ - J’:’lx,rz/—l)
A
=0 ) . (44)
= i (Eoyej(nwAt7rxkxAx*rzszz)) Z CFD [1]6% (eij(1+l)kZAZ _ ejlszz> .
A, 1=0
Putting the Equations (43)) and (44) together, then:
Hoxej(”wAt*rxkxAx*"zszz) _
A 3 (6% (e—j<1+l>szz _ ejlszz)> (45)
t j(ROA; —rekyAx—r kA,
E J(n@A —ryky Ay zz&)) C [ i
LA, ( oy€ l;) Fpll] (o 1)
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Replacing the definition of the magnetic field of Equation (39) in Equation from the left side

_lu’ _‘u j t — PxRyBx —IzRz8z ] ¢
A (LB ) = 27 (Hoel M0 Trbdorkad) (ofod - 1) o)

and from the right side

+1/2 +1/2
3 Crp [l] (Ey’;x+1/+l,rz B Ey;lx*l{"z)

- Ax
1=0 . 47
— 1 (Eoyej(n(DAt—kaxAx—rzszz)) <Z Crpll] e% ( i+ jlkxAx>> _
A, 1=0
Putting the Equations and together, then
H ej(na)A,frxkxAxfrszAz) o
0Z -
A 3 (6% (e—j(l—i-l)kxAx _ ejlkxAx>> (48)
e [(nOA; —rykyAx—r7k; A
E J(n@A —ryk Ac—r:k; z)) C [ i
qu< oy¢ l;) Fpll] (eJob 1)

Taking the Equations (@3) and (48)) and replacing in Equation (@Z), where the term E, e/ ("0 ~rkxfv—rekAc)

is simplyfied, then

A : a (e_j(Hl)kZAz B eﬂkZAZ>) : —jlkA, L j(I+1)kA

ua? | L Croll (eoh 1) X Copft) (71 - el (49)
A ¢ (e% (e_j(Hl)kXAx B eﬂkXAX)) : CjlkeAe i )keA

e ;)CFD[Z] o5 ) l;)cFD[z] (o Mte — itk |
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Reagruping terms and defining A, = A, = Ay, the following expresion is obtained

o= kD)2 <_ej<1/2+1)kzm, i e—.i(1/2+l>szh>

JOA —JjoN
HEA, \ = (e T —e 2 )

3
<Z CFD[l]ejszh/2 (_ej(l/2+l)kZAh _’_ej(1/2+l)szh>>
1=0

o—iken/2 (_ el (/24 Dkl 4 o= i(1 /2+l)kxAh)

JoA; —jOA;
e 2 —e 2

3
<Z CFD[l]ejkxAh/z (_ej(1/2+l)kxAh +ej(1/2+l)kxAh>> ‘
1=0

A7
UEA?

23: Crpll]
=0

Using Euler’s expansion, ¢/% +¢77® =2co0s(0), e/ — 779 = 2sin(0), then

WA,
pisin (L2
]sm( 2)

A (=2/sin((1/2+DkAp))
Crpll
et \ & i)

Ai ic (=278in((1/2 4 Dhay))

3
ue? \ 5 " (2jsin(“’TA’)) (z;)CFDm(_2j81n<(1/2+l)kxAh))>-

57

(50)

3
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simplyfing terms

e (sz,) _ uii% (liocm[l] sin ((% +z) kZAh)>2 N (liocm[l] sin ((% +z) kxAh>)2

(52)

Finally, o is given by

o= 2ot [ (Fcunon( (1)) + (Ferinon( (31)eas))

(53)

If ky = kcos(0), k, = ksin(0), k = \/kZ2 + kZ and B = \/sA—ﬁAh, then

o— A%sin_l % (gcn)[l] sin ((% +l> lccos(@)A;,))2 n (gCFD[l] sin ((% +l) ksin(Q)Ah>)2

(54)

The stability condition is obtained when the Equation (54) reaches its maximum value, that is

0= Agsinl (%\/3.3092) . (55)
t

When 8+1/3.3092 < 1, the electromagnetic field is real, therefore the stability condition is
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given by

1
B < —— <0.5497. 56
- 4/3.3092 0

The non-dispersive medium is defined when the relation % =1or k—“;, where v, is the phase

velocity and c is the speed light velocity in air. Therefore

LCP = %iAh sin~! %J <liOCFD[l] sin (<é +z) kcos(G)Ah> ) 2 + (gcm[l] sin <<; +l> ksin(Q)Ah)>2

(57

Figures and |15[shows the behavior of the relation VTP with 98 equal to 0.1 for 2™, 4

and 8" order for derivatives in space, respectively. Non-centered finite difference are used (FDN).
The numerical dispersion is avoided if the relation VL—" is close to one. Therefore, we recommend
select kA, < 1. According to Figures and the 8" order space derivative aproximation
reach more frequencies with the relation V?” = 1 and the propagation is less dispersive. 8" order
is selected in our implementation for the derivatives in space. Although 8 order discretization
in space, increases the computational cost and execution time, these issues are solved using GPU
architectures. The time derivatives is selected in 2" order, and an increase of the discretization

time does not affect the final results of FWI.
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Figure 13. Numerical dispersion for 8 = /16, 7/8, /4, /3 with B = 0.1 and 2" order in
space.
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Figure 14. Numerical dispersion for 8 = 71/16,7/8, /4, 7/3 with B = 0.1 and 4" order in
space.
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Figure 15. Numerical dispersion for 8 = /16,7/8, /4, /3 with B = 0.1 and 8" order in
space.

3.2. The inverse problem

The inverse problem consists on estimating the parameters of the subsurface m (&,(r), p,(r)
and o,(r)) from the observations on the surface d(r,#) (radargram), and a known source (J(r,7)).
Since the number of independent observations usually is lower than the number of parameters
to be estimated, then the inverse problem is an ill-posed problem (Snieder and Trampert, |1999)
El Standard Full Waveform Inversion (FWI) minimizes the ¢2-norm between the modeled data
d,,,q(m*) and observed data d,, (Virieux and Operto, [2009), as

Ns
1 . .
D) = Y 511,00 () — di |3, (58)

1

LA well posed problem has three characteristics (Hadamard, [1902): a solution exists; the solution is stable, small

changes in the input do not produce large changes in the output, and the solution is unique
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with

tioa(m*) = REL (r. 1), (59)

mod

where m*

are the unknown parameters in the k-th iteration, Ns the number of sources used and
the operator R extracts the electromagnetic wavefield E,(r,?) at the receiver positions. The inverse
problem is solved iteratively by selecting an initial model m", and updating it by using Newton-like
methods (Goldstein, [1965)), as

k+1

m“t! = mF + o Am*, (60)

where o, is the step size and Am* at the k" iteration is given by

Am* = —[h(m*)] 'g(m"). (61)

The inverse of the Hessian matrix [h(m*]~! and the gradient g(m*) are both evaluated at m*. As
the inverse problem is ill-posed, the cost function given in Equation (58) has several minimums
and an inadequate starting point (m°) will produce convergence to a local minimum.

3.2.1. Mathematical formulation for the FWI. The adjoint method (Plessix,[2006)
is an alternative method to obtain the gradients avoiding computing the Fréchet derivatives. The

minimization problem can be formulated using the Lagrange operators where the general minimi-

zation problem is given by

Tend
minz(s.m) = [ @(s,m)d, (62)
0
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subject to

W(5,s,s,m) =0, (63)
u(s(0),m) =0, (64)
du($(0),m) =0, (65)

where ®(s,m) is the cost function given in Equation (58], W is the forward operator (Equations
(T6), (I7), (18)), s is a discretized vector of the fields, the dots denote derivatives in time and Tend
is the final time. The initial conditions are denoted as u(s(0),m) and du(s(0),m) for the field

vectors s and s. The lagrangian (%) is defined as
Tend
L(m, ®,W,u,du) — / [@(s,m) + ATW (5,5,5,m)] dr +u u(s(0), m) + n” du(s(0), m); (66)
0

where 7 is the transpose operator and AT, u”, n” are the Lagrange multipliers. Applying chain rule

‘3% and assumming that A (T), A(T), s(0) and $(0) are zero for initial conditions, then

om  Jo  'om \ 35 95 o5 92 95 " as  or 95

2005 o
o  ,OW  pdu  ddu
tomtr om ™ om T om

Tend .. . 2
0L ds <a_q>+ﬂa_w+ﬂ<zaaw 8W)MT(8 oW oW aaw>)

|dt,

(67)
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Ju

however, the initial condition are independent from the model paremeters. Therefore, m and

nT% are zero. Note that 5)—1;1 is never computed and therefore the first term in Equation (67)
is cancelled using the operator

2
T&_W_H;LT(&BW 8W)+;LT(8 oW W aaw> ID

595 s o5 T s aios ) o ©®

The Equation (68)) is known as the adjoint operator (Plessix, [2006) (Jaap, 2018). Finally, the gra-
dients are given by

Tend
0L _ [acp T8—W} dt. (69)
0

om = om Y om

3.3. Adjoint operator for the inverse problem

The electromagnetic wave equations in a non-dispersive and isotropic medium are conside-
red where the fields E,(r,7), Hy(r,7) and H,(r,7) are different from zero. The forward operator is
described by W (§,s,s,m), where

Equation (63)) is rewritten in matrix form as

W(5,s,s,m) = Fj(m)s+ F>(m)s — Js(r,7) =0 (70)
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or
(
€()eo ) — PHr) 4 HED 1 6, (r) oy (r. 1) — Ji(r.1),
W($,s,s,m) = 1 (r) uoaﬂg(tr,t) _8E)a,(zr,t)’ 1)
)
\ “r(r)uoaHé(Ir,t)_'_ Eg(xr,z)_
where
g(r)gp 0 0
Am=1\"0 wEw o | (72)
0 0 p(r)uo

or) —% %
Bm=1|_2 o of; (73)
J
. Tx O 0_
EY(r>t>
§= Hx<r,l‘) I (74)
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66
&(r)
m= () (75)
o(r)
Using the Equations and (138) the adjoint operator in matrix form is
; P
—FI(m)A +F(m)A + o= 0, (76)
s
AT = [Ag, (r,0), A, (r,0), A, (r,0)] (77)

where FI (m) = F;(m) and

Gr(r) (o)} (% _%
F3(m) = 20 0| (78)
J
- _m O 0 -

Replacing F{T (m) and F3(m) in Equation (76)) , the adjoint operator for the traditional cost function

(P) is defined as

dAg,(r,t)  IAp, (r,r) 9w (r,t) ‘
g (r)ey o s + w o;(r)ooAg, (r,t) + = =0; (79)
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where %;f = dya(s) — dops-

dAg. (r,t
()20 9w w0 o (80)
ot dz

Ap, (r,t) JAg,(r,1)
o T ox

1 () 1 =0. (81)

The Equations (79), (80), and (81) are discretized using the same scheme described in the Figure[9]
The equations (79), (80), and (81)) are very similar with the Maxwel equations (16)), and (18),
with the difference in some signs and the source that is used. The fields Ag, (r,?), An_(r,1), An, (r,7)
are computed using the same FDTD scheme that simulates electromagnetic waves propagation but
in reverse time. In the adjoint operator, the source % is the difference between the modeled data
and the observed data and it depends on the cost function used.

3.3.1. Gradients for the inverse problem for GPR. Rewriting Equation (69) in

matrix form, then

Tend
z _ AT <<9F1 (m), , oFm) 9Js(r,f)> ” 82)
0

dm om om Jm
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The following expressions are defined to obtain the gradients for each parameter

Tend
= /0 [Ag, (r,1), An, (r,1), A (r,1)]

el = [ o (A, 0,0

g 00

0 0 O
0 u O
0 0 o

JE,(r,)
ot

JH,(r 1)
Jt

OH,(r.1)

JH,(r

J))dt,

ot

ot

at

JH, (1)
ot

JH,(r,t)
ot

JE,(r,)

dt,

dt,

68

(83)

(84)

(85)

(86)
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Tend
— [ e ) A, (0 A ] [ 0 0 o By [de 67)

Tend
2(0,(r)) = /0 Oog, (1, ) By (x, ). (88)
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3.3.2. Gradient descent method. The gradient descent method is a method to find
the local minimum in a differentiable function. The gradient descent method takes a constant (o)
to scale the gradient where the parameter is updated in the opposite directions of the gradient.
Figure (I6]) shows an example of a cost function, and the update direction using the gradient. Some
authors refer to the gradient descent method like how to descent a hill covered in mist, where the
gradient is point to a local minimum, which may or may not coincide with the global minimum,
and o is how fast to go down the hill. Following this analogy when the frequency increases, the
cost function contains more rocks and trees that makes visibility to the global minimum difficult.
The starting point defines the location on the hill to start the search for the global minimum. If the
starting point does not have enough low-frequency information, the location on the hill is too high,
therefore more likely to be trapped in a minimum local during the parameters inversion.

In this section, the results of FWI over a synthetic model are shown. The synthetic case is a
realistic model called SEAM Foothills-Phase II (Regone et al., 2017) that is built to represent the
complex geological underground of a Foothills area. The SEAM model’s selected area is rescaled
around 80 times from its initial dimensions to have a section of 12.5 (m) in depth and 30 m in
the dip direction. The spatial discretization is 5 (cm), such that we generate 600 points in the x-
direction (dip) and 301 points in z-direction (depth). A total of 320 scans are simulated using the
equations for the forward electromagnetic modeling. Transmitter and receiver antennas are located
in the air-layer at 25 (cm) of the ground layer, according to the topography. The time sampling of

the data is 0.08 (ns), and the number of time samples is 3000; thus, the total acquisition time for
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Figure 16. Example of starting point with gradient descent method

each scan is 240 (ns). The scheme of FDTD with 8/ and 2" order of approximation is used to
discretize the spatial and time derivatives, respectively.

Three frequencies are selected in the inversion process: 30 (MHz), 50 (MHz) and 100
(MHz). The multiscale methodology proposed by (Bunks et al., |1995) is used, where the FWI pro-
cess started from low frequency to high frequency, and the final model obtained in each frequency
is used as a starting point for the next frequency step. Figure [[7}a) and [I7}b) show the starting
points used in the FWI methodology for the relative permittivity and conductivity, respectively.

Figure20]shows the final models of FWI with the gradient descent method. The experiments

use the condition (®(m* — ogg(m*)) < ®(m*) where forward propagation and backward propaga-
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Figure 17. a) Relative conductivity adapted from SEAM, b) Relative permittivity adapted from
SEAM.

tion are used to calculate the gradient and determine if the step length is accepted. In the gradient
descent experiments or in the first iteration of L-BFGS the o is obtained as 1/||(g(n*))||>. The
results obtained using the descending gradient method are still far from the global minimum and
require more iterations, which implies more computational cost. To speed up this convergence,
Limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) is used in the following subsec-
tion, where the Hessian matrix information is incorporated allows improving the estimation in both

parameters.

3.3.3. L-BFGS method. The method L-BFGS proposed by (Liu and Nocedal,

is a modified version of the BFGS, where the total number of gradients and models that
are stored in memory is reduced. The L-BFGS is a Quasi-Newton method that computes an ap-

proximation of the product between the inverse of the Hessian matrix and the gradient. The main
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Figure 18. FWI models using gradient descent, where the first and second row shows the conducti-
vity and permittivity, respectively: a) initial model, b) FWI Models after 20 iterations at 30 (MHz),
¢) FWI Models after 20 iterations at 50 (MHz), d) FWI Models after 20 iterations at 100 (MHz).

advantage of the L-BFGS method is to avoid computing the inverse of the Hessian matrix because
of order increase from €'(n) to €'(n*), where n is the number of elements to be estimated. The
L-BFGS method only requests a history of gradients and models on the last ¢ iterations. Usually,
the parameter ¢ is selected to be 10. The L-BFGS method computes the parameters s; as the diffe-
rence between models, and yy as the difference between gradients. The L-BFGS method is a better

approximation than gradient descent because the information of the Hessian matrix related to the
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cost function’s concavity is included. The parameters are updated according to:

mfH! :mk—a-rop,, (89)

where the parameter 7, is computed using the algorithm|T} The L-BFGS algorithm is tested using
the same number of sources, frequencies, starting point, and geometry that the proposed in the
section 3.3.2 (Serrano et al., [2019). Figure shows the final models of FWI with the L-BFGS

method. The Peak Signal to Noise Ratio (PSNR) metric is computed by

MAX?
PSNR =10-1o L. 90
210 (\/m) ( )
where MAX; is the maximum value in the true model and M SE is computed as follow:
1 m—1n—1
MSE = — % Y [m"*(i, j) —m"(i, /) . 1))
mni=o j=o

The PSNR metric is compute in both experiments Gradient descent and L-BFGS; the results
are shown in Figure [I9 The L-BFGS method, which includes the product of the inverse of the
Hessian matrix with the gradient in the inversion process, provides better PSNR values than the
Gradient descent method. However, the L-BFGS method requires an additional propagation in
each iteration because r,,; is evaluated in the cost function to accept the advance. The inverse of
the Hessian matrix includes concavity information in the cost function, allowing each dimension

in the gradient to be scaled appropriately and not as a global value as in the Gradient descent.
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Figure 19. PSNR between the original model and the FWI models for: Gradient descent method
and L-BFGS method: a) relative permittivity and b) relative conductivity.

Algorithm 1 L-BFGS

1:

—_ = = e =
AN T T =

R AT AR R

Sk = My — My

Ye = 8kt1 — 8k

1
O = ——
k= yTs,

q < g

for i=k-1:-1:k-m do
E — GiSl-Tq
q<—q-—&y;

end foTr
_ Sk—1Yk-1

e = ylzflykfl

ng =yl

. rop, <_HI(€)q
: for i=k-m:1:k-1 do

T
ﬁi < OY; Topt

Topt < Fopt +si(8i - ﬁl)
. end for

3.3.4. Lack of illumination in short-offset acquisition for FWIL. According to

Sirgue and Pratt (2004), the configuration of source and receivers influences the inversion results

of FWI. For a particular 1D case, with a fixed offset between source and receiver and a given
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Figure 20. FWI models using L-BFGS, where the first and second row shows the relative conduc-
tivity and relative permittivity, respectively: a) initial model, b) FWI Models after 20 iteration at
30 (MHz), ¢) FWI Models after 20 iteration at 50 (MHz), d) FWI Models after 20 iteration at 100

(MHz).

frequency, the inversion only solves a vertical wavenumber k.. Consider the following example,
an interface is located at z (m) in-depth, the ray propagates the electromagnetic wave at a specific
angle 6, and the distance between source and receiver is 24 (m). The trajectory from source to
the interface is §, and from the interface to the receiver is 7, as it is shown in Figure @ The
wavenumber in the common midpoint (CMP) is related with ko (8 + 7), where kj is the background

wave number and it is defined as

ko=2¢, 92)
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where f. is the central frequency, and c is the speed of the light in air. The incident and scatte-
ring angles in 1D case are symmetric, then koS = kg cos 6 + ko sin 8 and ko7 = —ko sin 8 + ko cos 0

(Sirgue and Pratt, [2004). From Figure [21] then the following Equations are defined

Z
cos0 = ——
12 2’
) h
sinf@ =

VhI+72

Using the definition in Equation (93)) then the wavenumber located at CMP position is

(94)

Source : 2h | Receiver
v

Figure 21. Explanation about FWI wavenumbers when changing the offset.

A synthetic case is implemented to understand the lack of illumination in the gradient for

single-channel and short-offset acquisitions. A model with a single interface is used, as it is shown
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in Figure 22]

5 10 15 20 25 30
Distance [m]

Figure 22. Permittivity parameter model used to test the lack of illumination problems, in the
gradients..

The source position is fixed and it is located at x = 2 (m) and z = 3.25 (m). 520 scans are
acquired where the receiver position changes, its position goes in x from 2 (m) to 28 (m) with
a step 0.05 (m), and in z it is always z = 3.25 (m). Three frequencies are used in this synthetic
case at 30 (MHz), 50 (MHz) and 100 (MHz). The results of the first gradient (CMP 0) and the last
gradient (CMP 519) for 30 (MHz) are presented in Figure[23}-a) and Figure[23}b), respectively. The
CMP column is taken of each pair transmitter-receiver to make a new Figure that related Depth
vs CMP as it is shown in Figures [24}a), 24}b) and 24}c) for frequencies 30 (MHz), 50 (MHz),
and 100 (MHz), respectively. Remember that in a CMP position for the gradient, only the vertical
component in the wavenumber k;, is different from zero.The Fourier transform is applied in each

CMP-gradient of Figure [24]to obtain the Figure 25| that relates the wavenumbers k; vs offset.
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Figure 23. The gradient for different offsets values for 30 (MHz): a) First CMP, zero offsets; b)
Last CMP, offset 27.95 (m).

)

7.5

Depth [m]
Depth [m]
Depth [m]

10

12.5

15
0 2.5 5 7.5 10 125 0 2.5 5 7.5 10 125 0 2.5 5 7.5 10 125

CMP [m] CMP [m] CMP [m]
Figure 24. Depth vs CMP of each frequency: a) 30 (MHz), b) 50 (MHz) and ¢) 100 (MHz).

Figure[25]shows that when the offset increase, then the inversion takes into account smaller
wavenumbers. This behavior is observed for all frequencies (30, 50, and 100 (MHz)). In other
words, the single-channel and short-offset inversion is more sensitive to the starting point than a

multi-channel acquisition. This is a critical point for the Full Waveform Inversion.
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a)

Offset (m) Offset (m) Offset (m)

Figure 25. k-offset domain for each CMP gradient: a) 30 (MHz), b) 50 (MHz) and c) 100 (MHz).
The red dash line is the theoretical wavenumber, Equation (94)

Three synthetic experiments are proposed to show the critical point concerning the starting
point. In all the experiments the true conductivity and permittivity are selected according to Figures
[[7}a) and [T7}b), respectively. The spatial and time step are selected in 0.05 (m) and 0.08 (ns),
respectively. The propagation time is 240 (ns). A multi-scale methodology is used with frequencies
of 30 (MHz), 50 (MHz) and 100 (MHz). Two acquisitions are used: single-short-offset acquisition
and multi-channel acquisition. The single-short-offset acquisition uses 260 sources located each 10
(cm), and in-depth the sources are located in the air layer at 25 (cm) of the ground layer, according
to the topography. The receiver antenna is located at the same location as the transmitter. In the
multi-channel acquisition, only one source is used with 260 receivers. According to the topography,
the receivers are located in the air layer at 25 (cm) of the ground layer. In the first experiment, the
initial guess is selected at 2 for the relative permittivity and 1.11 x 10~3 (S/m) for the conductivity.
A blurring filter is applied 100 times over the true models to obtain the starting point in the second

experiment.
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Figure [26] shows the results for the two scenarios proposed in the two configurations. Co-
lumn a) shows the correct parameters that also are used to obtain the PSNR metric. Column b)
presents the starting points used to start the inversion methodology. Column c) shows the FWI
models after the FWI methodology in multi-scale configuration; in this column, the single-channel
and short-offset configuration are used. Column d) refers to the models after FWI methodology; in
this column, the multi-channel scheme is selected. The first and second rows present the results of
using the starting point with a homogeneous layer. Note that in the results of the short-offset con-
figuration contains high wave numbers and oscillating artefacts, however the mains structures of
permittivity are visible. The lack of low wavenumbers produce a mislocate in the high-permittivity
layers as it is shown in column-c) of Figure

The multi-offset configuration has more wavenumbers, and the solution managed to get
closer to the correct model. When the starting point with enough low wavenumbers information
is used, rows three and four, the results of the two inversions have a behavior similar. The PSNR
values for the conductivity in the multi-offset configuration are lower than for the short-offset ac-
quisition, as it is shown in Figure[27] However, the results of permittivity and conductivity are very
close. Again, this verifies the importance of selecting a starting point with enough low wavenum-
bers information in the single-channel and short acquisition, being an important point to obtain
good results in FWL.

The same number of observations to solve the unknown parameters is used. The single-
channel and short-offset acquisition could reach up to 520 sources, this being its maximum num-

ber of sources in the model. However, the single-channel and short-offset acquisition still have low
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illumination compared to multi-channel acquisition. In a multi-channel acquisition, we have only
used one source, and it is possible to increase the number of the sources and improve the illumi-
nation, which allows a better estimation in both parameters when using a starting point without

enough low-frequency information.
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Figure 26. The behavior of the FWI in short-offset and single-channel vs multi-offset/single-
source: the first and third rows are the relative conductivity, and the second and fourth rows are
the relative permittivity. a) True models, b) starting points c¢) Results of FWI in single-channel and
short-offset configuration; d) multi-channel configuration.
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Figure 27. PSNR metric between the correct models and the models obtained after the FWI metho-
dology: a) and b) relative permittivity and conductivity using as the starting point a constant value
of 2 for the relative permittivity and conductivity; ¢) and d) relative permittivity and conductivity
using as the starting point a smoothing version of the correct model.

A final experiment is proposed to compare a dense single-offset configuration vs a less
dense multi-offset and multi-source acquisition. The number of observations is balanced between
both configurations: in multi-offset and multi-source 20 sources and 26 offsets are used and in
single-offset configuration 520 sources. The source and receivers’ location in multi-offset/multi-

sources configuration are equidistant over the model. Figure [28|show the relative conductivity and
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permittivity results and Figure [29) shows the achieved PSNR values. Although in both parameters
the less-dense multi-offset and multi-source configuration reach better PSNR values than the dense
single-channel acquisition, note that the estimated values in both parameters for the first reflectors
are largely comparable and present a correct location for the first 7.5m. The multi-offset and multi-
source configuration improves the estimation of the deepest reflector locations as well as improves

the estimation of the permittivity and conductivity parameters.

o B N W A~ U O N ©3

- ==
7.05 12.05  17.05 22.05 7.05 12.05 17.05 22.057.05 12.056 17.05 22.05 7.05 12.05  17.05 22.05

Distance [m] Distance [m] Distance [m] Distance [m]

Figure 28. The behavior of the FWI in short-offset /single-channel vs multi-offset/multi-source:
the first is the relative conductivity, and the second is the relative permittivity. a) True models, b)
starting points c) Results of FWI in single-channel and short-offset configuration; d) multi-channel
configuration.
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Figure 29. PSNR metric in the FWI models in short-offset and single-channel vs multi-offset/multi-
source: a) relative permittivity and b) relative conductivity.

According to Feng et al. (2020), our multi-scale inversion strategy is sequential, which
means that the FWI model obtained in one frequency is used as a starting point for the next fre-
quency. The sequential strategy help to mitigate the nonlinearity and the ill-posed problem. Feng
et al. (2020) proposed the Bunks strategy, where the lack of illumination problem is mitigated in
short-offset acquisitions and the strategy uses a frequency hierarchy and broad frequency band-
width.

3.3.5. Selecting scans-sampling in single short-offset acquisition. FWI in single-
channel and short-offset acquisition has a severe problem because the high wavenumbers are solved
during inversion, such that it is susceptible to the starting point. This type of acquisition requires
many scans on the exploration-line to improve the horizontal resolution. Each additional scan

requires one propagation and one backpropagation to obtain the gradient. The execution time, and
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RAM memory in a GPU to obtain a gradient in a model with 600 points in the horizontal direction,
301 points in the vertical direction, and 3000 step times is presented in Table[2] The implementation
has been developed using a hybrid architecture GPU-CPU using a cluster PE ProLiant XL270d
Gen10 with two Intel(R) Xeon(R) Gold 6130 CPU @ 2.10GHz and eight NVIDIA Tesla V100, 16
GB. The execution times are very challenging for a Full Waveform inversion in a 2D domain in
single-channel and short offset configuration. As presented in the table[2] a gradinet takes about 2.8
(s) on GPU (1.4 (s) per scan). For a gradient of 260 scans, 520 scans are needed, 260 for the forward
fields and 260 for the backward fields. Additionally, we need another 260 propagations when L-
BFGS is used because it is necessary to evaluate if the new model is better than the previous one, so
in total, 780 propagations are needed per iteration. Leaving 30 iterations per frequency and using
three frequencies, this could take 21.4 hours. We used a shot decomposition with 8 GPUs, and our
implementation reduced to 2.6 hours per experiment. In a three-dimensional case, the scenario is
not very pleasant, a 3D propagation can take around 220 (s) in GPUs in a small model of 380 in x,
by 380 in y, and by 360 in z, and a number of time samples of 6233, this could take approximately
4290 hours. Due to this high computational cost, we have decided to carry out our experiments in
a 2D scenario. For more details on the implementation of FWI, you can refer to the pseudocode
introduced in the annexes section A. In this subsection, we propose a new rule in single channel
and short offset configuration that can reduce the execution time. In the following experiments, the
number of scans used in the gradient is changed.

The results of FWI with six different scans-sampling are tested: 16, 32, 65, 130, 260, 520.

The scans are distributed equidistant, and the receiver antenna is located at the same location at
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# scans | Execution time (s) | RAM CPU (GB) | RAM GPU (GiB)
1 2.8 2 0.8
260 728 2 0.8

Table 2. Execution time in a GPU to obtain a gradient with Nx=600, Nz=301 and Nt=3000.

the transmitter. The SEAM model is again used with a spatial step of 0.05 and a time sampling of
800 ns with 3000 time samples. Three frequencies are used with 30 iterations per frequency: 30
(MHz), 50 (MHz) and 100 (MHz).

The Figures [30] and [31] show the FWI results and the PSNR when the scans change for
single short-offset acquisition. Figure [30| shows that when there are very few scans, the gradients
create gaps causing the inversion to converge to incorrect values. According to the PSNR values
(Figure [31)), the conductivity is highly affected by the gaps where the PSNR decrease for the
scans sampling: 16, 32, 65, and 130. As the number of scans increases, the horizontal resolution
improves, and there is a greater correlation in the events. However, as it is presented in Table [2]
each additional scan increases the execution time of the algorithm. If the models have n points in
x-directions, FWI in single-channel and short-offset acquisition must have at least n/2 scans to
guarantee a correct convergence and avoid the gaps. In these tests, no regularization is being used,
and the stopping criteriums are: when L-BFGS tries ten times without reducing the cost function
or by the number of iterations established by frequency, which is 30 iterations. For this reason,
the PSNR in Figure [31| for 260 scans shows that although the permittivity parameter continues

to improve, the PSNR in the conductivity parameter decrease. Using the horizontal resolution
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described in the previous chapter we can establish that:

c-t 3e8-0.05
Al =,/ = , 95
2-4-f.- /& \/2‘4-10066'\/1 )

where €, is the maximum value in the relative permittivity, it is taken from the initial model; f,

is the maximum central frequency used in FWI; and v is the distance from the subsurface to the
object, it is assumed as dj, according to with the discretization. Replacing in the previous equation,
we found that at least one scan is needed for every 0.0968 (m), so according to our discretization,
at least 260 scans are needed to avoid losing horizontal resolution. With this rule we reduce the

computational cost by a factor of 2x.

Depth [m)]

Depth [m]
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Distance [m] Distance [m)] Distance [m)] Distance [m] Distance [m] Distance [m] Distance [m]

Figure 30. FWI models for different number of scans in single short-offset acquisition: a) 16, b)
32,¢) 65, d) 130, e) 260, and f) 520.
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Figure 31. PSNR metric for different number of scans: 16, 32, 65, 130, 260, and 520: a) relative
permittivity and b) relative conductivity.
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4. Constrains and alternative cost functions

In this chapter, two regularization are applied in the model domain, and one preprocessing
is applied in the data domain. The objective of these regularizations and preprocessing is to prevent
that FWI reaches unwanted values. We have explored a cost function that normalizes the observed
and modeled data and three regularizations that provide a smooth version of the model and impro-
ve the fit of the data between the modeled and observed data. These regularizations require many
experiments for tuning the regularization parameters. However, this section shares some values
that are useful as starting criteria for future research. In this chapter, four alternative cost functions
are explored: (1) The normalization seeks to compensate the amplitude between the observed and
modeled data; (2) the alternative cost function with Gaussian preprocessing produces convexity in
the cost function and ignores the high-frequency information. It allows reaching better electromag-
netic parameters with noising data and starting point without low-wavenumbers information; (3)
Two alternative cost functions are proposed to obtain a smoothed solution of the parameters. These
cost functions mitigate the effect of noise from the data and serve as a new starting point in FWI.
4.1. Alternative cost function based on data normalization in the FWI methodology

In a real scenario, the electromagnetic source is usually estimated from selected measured
data through linear inversion (Pratt, 1999). However, the scan depends on the antenna inclination,
the source amplitude, and the radiation patterns in each plane. The amplitude difference between
observed and modeled data could be compensated in the source estimations or, in our case is,

solved using a normalized cost function. When the amplitude difference is not taken into account,
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the FWI process can produce artifacts at the near-surface, and the parameters converge into a local
minimum. The alternative cost function normalize the amplitude of the predicted data d,,,(s) with
respect to the amplitude of the observed data d,,.The alternative cost function is used because
the AVO (amplitude vs offset) is not important in single and short offset data and the data can
be normalized trace by trace. However, in multi-offset data, the data can not be normalize trace
by trace, and it should be normalized using all the shot-gather or scaling the source estimation.

Mathematically, the alternative cost function is given by

Ns 2
1{|dy d(s)'HdobsHZ
Dy=) = ’ > —dops|| (96)
=2 [ dimoa(s) |2 o 2
In the traditional case, the adjoint source is defined by:
0P
x - dmod (S) - dobs~ (97)

However, a new adjoint source is defined for the alternative cost function, and it is given by

8<I>A . (dm,,d(s) . Hdabs”Z _d . ) < HdubsHZ . dmod(s) 'dz;lgd(s) : Hdobs”Z) (98)
= obs .
ds | dnoa(s) |2 [doa(s)][2 Hdmod(s)H%
By simplifying Equation (98), the new adjoint source is given by
a(I)A o dmad (S) 'd;{md (S) 'dohs : ||d0bsH2 . dobs : HdobsHZ (99)

ds | doa(s)|3 1 dmoa(s)[l2
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Note that if the observed data is defined as a scaled version in the amplitude of the predicted data
that also includes noise, i.e., dyps = K - dyoq(Myy;) + 711. Where 1) is the noise, therefore the new

adjoint source is given by

a(I)A _ dmod(s) ) (dz;,od(s> ) (K'dmod(mori) + 77)) ' ||d0bs”2 . dobs : Hdobs”z. (100)

ds doa(s)l13 [ dnoa(s)ll2

expanding terms in Equation (T00), it is rewritten as:

9Py = K'd’”"d@) ) (dz;md(s) 'dmad(mori)> HdobsHZ + dmod(s) ) (dr{md(S) ) 77) ’ HdobSH2 o dops - Hdobst
ds ||dm0d(s)||g ||dm0d(s)||% ||dmod(s)||2
(101)

In the real scenario, the observed data has noise in a specific bandwidth. The inverse crime
occurs when the same elements are used in an inverse problem to invert data(Wirgin, [2004)). The
inverse crime is avoided by including white gaussian noise (WGN). The WGN has uniform power
across all the band frequencies. The samples generated with the normal distribution has average
zero and standard deviation equal to 1. In a real scenario, the observed data is filtered in a specific
bandwidth of the electronic instruments. Table [3 summarizes the bandwidth used to filter the WGN
in each frequency.

When two variables are uncorrelated, E[XY]| = E[X]E[Y], and one of them has an expected

value different from zero (orthogonal), the second term on the right side in Equation is relevant
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f1 (MHz) | fc (MHz) | 2 (MHz)
15 30 45
25 50 75
50 100 150

94

Table 3. Cut-off frequencies to filter the white gaussian noise. f1 : low cut-off, f. : central cut-off,
> : upper cut-off.

Serrano et al. (2020). An expected value is selected in each observed data for frequency: E(n) =
0.0022 (Signal to Noise Ratio, 33 dB), E(n) = 0.0034 (Signal to Noise Ratio, 31 dB) and E(n) =
0.0062 (Signal to Noise Ratio, 28 dB) for 30 MHz, 50 MHz and 100 MHz, respectively. Figure 32]
shows the observed data adding the WGN.

The results of the FWI, after 30 iterations per frequency are shown in Figure 33] The first
column in Figure @-a) refers to the initial models; second column Figure @-b) refers to the alter-
native cost function ®4 with adjoint source a{%; the third column Figure c) refers to the cost
function ® with adjoint source %.

Figure [34] shows the zoom-in zones A and B, corresponding to Figure [33}a) and Figure 33}
b), respectively. The alternative cost function allows obtaining a better estimation of the parameters
because the adjoint source compensates the norm value of the samples acquired.

The norm value of the samples acquired produces artifacts in the estimation of the near-
surface parameters. The PSNR metric is used to measure the difference between the right model

and the result of FWI, as it is shown in Figure [35] Both parameters are highly affected by norm

value in the adjoint source.
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Figure 32. Observed data adding WGN with E(1) = 0.0022, E(n) = 0.0034 and E(1) = 0.0062
for 30 MHz, 50 MHz and 100 MHz, respectively.

4.2. Alternative cost function with Gaussian preprocessing for FWI.
This section shows an alternative cost function using Gaussian preprocessing. According

to (Xue et al, 2016), a smoothing parameter is defined and allows to improve the convexity of

the cost function. In the strategy, the smoothing parameter starts from high values to low values. A
high value in the smoothing parameter produces convexity in the cost function and ignores the high
frequency information. On the other hand, a low value in the smoothing parameter incorporates a

multimodal function and high frequency information. The method proposed in (Xue et al., 2016)

uses a small number of misfit functions with smoothing kernels of decreasing strengths, this allows
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Figure 33. FWI models using L-BFGS, where the first and second row shows the conductivity and

permittivity, respectively: a) initial model, b) FWI Models after multiscale (30, 50 and 100 MHz)

with the cost function ®4 and adjoint source a(%, ¢) FWI Models after multiscale (30, 50 and 100

MHz) with the cost function ® and adjoint source %.
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Figure 34. FWI results with zoom in zone A and B from Figure
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Figure 35. PSNR metric between the true model and the results of FWI in each frequency using
o, with a{% and ® with %: a) relative permittivity and b) relative conductivity.

estimating in the FWI process high-quality models with starting points that do not have enough

low-frequency information. The cost function is given as

2

; (102)
2

1
Pgs(s,m,p) = 5

v(p,t)* (dmd(s’t) ldops (1)1 12

Tameats.0)]l ‘d"“(’)>

where v(p,t) is a Gaussian function and p is associated with the standard deviation of a Gaussian
function. v(p,t) is convolved with the difference between the modeled and observed data. The

Gaussian function is defined as:

e %’ (103)
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where T,y = (T —dt)/2, t is the time and change from df to T, and T is the time of the Gaussian
function. Figure [36|shows the Gaussian function with the width fixed 7 = 80 dt and four different
values of variance (p2): 200, 500, 1000, 2000. According to the cost function presented in the

Equation (T02)), the adjoint source is defined as

aq)GS = V(p7t) % (v(p7t> * (dWZOd(Svt) 'd}”];lod(S’t) 'dObS3(t) : HdObS(I)HZ o dobs(t) : ||d0bs(t)‘|2)) ’
Js [ dmoa (s,1)II5 [dimoa(s,t)]]2
(104)
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Figure 36. Gaussian function with variance: 200, 500, 1000, 2000.

If the parameter p? is huge, it causes the cost function is not multimodal, which allows
ignoring the high-frequency information and approaching the global minimum. On the contrary, if
the parameter p? is very small, the cost function is multimodal, and the noisy data together with

an initial model without sufficient low-frequency information produces that the FWI parameters
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estimation is noisy. Gaussian preprocessing seeks to converge to a solution of low wavenumbers
that depend on the width of the window and the parameter p. We have proposed applying the
preprocessing in two directions: samples and scans. In both cases, the window size in the Gaussian
function is chosen according to the FWI gradient resolution. Equation 94] relates the resolution
of the FWI gradient in the CMP, where only the vertical component is different from zero. In
short-offset acquisition, the parameter /4 is equal to zero; therefore, the expression of k; is defined

as:

k=2 Je, (105)

According to the Equation for the frequencies of 30 (MHz), 50 (MHz) and 100 (MHz),
the resolution k; in the gradients are 0.2(1/m) , 0.33(1/m) and 0.66(1/m) , respectively. The width
of the Gaussian filter window is selected in 100, 60, and 30 for the frequencies of 30 (MHz),
50 (MHz), and 100 (MHz), respectively. If the values of the window size are greater than those
presented, the horizontal/vertical resolution is lost, which can incur few iterations of FWI for the
highest frequencies.

Therefore, several experiments have been carried out, changing the parameter p2: 500,
1000, 4000, and 8000; and applying the preprocessing in the ¢-direction. Figure shows the
results of FWI when the parameter p? increases. FWI with Gaussian preprocessing converges to a
solution with lower wavenumber values when a huge length window is selected together with high

values of p. The results that are shown in Figure [37|does not reach a better fit in the data than the
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FWI without preprocessing as it is shown in Figure [38] Figure[39]shows the PSNR values for these
same experiments. When the preprocessing is performed in 7-direction, there is a loss of resolu-
tion of the residual, which deteriorates the fit of the data and the estimated parameters. Therefore,

we do not recommend performing this Gaussian preprocessing in single-channel and short-offset

acquisition in the direction of ¢.

O = N W & U oo ~w ®3

Depth [m)]

705 1205 17.05 22057.05 12.05 17.05 22.057.05

I 12,05 17.05 22.057.05 1205 17.05 22057.05 12.05 17.05 22.057.05 1205 17.05 22.057.05 12.05 17.05 22.05
Distance [m]

Distance [m] Distance [m] Distance [m] Distance [m] Distance [m] Distance [m)]

Figure 37. FWI results using Gaussian preprocessing in samples-directions and changing p?: a)
true models, b) initial models, ¢) no preprocessing, d) pZ = 500, ) pZ = 1000, f) p% = 4000, g)
p? = 8000. The first row is the relative conductivity and the second rows is the relative
permittivity.
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Figure 38. The fit between the observed and modeled data is presented in each panel using Gaussian
preprocessing in ¢ direction. Each panel shows 13 observed and modeled scans; in each panel, the
airwave is removed. In addition, the ¢, norm for the residual is shown in the upper part of each
panel. a) p? = 500, b) p% = 1000, c) p? = 4000, d) p> = 8000, and ) No Gaussian preprocessing.
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Figure 39. PSNR results using Gaussian constrain function in samples-direction for different p>
values 500, 1000,4000,8000. In blue no regulariztion, in orange p> = 500, in yellow p? = 1000,
in purple p? = 4000 and in green p? = 8000: a) relative permittivity and b) relates conductivity.

The Gaussian preprocessing is applied by changing the direction from samples-direction to
scans-direction. Figure 40| shows the residuals in the direction of scans changing p. If the prepro-
cessing is applied in the scan direction, it implies losing horizontal resolution when p? increases.
If we do not tune the parameter p? the FWI can lose continuity in the events that are not horizontal
as it is in the case of the SEAM Foothills. Some experiments are carried out when the parameter
p2 changed; the experiments use the following values: 50, 25, 12, 6, and 2. The recommendation
when applying the regularizer is to take low values of p? between 1-3 and gradually increase if
more resolution is required. The window size is defined again according to the resolution of the

gradient presented in the equation (T03).
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Figure 40. Difference between the modeled and observed data (residual) using a Gaussian

preprocessing in scans direction with (left) p? = 6. (Right) p? = 50

50

A new inversion experiment is carried out using the preprocessing in the scans -directions.
The cost function is given as

2
(106)

Y

2

" Dynod (5:1) - ||dops(t)] |2 _
v(p,scans) < a0 dobs(t)>

Diso(s,m,p) = 5

and the adjoint source is given by

mod (5:1) * Qops (1) - [ dops (1)1 dopg (1) - ||dobs(t)||z>>
||dmod(sat)||2 .

”dmod(sat)'H%
(107)

(dmod(s7t) d

aq;GSZ =v(p,scans) * (v(p,scans) *
s

The results are presented in Figure 1] The PSNR results are shown in Figure[d2] where the results
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show that the inversion using the Gaussian preprocessing is more robust to WGN. Figure 3] shows
a matching between the traces obtained with the preprocessing in the direction of scans together
with the observed data. As you can see, the fit of the data deteriorates as p? increases since it is
smoothing the non-horizontal events, and coherence is lost. As shown by the values of ¢, norm,
the fit of the data improves for the case of p> = 2. Our recommendation is to start at low values
of p(> 1) and gradually increase the value to the desired resolution that best fits the data. The
annexes section B introduces some results using FWI with the alternative and the traditional cost

functions in a real data.

j R
705 1205 17.05 22057.05 12.05 17.05 22.057.05 12.05 17.05 22.057.05 12.05  17.05 22.057.05 12,05 17.05 22.057.05 12.05 17.05 22.057.05 12.05 17.05 22.05
Distance [m)] Distance [m] Distance [m)] Distance [m)] Distance [m] Distance [m]  Distance [m]

7.05 l?.():) 17.05
Distance [m

Figure 41. FWI results using Gaussian preprocessing: a) true models, b) initial models, ¢) No
preprocessing, d) p? = 50 e) p> = 25, f) p? = 12, g) p> = 6 and h) p? = 2 . The first row is the
relative conductivity and the second-row is the relative permittivity.
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Figure 42. PSNR results using Gaussian preprocessing in the scans-direction. In blue no regulariz-
tion, in orange pZ = 50, in yellow p% = 25, in purple p> = 12, in green p? = 6 and in cyan p? = 2:
a) relative permittivity and b) relative conductivity.
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Figure 43. The fit between the observed and modeled data is presented in each panel using
Gaussian preprocessing in scans direction. Each panel shows 13 observed and modeled scans; in
each panel, the airwave is removed. In addition, the ¢, norm for the residual is shown in the upper
part of each panel. a) p2 =2, b) p2 =6, ¢c) p2 =12, d) p> =25, ¢) p> =50, and e) No
preprocessing.

4.3. FWI with TV-regularization.
The regularization of total variation (TV) is used to reduce the noise contamination in the

inverse problem i.e., salt and pepper, Gaussian, Poisson, and speckle (Rudin et al.|(1992)) and Ro-|

(2013)). TV regularization seeks to obtain a smoothed estimate while preserving the main
structures. Section 3.3.4 shows that the inversion results of a single-channel and short-offset acqui-
sition are limited to high wavenumbers of the image. For that reason, when the TV regularization

is included, the FWI reaches a smoothed version of the parameters with low wavenumbers, and it
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can be used as a new starting point. Besides, It is possible to attenuate the noise of the data using
TV regularization. In this section, the TV regularization is applied on the SEAM model and the fit
between the modeled and observed data is used to sintonized the TV regularization parameters.

The cost function for FWI using TV regularization is given by (Anagaw and Sacchi, [2012)

Nx Nz

+3~TVZZ\/ am; ;)2 + (Dmy )2 + agy),

dmod (S ) : Hdobs| ’2 .,
|| dmoa(s)]]2 dobs

q)TV (s,m) =

1
2

(108)

where Dym; j = m; 1 j —m; ;, and Dm; ; = m; ;1 —m;;; oy is small to avoid the numerical

division by zero in the gradient. The first term in Equation (I08)) is computed using the formu-

%
lation given by Equation (69). Defining || 6 || = \/ (Dym; ;)2 + (D;m; ;)2 + a2, and taking the

derivative with respect to m* ., the gradient of TV is given by

lj’

0L /T‘f"d { 8W] D,ym; ; D,m; ;
= AT dt+2Ary | DI | ==L | + D! - (109)
A x | T —— 1,
Jmj; Jo Jm | &l |8l
where the differential operator D! = —D,, and DZT = —D,. The gradient for relative permittivity

and conductivity are given by

0.7 Tend JE,(r;1) D, & i D, &
= i = A« 7l #dt - A/ Dx L D ol Y
38rf,j grv (&rij) /0 & Ey(r ) 9 TV ( (——>—H 3 er> +D; (T))
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0L Tend DyOy; ; Doy i
a—k = gTV(Gri’j) = / G())L«Ey (I’,t)Ey(l',t>d[ —),TV (Dx (%) + D, (ZT”>> .
Ori,; 0 16 6.l 10 6l
(111)
The parameter A7y is computed according to the following equation:
Aty = Yrv HgTV(mk)‘ )’ (112)

where Y7y is a constant value and in each iteration the regularization parameter is computed for
permittivity and conductivity concerning the gradient energy, and over smoothing is avoid. The
parameters Y7y should be tuned in the TV regularization. A large value of yry tends to produce a
very smooth result. On the other hand, a small value of ¥y does not significantly change the FWI
results. The TV regularization is applied in the relative permittivity and conductivity. However, the
relative conductivity is the more sensitive parameter in the inversion process. Four experiments
with different yry values have been performed: 1 x 1073,5%x1073,7.5%x 1073, and 1 x 10~2; and
the results are shown in Figure 44 A large value of yry can produce a smooth solution Figure
|4}£). On the other hand, a small value of Yy does not produce a significant change in the solu-
tion (Figure #4}c)). The ¢, norm is used to identify which of the models displayed in Figure
presents the best fit between the data. Figure 45| presents a 13-scans comparison between modeled

and observed data. We can see that the data with the best fit occurs when Y7y is Se — 3 where
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the regularization reached a value of 0.5899. This tuning process is totally empirical and requires
several experiments. However, the unique parameter that must be tuned for this regularization is
Yrv. We found that values between le — 3 and 7e — 3 generate good tuning results where the fit of
the data is better than not having the regularization. Table 4] shows: the PSNR values for each pa-
rameter between the true model and the FWI model in the inversion process and the ¢, norm using
the residual between modeled and observed data. In collected data, it is not possible to compute
the PSNR values because the true model is unknown therefore, our choice is highlighted in green
according to the best fit in the data. Although, The PSNR values are lower with regularization than
without regularization; it is important to mention that the inversion process with regularization is
more stable when the data is highly noisy. The results with noisy data using TV regularization are

presented in annexes sections C.

@
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Figure 44. FWI results for different values of yry in the TV regularization: a) true models, b)
initial models, ¢) yry = 0.0, d) yry = 1 x 1073, ¢) yry =5 x 1073, f) 7y = 7.5 x 1073, and g)
yry = 1 x 1072, The first row is the relative conductivity and the second rows is the relative
permittivity.
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Yrv | €& PSNR (dB) | o, PSNR (dB) | /2 norm

0.0 25.97 2543 0.0624
1.0e-3 25.95 25.52 0.0616
5.0e-3 25.80 25.37 0.0589
7.5e-3 25.60 25.31 0.0614
1.0e-2 25.44 25.24 0.0641

Table 4. PSNR and ¢, norm when the parameter Yry change in the FWI process and TV regulari-
zation is included. ur choice is highlighted in green according to the best fit in the data.
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Figure 45. The fit between the observed and modeled data is presented in each panel using TV
regularization. Each panel shows 13 observed and modeled scans; in each panel, the airwave is
removed. In addition, the ¢, norm for the residual is shown in the upper part of each panel. a)
Yrv =le—3,b) yrv =5e—3,¢) yry =7.5¢ —3,d) yrv = le — 2, and e) No regularization

4.3.1. The scale parameter 3. According to state-of-the-art, using the parameter
B as a scale parameter is an alternative to improve the conductivity estimation. This parameter 3
can be included together with the TV constrain as it is presented in this subsection. A suitable scale

between the parameters can produce a natural behavior in both parameters’ sensitivity in the cost
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function. The parameter f3 is introduced in the inversion process to control the weights between
the relative permittivity and the relative conductivity |[Lavoué et al.|(2014). The scaled conductivity

parameter is given by

(113)

where 6y = 5.56 x 1074, and B is the scale parameter. The relative conductivity gradient is then
given by

Tend
g(o,) = B-oo-Ag,Eydt. (114)
0 )

The parameter is fixed in Y7y = 5¢ — 3, and the parameter 3 is changed. The results obtained
from the inversion process are presented in Figure 46| Table [5] presents the PSNR results achieved
for relative permittivity and relative conductivity, as can be seen in Figure 46/ when 3 increase, the
image quality in the conductivity parameter increase too and the image quality in the permittivity
parameter decreases.

Figure[d7|shows again a the fit between the modeled and observed data. The best fit between
the data is reached when 8 = 4.0 with a ¢, = 0.057. Our recommendation is to use a parameter
Yrv = Se — 3 with B = 4.0. With the TV regularization and the scaling parameter f3, it is possible
to improve the conductivity parameter estimation even with noisy data in single-channel and short-

offset acquisitions.
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Figure 46. FWI results for different values of 8 in the TV regularization and fixed yry = 5e — 3:

a) true models, b) initial models, c) 0.0, d) 0.5, e) 1.0, f) 4.0, and g) 8.0. The first row is the
relative conductivity and the second rows is the relative permittivity.

B | & PSNR (dB) | o, PSNR (dB) | £2 norm
00| 2597 25.43 0.062
05| 2544 25.15 0.060
10| 2545 25.24 0.059
40| [2588] 2540 0057
80| 2528 25.41 0.059

Table 5. PSNR and (> norm when the parameter 3 change in the FWI process and TV regularization

is included with yry = Se — 3. Our choice is highlighted in green according to the best fit in the
data.
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Figure 47. The fit between the observed and modeled data is presented in each panel using TV
regularization and 8 scale parameter. Each panel shows 13 observed and modeled scans; in each
panel, the airwave is removed. In addition, the ¢, norm for the residual is shown in the upper part
of each panel. a) yry =5¢—3 and B =0,b) yry =S5e—3 and B = 0.5, ¢) yryv = Se — 3 and
B=1.0,d) yryv =5¢—3and B =4.0,e) yrv = 5e—3 and B = 8.0, and e) No regularization.
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4.4. FWI with MTYV regularization.

The modified total variation (MTV), is an alternative regularization method used in the
seismic case as a modification to the TV method Lin and Huang (2014). The MTV regularization
is a more stable version of TV since it does not depend on the a7y value included to avoid divisions
by zero in the gradients (see Equation (108)). The MTV method is selected in GPR as for single-
channel and short-offset acquisition as the first step to obtaining low wavenumbers in the image,
which is difficult to obtain due to the lack of illumination. The MTV method uses the auxiliary

variable u, and an additional term is added, as it is shown in Equation (T15).

2

+A’MTV|1Hm_u||%+lMTV‘2||uHTV- (115)
2

Ainoa () - [ dops | |2 _
[ldimoa (s)] 2

) dobs

min, ®,(s,m,u) = - ’
m,u

The advantage of the MTV method compared with the TV method is that the parameter oy
is not included in the gradient. a7y avoids zero divisions in the gradient and has a high weight in
the results of the inversion results. The main problem is separated into two subproblems, and the
formulation is given in Equations (116)) and (117).

2

dy0q(s) - ||d
m()d() H ()bSHZ _|_A,MTV|1Hm—uk_1H%7 (116)
2

[ldmoa(s)l]2

minm" = —

m 2

1
k ‘ - dobs

minu® = ||m* —ul[3 + Ayrypa|ull7v. (117)
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The first subproblem, defined in Equation (I16)), is solved using the L-BFGS method, where

the gradient is defined as:

gury (mb) = g(m*) + 247y (m —u* ). (118)

The gradient g7y (mX) and the model m* are the inputs in each iteration for the L-BFGS
algorithm. The second subproblem is solved using the Split-Bregman iterative method, where the

new problem is reformulated as follows:

min {|la—m"[3+ Aysrvpllullzv + omry||de — Doul5 + oy ||d; — Deul 3}, (119)

where d, ~ D,u, d, =~ D,u and oy7y = 2),MTV|2, (Goldstein and Osher, |2009). Using the Bregman

method the new formulation is given by:

min {Ilu—=m"|[3+ Ayrrvplul|7v + awry||dy — Deu —bY||5 + awry||d. — Dau—bE|[3}, (120)

4
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where b, and b, are updated as:

b)]§+1 — b]; + (Dxuk+1 o d)/g-‘-l)?
(121)

b]ZC+1 — b/Z( + (Dzuk+l _ d§+1)-

The Equation (120) is separated in two new subproblems, the formulation is shown in Equa-

tions (122)) and (123).

min{|[u—m"[[3+ cprry|[d} — Do — |13 + v — Dou — bE| 13}, (122)
min{Ayrypa|[ullry + aury [ — Do —by| 5+ amrv|/d. — Dou—b[|3}. (123)

The solution of Equation (122)) is computed by using the Gauss-Seidel iterative method:

k+1 Apmrv k k k k
el — MV b, ub ek ul
2y 1 —+ 4(XMTV ( i+1,j i—1,j i,j+1 i,j—1
k k k k 124
+ d-x7i_17.j B dx’imi + dZ7i7j_1 o dZ7i7j ( )

1 k

k k k k
“ it Ty =B b )+

The solution of Equation (123) is computed by using a generalized shrinkage formulation
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(Wang et al., [2008):

A D,u* + bk
dﬁ“ _ max(sk B ZZTV\z,O U k—l— x
S
u
dF! — max(sk — MTV\Z,O 2 :
Z X( 2aMTV ) Sk

where s* = \/ (Dyuk + b’)g)2 + (Duk + b’Z‘)Z. The parameters Ay7y|; and Ayry, are given as

lg(m®)]l>
Amrvii = '}’MTvma 126
max(|m* —uk=1))

Aty = ” ;

where Yy can take values from 0.05 to 0.5 and « can take values from O to 200 /Gao and Huang
(2019). A large value of Y7y does not generate changes in the initial estimated model’s parameter.
On the other hand, a small value of the yy,7v regularization results in the traditional FWI solution.
Small values of « result in the traditional FWI solution, whereas a very high value for x results in
a very smoothed solution

The MTYV regularization is applied in the relative permittivity and relative conductivity.
Three experiments are performed by changing the parameter yy,7y between [0-0.5]. In each ex-
periment, the other parameters are kept fixed. The parameter /IMTV“ is directly associated with
Yury and it is the weight associated with the apriori information obtained from the parameters

mF — u¥~!. Table @ shows the PSNR values where 3,7y = 0.05 reach the highest PSNR in both
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parameters.
Yurv | €& PSNR (dB) | o, PSNR (dB) | ¢, norm
0.0 25.97 2543 0.0624
0.05 25.86 25.63 0.0630
0.1 25.80 25.46 0.0638
0.2 25.36 25.38 0.0724

119

Table 6. PSNR when the parameter Yyry change in the FWI process and MTV regularization is

included

The fit between the modeled and observed data is used as a strategy of tunning the 7y

parameter, where the best fit is reached when Yy 7y = 0.05. Figure 48] shows the fit data results.
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Figure 48. The fit between the observed and modeled data is presented in each panel using MTV
regularization. Each panel shows 13 observed and modeled scans; in each panel, the airwave is
removed. In addition, the ¢, norm for the residual is shown in the upper part of each panel. a)
Yury = 0.05,b) Yy = 0.1, ¢) yurv = 0.2, and d) No regularization.

Once the Y7y is selected, the parameter k is syntonized. The parameter kK changes with
the following values: 100, 150, and 200. We again seek to find which value of k achieves the best
fit between the modeled and observed data. Figure #9)and Table[7|shows the results of FWI, PSNR
and /, reached by changing the values of k. Figure [50] shows the fit between the modeled and
observed data. The best fit between the data is reached when x = 200 with a ¢, norm = 0.0606.

Our recommendation is to use a parameter Y7y = 0.05 with k¥ = 200.
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Figure 49. FWI results changing the k parameter in the MTV regularization, Y7y = 0.05 : a)
true models, b) initial models, ¢) k¥ = 0.0, d) k¥ = 100, e) k¥ = 150, f) k¥ = 200. The first row is the
relative conductivity and the second rows is the relative permittivity.

kK | & PSNR (dB) | o, PSNR (dB) | /2 norm

0 25.97 25.43 0.0619
100 25.87 25.27 0.0635
150 25.86 25.34 0.0616

200 | [2591 2535 0.0606

Table 7. PSNR when the parameter K change in the FWI process and MTV regularization is inclu-
ded
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Figure 50. The fit between the observed and modeled data is presented in each panel using MTV
regularization. The parameter Y7y is fixed in 0.05. Each panel shows 13 observed and modeled
scans; in each panel, the airwave is removed. In addition, the £, norm for the residual is shown in
the upper part of each panel. a) Y7y = 0.05 and k¥ = 100, b) Y7y = 0.05 and k = 150, ¢)
Yurv = 0.05 and k¥ = 200, d) No regularization.

Finally, four experiments are performed where the parameter 8 is changed from 0.5 to
4.0, the results are shown in Figure [51] and the PSNR and ¢, norm are shown in Table [8] Figure
[52] shows again a the fit between the modeled and observed data. The best fit between the data
is reached when B = 4.0 with a ¢, norm = 0.0608. Our recommendation is to use a parameter

Yty = 0.05, k = 200 with § = 4.0.
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Figure 51. FWI results changing the  parameter in the MTV regularization 3,7y = 0.05 and

Kk = 200: a) true models, b) initial models, ¢) without regularization, d) § =0.5,¢) B =1, f)

B =2 and, g) B = 4. The first row is the relative conductivity and the second rows is the relative
permittivity.

B | & PSNR (dB) | o, PSNR (dB) | ¢, norm

0.0 25.97 25.43 0.0624
0.5 25.86 25.12 0.0652
1.0 25.93 25.06 0.0630
2.0 2591 25.28 0.0609

40| 2581 2530 | 0.0608

Table 8. PSNR when the parameter B change in the FWI process and MTV regularization is inclu-

ded
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Figure 52. The fit between the observed and modeled data is presented in each panel using MTV
regularization. The parameter Y7y = 0.05 and the paramter k¥ = 200 . Each panel shows 13
observed and modeled scans; in each panel, the airwave is removed. In addition, the ¢, norm for
the residual is shown in the upper part of each panel. a) Y7y = 0.05, Kk =200 and B = 0.5, b)
Ymry =0.05, k =200 and B = 1.0, ¢) Y7y = 0.05, kK =200 and B = 2.0, d) Y7y = 0.05,

Kk =200 and 8 = 4.0, and e) No regularization.

From the results obtained from TV and MTV Figures #4}e) and [ST}e), respectively, the
regularizations allow to reduce the noise in the FWI results, it maintains the main subsurface layers,
and the regularizations reach FWI stable process. However, the two regularizations require tuning
processes that increase the computational cost and execution time. We recommend using the fit
data as a selection criterion in the tuning of regularization parameters, such as yry, yurv, K and

B. Of the two regularizations used on the parameters in these synthetic data, we achieved a better
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fit with the TV regularization than the MTV regularization where the ¢, norm=0.057 in TV and ¢;

norm=0.060 in MTV.
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5. FWI of experimentally collected data
This chapter presents the estimation of the electromagnetic parameters of a small area in Mogotes,
a local municipality located in the state of Santander, Colombia. The regularization introduced in
chapter 4 is tested, showing the importance of each cost function in the inversion process. The
collected data is obtained using the shielded single-channel, and short-offset antenna with a center
frequency of 400 (MHz). Finally, the estimated parameters of permittivity and conductivity from

FWI are shown.

5.1. Description of the experiment

A raw GPR data is studied in this section. The raw GPR data is obtained in Mogotes, a local
municipality in the state of Santander, Colombia. Its geographic location is shown in Figure [53}a).
The raw GPR data is acquired using a shielded antenna with central frequency at 400 (MHz). The
acquisition line is shown in Figure [53}-b). The acquisition line is selected near the Mogoticos river,
where a visible outcrop is accessible and it shows two geological layers with different materials
(see Figure[53}c)).

The GPR system uses a shielded antenna with central frequency at 400 (MHz), and it takes
a scan each 0.1 m. In total, 213 scans are taken. The total propagation time of the scan is 99,9987
(ns) with 512 samples, a time step of 0.1953 (ns), and an acquisition line with length of 23.4 (m).

CPML is used in the top, bottom, left, and right edges to avoid non-natural reflections.
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Figure 53. Acquisition area. a)Mogotes geographic location, b) acquisition line, c) outcrop in the
acquisition zone
5.2. Initial permittivity and conductivity for the collected data

This section is focused on the initial parameters for FWI, where permittivity and conduc-
tivity are considered. The permeability is not taken into account in the inversion process because
the materials in this zone are not magnetic. First, a picking in the raw data is performed to find the
significant reflectors. Figure [54] shows the raw data and picking with three possibles layers. Next,
the relative permittivity and conductivity values are selected taking into account the typical values
of the subsurface materials (see Table |I[), the field samples, and a visual inspection: in layer-A, the
relative permittivity is 4 and conductivity 1 (mS/m), the material is considered a dry clayey soil. In
layer-B, the relative permittivity is selected as dry-sand with a value equal to 6 and the conductivity
is 1 (mS/m); and finally, the layer-C is chosen to be wet clay, and the relative permittivity value is
12 with the conductivity of 4 (mS/m). These parameters are discussed with geologists who know
the area and determine those typical values according their knowledge of the area. In the zone, no

laboratory tests are taken in the materials, and it could produce inaccuracies in the estimation of
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electromagnetic parameters.

7.5 10 12.5 15 17.5 20 22.5
Distance [m]

Figure 54. Raw GPR data interpretation with three possibles layers based on main reflectors:
layer-A soil-clayey,dry, layer-B sand-dry and layer-C clay-wet.

The picking time and the relative permittivity of each layer allow obtaining the depth of each
layer to build the initial model for permittivity and conductivity. The first depth layer is computed

using Equation (127) and for the second and third layer is computed using Equation (128).

(tl - tair) - C

D, =
2 €l (I’)

3 127)

(t—1-1)

Dy =D;_;+c- ;
Er’l(l’)

(128)

where [ is the layer index, 7 is the picking time with high amplitude (see Figure [54)), #,;- is the
time for the air wave, it is approximately 0.9375 ns, c¢ is the velocity in the vacuum which is
approximately 3 x 108 m/s, and €, 1s the relative permittivity in the layer /.

Figures [53}a) and [55}¢) illustrates the permittivity and conductivity models for the layers.
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The spatial step is 0.025 (m) in x and z-directions; and Figures [55}b) and [55}d) show the initial
models using a bluring filter of size 5 x 5 and all its elements equal to 0.04; the filter is applied 500

times in each parameter.
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Figure 55. Initial parameters used in the FWI methodology: a) relative permittivity model using
the picking time layers; b) Initial relative permittivity model obtained after apply the smoothing
filter 500 times over the model illustrated in Figure ([55))-a, ¢) conductivity model using the picking
time layers; d) Initial conductivity model obtained after apply the smoothing filter 500 times over
the model illustrated in Figure @-c).

5.3. Source wavelet estimation using the impulse response system
In the GPR scenario of single-channel and short-offset acquisition, the antenna is located

in the air, and the sign source can be estimated with the air-wave events. The relationship of the
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source with the data in the airwave event is linear; therefore, the observed data can be obtained as

the convolution between the source (J;) and the impulse response of the earth (h,qp).

dops = Js*hegpep. (129)

However, both the source and the impulse response of the earth are unknown/Belina et al.| (2012)
proposed that the impulse response of the earth can be estimated using a synthetic source and a
modeled data that is obtained using the synthetic source. In the source estimation, the modeled
data can be obtained modeling on any model. In the synthetic and collected data, the background
filter is used to obtain the air wave events; the details of this filter are presented in the section@

Mathematically, it is given by

A" = I sty (130)

mod —

If the Fast Fourier Transform (FFT) is applied in both sides of the Equation (130)), then:

D2 (f) = I (f) - Hoarn(f), (131)

from the Equation (I31)), the impulse response of the earth is obtained as

Heoran(f) = D20 () - I (1)) (132)
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Using the impulse response of the earth in the frequency domain (H,,+,(f)), the estimated source

is obtained from the observed data as

Js =IFFT(Dops(f) - Hearn ()] ") = IFFT (Do (f) - DI (F) - (3™ (AH)17Y,  (133)

where /FFT () is the Inverse Fourier Transform. According to Equation [I33]the source estimation
is computed with the following inputs: a synthetic source with sufficiently broad frequency band-
width in order to avoid divisions by zero in the deconvolution (see Equation [I33)), the modeled
data using the synthetic source, and the observed data. In chapter[7] the estimation of the radiation
patterns for planes E and H are presented for the shielded antenna at 400 MHz. However, it is
essential to clarify that these radiation patterns are frequency-dependence therefore, it is necessary
a source estimation when the observed data is filtered for FWI.

5.3.1. Source estimation in a synthetic data.. A synthetic case modified from
the SEAM model is developed with the original conductivity and permittivity models presented
in Figure [[7}a) and [I7}b), respectively. The initial model is a smoothed version of the original
models. The spatial discretization is 5 (cm) in both dimension, such that 600 points are x-direction
(distance) and 301 in z-direction (depth). A total of 520 scans are simulated using the equations
for the forward electromagnetic modeling. Transmitter and receiver antennas are located in the
air-layer at 25 (cm) of the ground layer, according to the topography. The time sampling of the
data is 0.08 (ns), and the number of time samples is 3000. Thus, the total acquisition time for each

scan is 240 (ns). The original and synthetic sources are shown in Figure [56] The original source is
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the source emitted by the transmitter antenna and produces the observed data, in this example both
modeled and original are synthetic and known, but in the real context, the signature original source

is unknown.
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Figure 56. The synthetic source used to obtain the modeled data is presented in green and the
original source is presented in red. The original source is the source emitted by the transmitter
antenna and produces the observed data.

In single-channel and short-offset acquisitions, the values of permittivity and conducti-
vity are known in the air-wave (¢, = 1 and o, = 0). The air-wave event is separated using the
background filter (Rashed, 2015). The background filter removes the horizontal events of the ra-
dargram. The horizontal events are obtained with the difference between the data without back-
ground filter and the data with background filter. The observed an modeled data are shown in
Figure a) and Figure b), respectively; the horizontal events for the observed and modeled

data are presented in Figure [57}c) and Figure [57}d), respectively. In total, 520 sources estimates
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are obtained, as it is shown in Figure [58] -a). All these approximations are averaged to have the
estimated source. Figure 58] -b) shows the estimated source, the original source and the synthetic
source. The correlation between the estimated source and the original source is 0.99. The correla-
tion is high because this is an scenario where the exact permittivity and conductivity values of the

air-wave are known and besides, the observed data is noise free.

a) b)

c) d)
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Figure 57. a) Observed data, b) Modeled data, c) horizontal events in the observed data and d)
horizontal events in the modeled data.

5.3.2. Source estimation for real data. The source estimation methodology des-
cribed in the previous section is now used with the collected data. The GPR system takes a scan
each 0.1 (m). Two hundred thirteen scans are taken with 512 samples, and the sampling rate is
0.1953 (ns). The acquisition line has a length of 21.4 (m). CPML is used in top, bottom, left and
right edges to avoid non-natural reflections.

The observed data is presented in Figure [59] -a). However, as in the synthetic case, only

the air-wave is selected. According to 2014) the direct arrivals are selected using an
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Figure 58. a) Estimations are presented in black, and the average of these estimations is presented
in red color, b) the estimated source is presented in blue, the original source used to obtain the
observed data is shown in red, and the synthetic source is shown in green.

exponential time damping, the exponential damping function is defined as follow:

dops(scan,t) = e_(’_lAW(sca"))/rdobs(scan,t), (134)

The result of applying this exponential damping function is shown in Figure[59]-b). A wa-
velet ricker with the same time sampling and the same number of samples, as in the observed data,
is selected for the synthetic source. For each scan, a source estimate is performed (see Equation

(T33)), such that in total, 213 estimations are obtained. The 213 estimations are averaged, resulting

in the signal in blue of Figure [60]
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Figure 59. a) Observed data using a shielded antenna at 400 (MHz), b) Observed data with expo-
nential time damping function.

1 T
- Estimated source

0.5 — -

-0.5 — —

Amplitude

2 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time(s) 107

0012 Amplitude Spectrum of estimation source

0.01
0.008 |
0.006

0.004

Amplitude

0.002

1.5 2 2.5 3

(=)

Figure 60. Estimated source and amplitude spectrum for the collected data in Mogotes.
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The Antenna distance to the subsurface is tuned, taking values from 0.025 (m) to 0.1 (m),
in steps of 0.025 (m). The norm ¢; is computed between the observed and modeled data. The
observed and modeled data of the best fit are presented in Figure [61] -a) and the best fit for the
distance of the antenna to the surface is 0.05 (m) as it is shown in Figure [61] -b). Finally, the
parameter oy = 5.0e — 4, is only for having a reference value and using a relative conductivity in
the inversion, but this parameter does not make any physical sense as it is described in (Lavoué

et al., 2014]).
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Figure 61. a) The fit between modeled and observed data when the distance between the source and
subsurface is 0.05 (m). b) £> norm between modeled and observed data when the distance between
the transmitter antenna and subsurface changes between 0.02 (m) and 0.1 (m).

5.3.3. Preprocessing the collected data. The following processing steps are ap-

plied over the raw data:
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= Dewow filter: The Dewow filter selects a window and takes the mean value in the window
to remove the DC components in each sample. An alternative to implement this filter is to
apply the FFT on the selected window and put to zero the first coefficient (this coefficient is

associated with the DC level), then perform the IFFT to obtain the time domain signal.

= Lowpass filter (LP): FWI is a local optimization technique that requires starts from low fre-
quencies to high frequencies to get a better parameter estimation. Since the data is collected
using a 400 (MHz) antenna, the radargram has been filtered using a low pass filter at 250
(MHz) (see Figure [62). Furthermore, the source used is also filtered at this frequency range.

Figure [63| shows the filtered source.
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Figure 62. Collected data in the acquisition zone: a) unfiltered data b) data filtered using a low
pass filter between 0-250 (MHz).

= Background filter: The background filter is used to mitigate the horizontal and periodic

events in the observed data, and it is called ringing noise. The ringing noise is removed

using two steps, according to an an -Nuaim . e first step 1s to compute the
ing P ding to Kh d Al-Nuaimy| (2010). The fi pi pute th
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Figure 63. Source used during the inversion process for the collected data: a) filtered source in the
time domain at 250 (MHz), b) spectrum of the filtered source.

eigenimages containing the highest and lowest values of the eigenvalues of the covariance
matrix. The second step is to subtract the average value of the radargram. Figure |64| shows
the results when the background filter is applied to the data. The background filter is only
applied in the first 500 samples where the air-wave is observed, and it avoids attenuate some
flat events of interest. The air-wave is removed in the observed and modeled data. Algorithm

summarizes the methodology to apply the background filter in d, ;.

= Resampling (optional): using the stability condition proposed by Courant-Friedrichs-Lewy
(CFL), (see Equation (133))) the time step necessary to comply with numerical stability can
be obtained. As the spatial step is A, = 0.025 (m), we obtain that Ar < 5.8966 x 107! (s).

In compliance with this condition, a time step equal to 0.04 (ns) is selected. The collected
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Figure 64. Background filter on the collected data: a) data collected with low pass filter and
without background filter b) collected data filtered with low pass filter and background filter.

Algorithm 2 Background filter

—_

—_ = = = =

R e A A ol

C=cov(d,ps)

L=eig(C)

M=L" -d, - L > The diagonal values of M denote the eigenvalues of C
[u1,dy]=eig(@?, - d,ps) >eig(-) is the eigenvalues function and 7 denote transpose
[u2a d2] =eig(dobs : dgbs)

S =svd(d,p;) >>svd(-) is the singular value descomposition function

val; = Row corresponding to maximum eigen value of M

valy = Row corresponding to mimimum eigen value of M

P1 = S(val) *uy(:,vall) xus(:,val;)’  >* denote matrix multiplication

P2 = S(valy) * uy (:,val2) x us (:,valy)"

: 01 =norm(d,;;) —norm(P) >norm(-) is the normalized function
0, =norm(d,) —norm(P,)

: out =mnorm(0).*xnorm(0,)

. output = out — mean(d,;) >>mean(-) is the mean function

data is resampled from 0.1953 (ns) to 0.04 (ns).

Ay

At < ——
cV2

(135)

= Amplitude compensation: The difference in amplitude between observed and modeled data

could be solved in the source estimation or in our tests using the normalized cost function
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(see Equation (96))). As is presented in section 4.1 when the amplitudes are not compensated,
this could produce artifacts in the first layers of the parameters and cause the FWI to converge

quickly to a local minimum.

5.4. FWI using TV and MTYV regularizations.

TV and MTYV regularizations allow obtaining smoother solutions for the electromagnetic
parameters in the inversion process. TV regularization has been included in the inversion process
to analyze its behavior in the real collected data. The definitions of gradients and the procedures
described in the section 4.3 are used in this section. The regularization parameter for relative per-
mittivity is fixed at A7y (€) = 5.0e — 3. Figure |65/ -c), d) and e), show the results of the inversion
process with TV using the values A7y (0): 2.5 x 1073,5.0 x 1073 and 7.5 x 1073, respectively. Fi-
gure [66] shows the behavior of the cost function for 20 iterations. The worst data misfit is reached
with no regularization and the better results are with A7y (6) =2.5x 1073 or A7y () =5.0 x 1073,
Note that in the Figure [65]-g) having no regularization produces undesired values in the conduc-
tivity parameter, which does not have a physical sense. In addition, to generate a smooth version
of the parameters, the TV regularization does not allow extreme changes in the permittivity and
conductivity values, so the inversion is more stable. Figure [65}f) presents a very smooth solution
for the conductivity parameter, so it is discarded. Figure 67| shows the fit achieved between the
observed and modeled data for 11 scans. The inversion is stopped for the case of the FWI with TV
and MTV when a flat area is reached in the cost function; although the algorithm can perform more
iterations, the variation in the cost function is very small and therefore the algorithm stops. It can

be noticed that the modeled data that our modeled data do not correctly estimate the first events of
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the observed data. This could be due to a poor estimate of the initial values for the permittivity and
conductivity. In the case of not having the regularization, it manages to adjust these regularization,
the method adjusts the first events better than including regularization, but the parameter solution is
not correct. The electromagnetic parameters estimations with TV are better than a traditional FWI
without regularization. Figure [68| presents the results by including the scale parameter 8 taking
values of 0.25, 0.5, 0.75 and 1.0. The behavior of the cost function taking differentes values of 3
is show in Figure[69] Details about  parameter is presented in the section [4.3.1] From Figure

the best fit of the data is reached with 8 = 1.0.
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Figure 65. FWI results with TV regularization in both parameters, Ary (€) = 5.0e — 3 and A7y (o)
takes values of 2.5¢ — 3, 5.0e — 3 and 7.5¢ — 3: a) and f) initial models; b) and g) No regularization;
¢) and h) A7y () =5.0e —3 , Ary(0) =2.5x 1073; d) and i) Ary(€) = 5.0e =3, Ary(0) =
5.0x 1073 and e) and j) A7y (€) = 5.0¢ — 3, A7y (o) = 7.5 x 1073, The first row shows the relative
permittivity and the second row shows the relative conductivity.
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Figure 66. The behavior of the cost function for the data collected with TV regularization.
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Figure 67. The fit between the observed and modeled data is presented in each panel using TV
regularization. Each panel shows 11 scans observed and modeled; in each panel, the airwave is
removed. In addition, the ¢, norm for the residual is shown in the upper part of each panel. a)
without regularization, b)yry (€,) = 5.0e — 3 and yry(0,) = 2.5¢ —3, ¢) yrv (&) = 5.0e — 3 and
Yrv(o,) =5.0e — 3, d) yrv (&) =5.0e —3 and yry(0,) = 7.5¢ — 3.
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Figure 68. FWI results with TV regularization in both parameters, Ay (€) = Ary(0) = 5.0e — 3
and B takes values of: a) and f) initial model, b) and g) 0.25, c¢) and h) 0.5 , d) and i) 0.75, e)
and j) 1.0. The first row shows the relative permittivity and the second row shows the relative
conductivity.
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Figure 69. The behavior of the cost function for the data collected with TV regularization and the
scale parameter f3.

Similarly to the TV regularization, the MTV regularization is included in the inversion pro-
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cess, where the definitions of gradients and the procedure described in section 4.4 have been used.
The regularization Y is tunned to 0.05 according to section 4.4. However, the parameter kK must
be tuned. Figures [70}b), c¢) and d), shows the inversion results with MTV regularization using the
values k(o)= 100, 150 and 200, respectively. Figure [71| shows the behavior of the cost function
for 20 iterations where the flat area is reached. The MTV regularization converges to a less smooth
model than the TV regularization. Both regularizations allow controlling the permittivity and con-
ductivity parameters, preventing the conductivity from converging to undesired values. Figure
shows the models obtained from FWI when the scale parameter 3 takes values of 0.25, 0.5, 0.75
and 1.0. The results of the cost function are presented in Figure|/3| Note that the best fit is reached
with B = 0.75. The cost function is better on MTV than TV as presented in trace comparisonshown
in Figure Finally, our TV and MTYV regularizations only manage to fit the events that arrive

before 1.0 x 1077 (s). As described above, the inversion is stopped when it reaches the flat zone.
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Figure 70. FWI results with MTV regularization in both parameters, k takes values of 100, 150
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, ) and j) Kk = 200. The first row shows the relative permittivity and the second row shows the
relative conductivity.

4
45 x10
No regularization
yMTV, =1.0 yMTV, =0.05 k=100 7, =5.0e-4 3=1.0
v .
MTV, =1.0 yMTV, =0.05 k=150 o =5.0e-4 §=1.0
v '
YMTV =1.0 yMTV_ =0.05 =200 o,=5.0e-4 §=1.0
4 v .
g
=35
+=
Q
2
Yy
+
n
o 3
25
2 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Iterations

Figure 71. The behavior of the cost function for the data collected with MTV regularization and
changing k on the parameter o.
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Figure 72. FWI results with MTV regularization when the parameter ¥ = 200 and f3 takes values
of 0.25, 0.5, 0.75 and 1.0: a) and g) initial model, b) and h) no regularization, ¢) and i) § = 0.25
,d)and j) B =0.5,¢)and k) B =0.75 and f) and 1) B = 1.0. The first row shows the relative
permittivity and the second row shows the relative conductivity.
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Figure 73. The behavior of the cost function for the data collected with MTV regularization and 3
takes values of 0.25, 0.5, 0.75 and 1.0.
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Figure 74. . The fit between the observed and modeled data is presented in each panel using TV
and MTV regularization. Each panel shows 11 scans observed and modeled; in each panel, the
airwave is removed. In addition, the ¢, norm for the residual is shown in the upper part of each
panel. a) no regularization, b) TV regularization and ¢c) MTV regularization.

5.5. Gaussian preprocessing-TV regularization and Gaussian preprocessing-MTYV regulari-
zation

TV and MTYV regularization are combined in this section with the gaussian preprocessing.
The methodology and definition of gradients presented in section 4.2 are used in this section.
According to section 4.2, the best estimation of the parameters is obtained using p? = 2 in scans-
directions with a fixed window of length 66 using the FWI gradient resolution (see Equation [L03).
The results of the TV regularization with Gaussian preprocessing and the MTV with Gaussian
preprocessing is shown in Figure The Gaussian preprocessing reduces the incoherent noise
in the scans-direction and the solutions reach low-wavenumber information. Likewise, Figure [76]
shows the cost function values achieved in the two regularizations (TV + Gaussian and MTV +
Gaussian). Gaussian preprocessing achieves the worse fit data on TV and MTYV; this is due to the

loss of horizontal resolution when the high frequency is used. Figure [73] shows a surface layer
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(<0.25 (m)) where we interpret that it is the layer of soil with vegetation.
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Figure 75. FWIresults with TV, TV+Gaussian, MTV and MTV+Gaussian. a) and g) initial models,
b) and h) no regularization, c¢) and i) TV regularization, d) and j) TV and Gaussian preprocessing,
e) and k) MTV regularization, f) and 1) MTV and Gaussian preprocessing. The first row shows the
relative permittivity and the second row shows the relative conductivity.
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Figure 76. The behavior of the cost function for the data collected with : a) MTV and Gaussian
preprocessing and b) TV and Gaussian preprocessing.



2D Full Waveform Inversion in time domain for Ground Penetrating Radar Data 151

5.6. Quality control in FWI

The complex trace attributes allows measuring the coherence in the instantaneous phase
between the events from a reflectivity map. The reflectivity map is obtained by the reverse time
migration (RTM) method. RTM is a geophysical method developed by Baysal et al.|(1983), and it
uses the solution of the full-wave equation. The reflectivity map is computed in RTM using two
wavefields: the first wavefield called source wavefield (E4(r,?)) is obtained from solving the wave
equation with a source. The second wavefield called receiver wavefield (E,(r,?)) is obtained from
the backpropagation of the wave equation using the information from the observed data as the
source. The air-wave has been removed using the background filter presented in section 6.2.0.1; it
reduces the high contrast on the topography layer. The Equation[I36|refers to the imaging condition

used to obtain the reflectivity map by RTM using the source field and the receiver field.

Ns Tena

Iery(r) = Y Y Eg(r,0)E,(r,1). (136)

i=1t=0
a Laplacian filter is applied in the imaging condition to remove the low-frequency artefacts due to
back-scattering, and as the last step, a deconvolution is applied in the reflectivity map to remove
the footprint of the source a find the location of the reflector. Two pairs of models of permittivity
and conductivity have been used to obtain the reflectivity map: the FWI results models with the TV
regularization using 7y (€) = 5.0¢ — 3 and ¥rv (o) = 5.0¢ — 3 (Figure[65}d), and the FWI results
models using the MTV regularization with ky7y = 200 (Figure [72}e). The results of each pair of

models previously described are presented in Figure|[//|-a) and b) respectively.
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Figure 77. a) Reflectivity map for the TV models, and b) reflectivity map for the MTV models.

Figure [77) shows that the reflectivity map for the MTV model is better than for the TV
model. This is because the TV model has conductivity values close to zero in the area near to the
surface, which is not possible. The error between the estimate reflectivity map and the real location
of the reflectors, measured in the field, are: 1. In point A, 46cm, 2. In point B, 14 cm. 3. In point
C, 20 cm..

Jazayeri et al.| (2018)), proposed a method that could be applied when there is clear evidence

of diffraction hyperbolas that indicate the presence of a pipe, but its diameter and internal content
are unknown. The method is tested on synthetic data and two real data using a center frequency of

900 MHz. According to Jazayeri et al.| (2018)), the background parameters are known (permittivity

and conductivity). The initial model is estimated using ray-based analysis of the hyperbolas pre-
viously identified by the interpreter’s experience. The conductivity parameter always remains fixed

in the inversion process. Jazayeri et al. (2018)), an iterative source inversion problem is posed that is

executed twice. InJazayeri et al.|(2019), the sparse blind deconvolution (SBD) method is included
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to estimate the source and obtain a sparse representation of the subsurface reflectivity series. With
the reflectivity model and the ray-based model, an initial geometry model can be found to start
FWI.

Unlike our estimates, these estimates have a higher frequency and the subsurface models in
our case are complex (synthetic and collected). In our synthetic and collected data, the conductivity
is updated using FWI. Our initial models are selected by geologist expertise as recommended
by Jazayeri et al.| (2018) when the diffraction hyperbolas identification is not clear. However, we
consider as future work to use other classic methods (tomography) or to make measurements in

the field that allow us to validate the starting point.
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6. Full Waveform Inversion for 3D case

The 3D full waveform inversion of GPR data is computationally expensive, due to the num-
ber of hypercubes that should be stored in order to compute the gradient of the different parameters.
This section presents a computational strategy to overcome the memory constrains and sucessfully
implement a 3D FWI. The strategy consist of updating a set of 2D planes of the model instead
of updating the entire gradient hypercube. The chapter compares our 3D electromagnetic imple-
mentation and the free software gprMax, where the correlation reached is 0.99. The experiments
carried out in this chapter are synthetic and use the SEAM model inspired by the geology of the

Colombian territory.



2D Full Waveform Inversion in time domain for Ground Penetrating Radar Data 155

6.1. Forward and Inverse Problems for 3D case

Maxwell’s equations for a non-dispersive and isotropic 3D medium are shown in Equation

(137).

JE, 1 (0H. OH,

o1 E(ay “ oy T GE")’
JE, 1 (0H, OH,

or z(a—z 7 sz—"Ey)’
OE; _ 1 (9H, OH. .

ot e\ odx dy % ) (137)
at “ az ay SX X 9
% l % JE; M..—oc*H.
dt u\dx Jz Y Y]
OH, 1 (JE, OE, .
7—ﬁ<ay Ty MemO Hz>’

where €, o, U are the permittivity, permeability and conductivity already described in previous
sections, o™ is the equivalent magnetic loss (Q/m) ; Ey, Ey, E are the electric fields in the direction
x, y and z, respectively; H,, Hy, H, are the magnetic fields in the direction x, y and z, respectively;
Jsx, Jsy and Jg; are the densities of electric current in x, y and z , respectively and My, M;y, M,
are the magnetic current densities at x, y and z respectively. In these experiments pt = 1 since
the materials are not magnetic and the parameter * = 0 since no equivalent magnetic loss. The
excitation and reception of the electric current density is only applied in the y-direction given the

orientation of the antennas in this axis, therefore J;, = 0 and J;; = 0. In this 3D implementation,
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only the relative permittivity is considered in the inversion process, however the methodology

could be implemented with conductivity parameter. The 3D forward equation in matrix form is

given by:
W (5,s,s,m) = Fj(m)s+ F>(m)s — Js(r,7) =0 (138)
where
g (r)gp 0 0 0 0 0
0 g(r)gp 0 0 0 0
0 0 g(r)gy 0 0 0
Fi(m) = 5 (139)
0 0 0 (1) to 0 0
0 0 0 0 w0
0 0 0 0 0 p(r)to
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o (r) 0 N
0 o 0 -2 0 £
0 0 ofr) & -5 0
F>(m) = : (140)
d d
0 -5 & 0 0 0
d d
g0 -2 0 0 0
d d
% % 0 0 0 0
E,(r,t)
Ey(r,1)
E;(r,1)
5= , (141)
H,(r,7)
H)’<r7t)
Hz(r7t)
& (r)
m= |, ()| - (142)
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Using the Equations (68)) and (138) the adjoint operator in matrix form is

—Fl (m)A + F3(m)A + %—(f =0, (143)
AT = [AEX(I’,I),AE},(I',Z),AEZ(I',l)7AHx(r,l)7ﬂ,Hy(r,l),AHZ(I',I)] , (144)
where F' (m) = F;(m) and
o (r) 0 0o 0 -5 £

0 0 o) -4 4% 0
Fy(m) = . (145)
d d
0 £ -% 0 0 0
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The adjoint field are computed using the Equation (146)).

o, 1 (axﬂz s, Gh)

ot e\ dy dz Y7
oAg, 1 (g, OAy 0P

3 e ( - " 9r oL +"7LE«v) :
%:l(alﬁ, —ale G)l,E)

ot e\ ox dy e (146)
. (WLEy B aAEZ>

ot dz dy )’
M, (azEz azEX>

ot dx dz )’
o <a/1Ex B a;LEy>

Jt dy ox )’

where @ is the cost function given in Eq., AE,, lEy, Ag, are the adjoint fields of E,, E,, E.,
respectively; and Ay, Ay, Ay, are the adjoint fields of H,, Hy, H;. The gradients for the relative

permittivity and relative conductivity are given by

B Tend 8Ex aEy aEZ
8(er) —/O € (lEXWJr/IEyWHLEZW) dt, (147)
Tend
g(oy) = /0 00 (Ag,Ex+ Ag,Ey + Ap.E;) dt, (148)

6.1.1. Validatation gprCPS vs gprMax . In this subsection, the results of our im-

plementation (gprCPS) are compared to gprMax are presented. Only for this validation, an antenna-
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like GSSI at 400 (MHz) is used (see Figure[78)). The electromagnetic parameters used are described

in the following table:

Parameters gprMAX

Kind of source

Gaussian Voltage

Frequency

392.398 (MHz)

Source resistence

111.59927 (Q2)

Receiver resistence

111.59927 (Q2)

&-(abs) 2.35 (F/m)
g-(hdp) 2.35 (F/m)
&-(PCB) 1.1 (F/m)
o,(abs) 0.062034684 (S/m)

Table 9. Parameters used in the gprMAX software to compare with gprCPS.

The acquisition area is 380 points in x direction, 380 points in y direction, and 360 points
in z direction. The space step is 0.01 (m), the time step is 0.96e-12 (s), and the antenna is located
in the air. CPML is used for all edges to avoid unnatural bouncing. A GTX1070 GPU with 8 GiB
VRAM and an AMD Ryzen 5 5600x 6-core processor x 12 is used in both tests. As it is shown in

Figure /9] the correlation between both propagations is high (0.9994).
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Figure 78. The internal materials used in the GSSI antenna with central frequency at 400 (MHz).
The internal materials are used to compare both algorithms: gprCPS and gprMax.
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Figure 79. Electric field E, using the antenna-like GSSI at 400 (MHz): in blue gprMax
implementation and in orange gprCPS implementation.

6.2. Computational Strategy

FWI-3D is a great computational challenge and more so for a single-channel, short-offset

acquisition. The Equation shows that the forward (Ex, Ey, E;) and adjoint (Ag,, Ag,, Ag,) fields
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are required to obtain the permittivity gradient. In a 3D implementation with float data, the follo-

wing RAM resources are required to compute the gradient:

Ny X Ny X N; X N; x 4

RAM(GB) = =

(149)

where Ny, Ny, and N, are the number of points in the dimensions x,y, and z, respectively. N; is the
number of samples in the field and 4 is the size in bytes occupied by the floating number data. As
an example, using the antenna discretization and the SEAM model: dh = 0.002, Nx = 7500, Nz =
5475, Ny = 5000 and Nt = 12000, a field would occupy 9855 TB of RAM storage, this example
is a rather crude and naive estimation.

The computational strategy seeks not to calculate the entire gradient volume used in the 3D
inversion process. The energy is located near to source in a single and short offset acquisition (a
radius for the 3D case). The upper part of Figure 80| presents the energy per column (the energy is
estimated as the sum of the squared values ) and the lower part of Figure 80|shows a gradient of the
SEAM model on which the energy is computed. For compute the gradient, a forward propagation
is made from time t=0 to time t=nt-1 and the fields E\, E\, E, are stored. These fields are multiplied
with the backpropagated fields that are obtained in the inverse time and where the residual of the
observed and modeled data is used as a source to obtain the fields Ag,, lEy, Ag,. At each instant of
time, all the fields previously described have dimensions of Ny X Ny, x N, this previously described
procedure is presented in Figure [81}-a). We propose to perform the multiplication of the backward

and forward fields only in a specific gradient area. The FWI procedure is similar to the traditional
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FWI with the difference that in our strategy only is necessary to store the fields in the zone to
update. This zone contains the GPR acquisition line, and Figure[81}-b) presents the cube at a specific
time with the acquisition line in the zone to update. We have done several experiments changing
the width of the zone to determine the recomended width for 3D inversion in zero offset and single-
channel acquisition. Figure [§T}c) presents the proposed methodology for computing the gradient,
where it is highlighted in blue that only that part of the cube for each instant of time is considered

for the gradient calculations.
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Figure 80. (Top) Energy for column in the gradient at 100 (MHz). (Bottom) Relative permittivity
gradient for a single scan at 100 (MHz) on the SEAM foothill model.
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Figure 81. a) Gradient methodology used for the traditional FWI-3D, b) Description in an instant
of time in the computational strategy for FWI-3D,c) Gradient methodology used with the
proposed computational strategy for FWI-3D.

Some strategies like the one proposed in [Tromp et al. (2008) can be used to reduce the

RAM resources needed to compute the gradient. According to [Tromp et al.| (2008) the gradient

is obtained during the adjoint field computation by recomputing the forward field. The strategy

reduces the RAM resources and improves the approximation of the electromagnetic parameters.

However, this strategy has a consequence on the execution time. An additional propagation is

necessary per scan; in a 3D case for single-channel and short-offset acquisitions, this would imply,

according to the same experiment presented in this section, 116 additional scans per iteration. In a
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multiscale scheme like the one shown with 3 frequencies for the experiment and with 30 iterations
per frequency, this strategy would imply 10440 additional scans. This would imply an increase of
33 % per iteration in the execution times than the strategy proposed in this chapter. It should be
noted that short-offset GPR 3D acquisitions are a great challenge (computational cost), for this
reason our computational strategy seeks to obtain a 2D image of the electromagnetic parameters
using 3D simulations.
6.3. FWI-3D Synthetic Results

In this section, the results of FWI over a synthetic model are shown. The synthetic case is a
realistic model called SEAM-Phase II Regone et al.|(2017) that is built to represent the geological
underground of a foothill. The SEAM model’s selected area is rescaled from its initial dimensions
to have a 31.2 m section in-depth and 3 m in the dip direction. The spatial discretization is 5 cm,
such that we generate 312 points in the x-direction (dip) and 219 points in z-direction (depth) and
(200) point in y- direction (strike). A total of 116 scans are simulated using the equations for the
forward electromagnetic modeling. The scans are located at y = 99, and only one line of sources
and receivers is used, as it is shown in Figure According to the topography, transmitter and
receiver antennas are located in the air-layer at 10 (cm) of the ground layer. The time sampling of
the data is 0.0963 ns, and the number of time samples is 2000; thus, the total acquisition time for
each scan is 192.6 ns. The scheme of FDTD with 8/ and 2"¢ order of approximation is used to
discretize the spatial and time derivatives, respectively.

Three frequencies are selected in the inversion process: 30 MHz, 50 MHz and 100 MHz.

The multiscale methodology proposed by Bunks et al.| (1995)) is used, where the FWI process
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started from low frequency to high frequency, and the final model obtained in each frequency is
used as a starting point for the next frequency step. A full-wave dipole is used at the transmitter
antenna. Figure [83}a), and [§3}b) shows the true and initial models obtained in cut y = 99. Figure
[83}-c), Figure [83}-d), Figure [83}e) and [83}f) shows the FWI models in cut y =99 with 1, 5, 11 and
21 layers in the gradients zone. Note in Figure [83}-c), d), e), and f) that as the number of planes
used in the gradient increases, the estimation of the permittivity model in the plane improves. The
PSNR values achieved are 19.84 (dB), 23.68 (dB), 25.77 (dB), 25.92 (dB), using 1, 5, 11 and 21
layers in the three-dimensional gradient, respectively. It is important to note that when a single
layer is used as the gradient update zone (Figure [83]-c) ) , FWI tries to fit all the data with that
single plane, and as lot energy is out of the plane, therefore, it converges to incorrect values. We
propose to use at least 2,1 (m), or 21 planes as a zone to update the gradient; this implies a 9.5x
reduction of the volume capacity necessary to compute the gradient. Our synthetic tests show that
we must keep the gradient update zone close to A /4 by taking the lowest frequency in multi-scale

methodologies.
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Figure 82. a) Sources positions, b) Receivers positions, ¢) 3D geometry, d) Top view geometry
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Figure 83. Results of FWI when the zone used for compute the gradient changes: a) true relative
permittivity, b) initial relative permittivity, c¢) FWI with multiscale for relative permittivity using a
zone of 0.1(m), d) FWI with multiscale for relative permittivity using a zone of 0.5(m), ) FWI
with multiscale for relative permittivity using a zone of 1.1(m), and f) FWI with multiscale for
relative permittivity using a zone of 2.1(m).
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7. Characterization of a shielded antenna

The radiation pattern defines how the energy that is transmitted by the antenna is distributed
throughout the medium. Usually, those patterns are assumed as an infinitesimal dipole in TE mode
(transverse electric), the energy is distributed at the same for all directions. This chapter introduces
the use of PSO as a global optimization technique for characterizing the shielded single-channel
and short-offset antenna designed and built by the Geophysical Survey Systems. Inc (GSSI) at
400 MHz. Based on the antenna’s internal parameters, the radiation patterns in planes E and H
are obtained and then included in the modelling and inversion processes. In the first part of the
chapter, the concepts of a shielded antenna are presented. Then, the proposed methodology for the
estimation of the internal parameters of the antenna is presented and finally, the results obtained
for the inversion process including the radiation patterns are presented.

7.1. The shielded antenna

In FWI, it is important to have an initial guess with enough low frequencies information and
the source wavelet. If the initial guess contains a kinematically accurate (low-wavenumbers), FWI
is capable of obtaining high-resolution models in the parameters. However, when the initial model
is not able to describe the kinematics of the wavefield and the difference between the collected and
modeled data is greater than half a cycle (cycle skipping problem), FWI usually reaches a local

minimum where these parameters include artifacts|Wu and Alkhalitah (2018).
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Usually, in GPR applications the radiation patterns in TE mode are assumed as an infinite-
simal dipole, where the energy is distributed uniform for any angle. There are different techniques
to estimate the source signature: reverse-time propagation (Zhang et al., |2021), deconvolution of
radar data with the parameters system (Ernst et al., 2007)) or solving a linear inverse problem (Pratt,
1999).

The inverse problem is solved using a global optimization algorithm called Particle Swarm
Optimization (PSO), which generates particles with the possible candidate values for the internal
parameters of the antenna in a random way in a predefined search space (Shi et al., [2001). The
global optimization algorithm compares R,,;s and R,,,,4 using two metrics: the correlation in the
time domain and the spectrum in the frequency domain. PSO algorithm estimates the internal
parameters of the antenna to obtain a simulated electromagnetic field that is compared with the
measured electromagnetic field. The antenna used in this study is a commercial GSSI brand GPR
with an operating frequency of 400 MHz.

The shielded antenna is a kind of antenna generally used in GPR applications where the
transmitter and receiver antennas are located in a housing, and the distance between both antennas
is fixed. One of the most recognized companies in the world, because of the production of antennas
for GPR, is GSSI. A shielded antenna with a central frequency of 400 MHz is selected. Its internal
geometry is depicted in Figure The parameters W, L, and h, are 6 cm. The distance between
both antennas, known as the offset, is 16.2 cm.

7.2. Methodology to characterize the shielded antenna

The following methodology is proposed for the characterization of the shielded antenna:
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Figure 84. Internal geometry of the shielded GSSI antenna at 400 MHz.

Measuring the electromagnetic pulse in the time domain.

Generate modeled data that includes the internal geometry of the antenna.

Definition of the global optimization process to estimate the given parameters.

Selecting and tuning up the global optimization method (PSO).

Performing statistical analysis of the estimated parameters.

7.2.1. Measuring the electromagnetic pulse in the time domain. The electro-
magnetic field is measured with the receiver antenna of the GSSI equipment and it is carried out
in a controlled experiment in a free space avoiding unwanted reflections in the measurement. In
this test, 600 scans are performed in the free space, and these scans are averaged, resulting in the
source presented in Figure [85] The source measured is compared with the free software gprMAX

using the proposed parameters in [Warren et al| (2016) (see Table [I0). The parameters selected




2D Full Waveform Inversion in time domain for Ground Penetrating Radar Data 172

Parameters gprMAX
Kind of source Ricker Voltage
Frequency 392.398 MHz

Source resistence 111.59927 Q
Receiver resistence 111.59927 Q

£-(abs) 2.35 F/m
&-(hdp) 2.35 F/m
&(PCB) 1.1 F/m
o,(abs) 0.062034684 S/m

Table 10. Parameters used in the gprMAX software to compare with our observation.

in the gprMAX software are: €.(abs) as the permittivity of the absorbent barrier; o,(abs) as the
conductivity of the absorbent barrier, £-(PCB) as the permittivity of the PCB and &,(hdp) as the
permittivity of the coating. As shown in Figure [85] the two signals have a high correlation, 94.76
%. We improve the correlation in time and the difference in amplitude of the spectrum presented
in gprMax using the global optimization technique.

7.2.2. Generate a modeled data that includes the internal geometry of the an-
tenna. In this subsection, the free software gprMAX is used (Warren et al., 2016), which allows
3D modeling of the electromagnetic wave equation according to the selected antenna geometry.

The gprMAX software uses finite differences in the time domain, and the electromagnetic wave
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Figure 85. a) In blue and black the observed data and the electrical field computed with gprMAX,
respectively, b) in blue and black the spectrum of the observed data and the electrical field compu-
ted gprMax, respectively.

equation is given by

JE. 1 (0H, OH,
or E(ay‘a—z—fsx“’Ex>v
JE, 1 (0H, JH,
W—E(az‘x Yo~ E)
JE, 1 (8Hy oH, _, GE)
- - Sz zZ >
Jdt e\ dx Jdy (150)
OH, 1 (JE, OE; o*H
at “ az ay SX X 9
% l %_aEx_M —o*H.
dt u\dx 9Jz Y Y]
OH, 1 (JE, OJE, .
7—ﬁ<ay‘x—Msz "Hz>’



2D Full Waveform Inversion in time domain for Ground Penetrating Radar Data 174

where €, ¢, u are the permittivity, permeability and conductivity already described in previous
sections, 6* is the equivalent magnetic loss [Q/m] ; Ey, E,, E; are the electric fields in the direction
x, y and z, respectively; H,, H,, H;, are the magnetic fields in the direction x, y and z, respectively;
Jox, Jsy and Jg; are the densities of electric current in x, y and z , respectively and My, My, M,
are the magnetic current densities at x, y and z respectively. In these experiments pt = 1 since
the materials are not magnetic and the parameter 6* = 0 since no equivalent magnetic loss. The
excitation and reception of the electric current density is only applied in the y-direction given the
orientation of the antennas in this axis, therefore J;, = 0 and Js; = 0. Based on this modeling that
includes the internal geometry of the antenna, the internal parameters are modified. The internal
parameters are: resistance of the transmitter and receiver antenna, relative permittivity absorbent
barrier, relative conductivity absorbent barrier, relative permittivity of the PCB and coating.

7.2.3. Cost function for the global optimization process. In this subsection, two
metrics are introduced to measure the similarity between the measured electric field (R,,s) and the
modeled electric field (Ry;,;0q) using the gprMAX software. Two metrics have been selected: one in
time and the other in frequency. The time metric is the correlation that measures how closely these

two signals are alike in phase. The correlation equation is described in the Equation (I5T)).

?:1 (Rxobs (l) - Rxobs) (Rxmod (i ) - Rxmod )

_ O — (151)
\/(Z?:] (Rxobs(i) - Rxobs)z) (Z?:] (Rxmod(i) - Rxmod)z)

Rcorr =

where R,,,s and R,,,,4 are the mean value of R,,;; and R,,,,,4, respectively. R, and R,,,,,4 are mea-

sured in y-direction solving the electromagnetic wave equation described in the Equation (150).The
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second metric use the Fast Fourier Transform FFT(-) on R,,ps and R,,,,4 and the metric measure
the difference between the maximum values of spectrum amplitude. The followig equation descri-

bed the metric:

rf = |Max(abs(FFT (Rxmod))) — Max(abs(FFT (Rxobs)))|, (152)

where || is the modulus, Max(-) is the maximum value, abs(-) is the amplitude spectrum

and FFT(-) is the Fast Fourier Transform. The objective of combining these two metrics is to

include more information to measure the similarity between these two signals, the correlation is a
maximization problem and the magnitude of the FFT is a minimization problem.

7.2.4. Global optimization method. Particle swarm optimization (PSO) is a glo-

bal optimization technique that uses a group of particles to explore the entire space of possible

solutions by moving randomly (Shaw and Srivastava, 2007). The formulation used in PSO to find

the position of the j*-dimension of the i particle is given by

xﬁj.l = xﬁj—kvﬁl .dt, (153)

k+

where x; jl is the new position vector associated with the i/ internal parameter in the shielded

antenna, xf ; 1s the present position vector of the i'" particle, Vf-‘}rl is the new velocity vector and dt

is the step size used by the particle to move inside the searching space. An update in the velocity
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vector is obtained as

k_ xk. k_ xk .
Vf.‘jl = (Wpso -Vﬁj) +cp-rand() - w +cp-rand() - gld—t”]), (154)

where w ), is an inertial weight that controls the particle movement; ¢; and c¢; are the weights as-
sociated with the local and global behavior of the swarm, respectively; rand() is a random number
between [0 — 1] with uniform distribution; p¥ is the best local position; and gf‘ is the best glo-
bal position. Each particle is moving in a j-dimensional space, which the internal parameters are
&-(abs), €-(hdp), €.(PCB), or(PCB), source resistence and receiver resistence. The PSO solution
at each iteration is accepted when a minimum error measure between the R,,ps and Ry,,,q 1S Ob-
tained. After, several experiments the parameters selected for PSO are: wjs, = 0.3, ¢; = 0.5 and
cy = 2.06.

7.2.5. Statistical analysis of the estimated parameters. In this subsection, a glo-
bal search is performed with the following search regions in the PSO algorithm: source and receiver
resistance between [1-1000] Q, &,.(abs) and &,(PCB) between [1-30] F/m and finally, r(abs) and
or(PCB) 0-20 S/m. In total, 50 experiments are performed as it is shown in Table

In Table the number of classes or subdivision (Nclass) is obtained using the rule of
Sturges (Canavos et al., |1988), which describes that Nclass = int(1 + log,(n)), where n is the
total number of experiments using PSO, therefore Nclass = 6. Min.,g is the minimum error in the
cost function (minimum value in column LI), Max.,s; is the maximum error in the cost function

(maximum value in column LS); R is the difference between Max .y and Min . ; K is the width of
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Experiments using an antenna at 400 MHz

LI LS X F | FR
0,030664 | 0,081107 | 0,055885 | 18 | 36% n 50
0,081107 | 0,131550 | 0,106328 | 1 | 2% Ming,se | 0,030664
0,131550 | 0,181993 | 0,156772 | 1 | 2% Max.osq | 0,383767
0,181993 | 0,232437 | 0,2072155 | 2 | 4% Nclass 7
0,232437 | 0,282880 | 0,257658 | 1 | 2% R 0,353103
0,282880 | 0,333323 | 0,308102 | 25| 50% K 0,05044329
0,333323 | 0,383767 | 0,358545 | 2 | 4%

177

Table 11. Frequency table of the experiments carried out to obtain the internal parameters of the
antenna.

the class ( R/Nclass); LI and LS are the lower and upper limit in each class, respectively; X is the
average value of each class, F is the absolute frequency or the total number of PSO experiments
in the subdivision, FR is the relative frequency (% x 100). In one of these class, the algorithm
converges to small error values between 3.07 % to 8.11 %, and the other mode converges to large
errors between 28.29 % to 33.33 %. Small errors indicate that the algorithm has a proper fit between
Ryobs and Ry, Figure [86] shows the binomial behavior of the results.

The parameters where large errors occur are discarded. Adjusting these ranges, 15 new ad-
ditional experiments reach an error of 2.65 % between R, and R,,,,,. Figures[§7]-a) and b) show
the signal in time, and the magnitude of the spectrum, respectively. The estimated parameters that
model the materials of the internal structure of the antenna are: resistance of the source and recei-
ver = 49.224 Q, €,(abs) = 3.896 F/m, o,(abs) = 0.023 S/m, &,(PCB) = 7.445 F/m,g,(hdp)=1.000

F/m.
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Figure 87. a) Ry;;,0q and R, in the time domain. b) Spectrum for R,,,,,4 and R ps-

7.3. Radiation pattern
The radiation pattern and the inclination affect the information of the reflected waves than

could be measure by the receiver antenna in short-offset acquisition. The radiation patterns allow
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analyzing the distribution of energy in the subsurface 1983)). The far-field extends from ra-
diating near-field to infinity. In the far-field region, the field’s behavior is dependent of the distance
where the electric and magnetic fields E and H change with the relation }, where r is the radius
of the wavefront to the antenna ; therefore, it is the recommended area to measure them. However,
the specific case of the antenna studied in this document is a short antenna because the length of
the antenna (D) is shorter than half of the wavelength (A = 75¢m in free space). If r is the distance
from the radiation source to the wavelength A of the radiation the short antenna define: far-field
when r > 24, near-field when r < A and transition zone between r = A and r = 2A. The distance
between transmitter and receiver antenna is 16 cm for the GSSI antenna therefore we measure the
electric field in the near-field. When the electric field is measured, the antennas are isolated by
materials present in the construction, physically the antenna is a black box so it is not possible to

uncover it to extract one of them and perform its characterization.

— Far-field
D Radiating
near-field
A
Reactive
near-field

Figure 88. Regions usually studied in an antenna according to the distance from the origin: Far-
field, Radiation near-field and Reactive near-field.

The bowtie antenna used in the antennas at 400 MHz of GSSI can be represented using
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a dipole as an approximation. In the hypothetical case of a y-axis oriented dipole, the radiation
pattern should be a toroid as shown in Figure [89]-a) and their respective views in the x-z and y-
z planes are presented in Figure 89b) and Figure [89}c), respectively. With the characterization
parameters obtained through the PSO process, the radiation patterns for the shielded antenna at

400 MHz can be estimated.

y/lj,: a) c) y

Y ”JI

z

Figure 89. Radiation pattern in a dipole: a) 3D view,b) plane x-z and c) plane y-z.

The internal geometry of the antenna proposed in the gprMAX software is used with the

following notation to measure each component from cartesian coordinates to spherical coordinates
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r=rii+rj+nrk,

r = a 5 91 - = ’ (Pl = Y ;
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= Y 5 92: 2 ’ %: a ;
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where x, y and z are the spatial coordinates in the direction of x, y and z. With these unit vectors

the electric and the spherical coordiantes of Figure 90} the field in terms of r, 6 and ¢ is defined as

Figure 90. Spherical coordinates system used to measure the radiation pattern.
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E.=En +Eyr2 + E.r3, H,=H.r —|—Hyr2 + Hr3,
Eg=E.0, +E6, +E.6;, Hg=H.6,+H,6,+H06, (156)

Ey = Ex¢1 +Ey¢o +E;¢03  Hy = He§1 + Hyo + H; 3.

The sum of all the squared values of Ey and Hy are computed to obtain the radiation plane
E and H, respectively. According to Warren in Warren and Giannopoulos|(2017), radiation patterns
are traditionally plotted at a specific frequency. However, this is a limited analysis for UWB (ultra-
wideband) antennas. According to Warren, making the measurement on a single frequency can
cause constructive or destructive interference on another frequency. For that reason, the Equation
presents the energy for each planeis considered to be a modification of Diamanti and Annan

(2013)) in a specific r and for all the angles 6.

T T
Ee=Y Ej, ZEn= goﬂg. (157)

The internal parameters of the shielded antenna such as Source and receiver resistence, &,
(abs), &-(hdp), & (PCB), o,(abs) together with its geometry in 3D space, define the radiation pat-
tern. The internal parameters of the shielded antenna such as source resistance, receiver resistance,
& (abs), &-(hdp), & (PCB), o,(abs) together with its geometry in 3D space, define the radiation

pattern. We estimate the internal parameters of the antenna using PSO. The electric and magnetic
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field is measured at a radius from 0.2 (m) to 0.9 (m) and a dr = 0.116 (m). The angle of obser-
vation changes from 0 (rad) to 27 (rad) with d6 = 0.1047 (rad). Figure[91}-a), and Figure 91}b)
shows the radiation pattern E and H in spherical coordinates, respectively; Figure 91}-c), and Figu-
re [91}d) shows the normalized radiation pattern in amplitude vs 6. As it is shown in Figure O1}a)
and Figure 01}b), the patterns are similar to a dipole pattern (see Figure [§9}b) and Figure [89}-c)).
However, given the antenna’s internal geometry, the energy is attenuated between —60° and 60°.
Based on these obtained radiation patterns, we seek to include them in the propagation of the elec-
tromagnetic field, thus making it closer to reality and reducing the error between the modeled and
observed data.
7.4. FWI using the radiation patterns

In this section, a Full Waveform inversion is performed, including the radiation pattern in E-
plane. In the 3D case of gprMAX software, the radiation pattern is included taking into account the
internal geometry of the antenna in the process of propagating the electromagnetic wave. However,
this would substantially increase the computational resources required to model the propagation of
the electromagnetic wave. For example, using a grid of 0.002 m the algorithm takes approximately
4 hours and 139 GB of RAM in a server with two processors Intel Xeon E5-2643 v3 3.4GHz,20M
Cache, 9.60GT/s QPI, Turbo, HT, 6C/12T and 256 GB of memory RAM. In this section, the radia-
tion patterns are included in the propagation of the electromagnetic wave in a 2D implementation.

To achieve this implementation, we have developed the following methodology:

= To obtain the radiation pattern in spherical coordinates using the global optimization process

(PSO) and the gprMAX software that includes the internal geometry of the antenna and the
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Figure 91. E and H plane radiation for the shielded antenna at 400 MHz: a) and b) show the
radiation patterns in spherical coordinate using a plot of r(dB) — 6(grades) for planes E and H,
respectively. The radius is changed from 0.2 (m) to 0.9 (m) with a step of 0.116 (m). c) and d)
show the normalized radiation patterns with respect to the maximum of the highest energy pattern
in planes E and H, respectively.

estimated parameters.
= To convert the radiation pattern from spherical coordinates to cartesian coordinates.

= To model the wave propagation of the electromagnetic wavefront taking into account the

radiation pattern.
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7.4.1. Radiation pattern in spherical coordinates. The radiation pattern is obtai-
ned using the global optimization process in search of the internal parameters of the GSSI antenna
at 400 MHz. Based on these parameters, the gprMAX software uses these and the electromagnetic
wave equations described in Equations (153)) and (I56)) to obtain the fields in spherical coordinates.
The radiation patterns in spherical coordinates for the E and H planes are presented in Figure 91]

7.4.2. Conversion of the radiation pattern from spherical coordinates to carte-
sian coordinates. An alternative to apply the radiation pattern in the transmission of the elec-
tromagnetic pulse is to transform the radiation pattern from spherical coordinates to cartesian
coordinates, such that it can be applied at each instant of time on the fields E,(r,7), H,(r,7) and
H_(r,7). For this conversion, x and z are defined as: x = r-cos(0)sin(¢), y = r-sin(0)sin(¢) and
z=r-sin(0). The transformed points from spherical to cartesian coordinates are not exact values
on the mesh and it requires an interpolation. In this particular case, a bilinear interpolation is per-
formed where we want to know a value f(x,z), with x and z being the locations of the point in
distance-direction and depth-direction, respectively. The point [x, z] is known to lie within four
known corners f(xq,z0), f(x0,21), f(x1,20) and f(x1,z1), fulfilling the conditions: xo <x <x1, 79 <z
<71, Ay = x1 — X0, A, = 71 — 20, 0y = x — x¢ and O, = 7 — 7¢. First the interpolation is done in the

x-direction

f(x,20) = %(f(xmo) — f(x0,20)) + f(*0,20),
5x (158)
f(x,ZI) = A—x(f(XI,Zl) _f(x07Z1)) +f(x07zl)7
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and then the interpolation is done in the z-direction

£ = [, 21) = fua] + S 20). (159

Z

Figure 02 shows the concept of bilinear interpolation, where the order in the interpolation

direction is irrelevant in the result since the bilinear interpolation is symmetric (Press et al., 1988).
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Figure 92. Explanation of the bilinear interpolation for the point f(x,z) knowing the four points
around it f(xo,z0), f(x0,21) , f(x1,20) and f(x1,21).

The result of the transformation of spherical coordinates to cartesian coordinates using the
bilinear interpolation for the entire area of study is presented in Figure 93|-a). However, the radia-
tion pattern does not apply over the entire study area, only to a radius lower than 0.2 m, where the
radiation pattern has been measured. Figure [93]-b) shows the result of cutting the radiation pattern

to a radius less than 0.2 m.
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Figure 93. Radiation patterns: a) with 0° of inclination, and b) radiation pattern for radius less than
0.2 m and 0° of inclination.

7.4.3. Propagation of the electromagnetic wavefront taking into account the ra-
diation pattern. As a last step in this methodology to include the radiation pattern, the estimated
radiation pattern must be multiplied (Figure b)) with the fields E,(r,#), H(r,#) and H(r,?) in
each iteration and the electromagnetic wave equation is discretized using the FDTD scheme again.

The electromagnetic equation in a non-dispersive and isotropic medium is rewritten as:

Eyt(r) —E(rr)  9Hy(rr)  OH(r1)

£(r) At 0z ox

— o(O)E 2 (1,0) + T (ryt), (160)

H' " (r,r) — H(r,1) _ IEy(r,1)
At dz

u(r) (161)

H! (r,r) —HI(r,t)  OE,(r,1)
k) A T Tox (1

in each iteration the fields E,, H, and H; are modified by the radiation pattern Pr(r) as
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follow:

E;l“(r,t) =Pr(r) -E;‘“ (r,t),
H' (r,t) = Pr(r) -H' ! (r1), (163)
H (r,t) = Pr(r) - H (r,1).

To propagate the electromagnetic wavefront, the SEAM model is used with a spatial step
in both dimensions of 0.05 (m), a time step of 0.06 (ns) with a total of 3000 time samples. The
model has 30 (m) in distance and 15.05 (m) in depth. The central frequency used for these sample
of time is 100 MHz. The location of the source is 15 (m) in distance and 4 (m) in depth. Figure
presents the wave propagation in the SEAM model with different pattern configurations: a), and
b), presents the snapshot at 30 (ns) c¢), and d) presents the snapshot at 60 (ns). Figure 94] -a) and
Figure [94}c), shows the propagation including the radiation pattern at 0° of inclination (Radiation
pattern in Figure 03}b)). Figure [94}b) and Figure [94}d), presents the propagation without taking
into account the radiation pattern.

Analyzing the red ovals in the Figures [04}a), and b): in the white marks 1 and 3, there are
notable changes in the air-wave energy distribution when the radiation pattern is included. It is
important to remember that according to the radiation pattern little energy is distributed between
the angles from —60° to 60°. At mark 2, the antenna inclination is associated with the energy dis-
tribution and, therefore, object detection. Due to the antenna inclination, it might not measure the
energy that returns at subsurface. Figure [94}¢) shows a comparison of the normalized scan, wit-

hout airwave and at zero-offset acquisition. Figure [94}-e) shows the scan with and without radiation
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pattern and although the events are similar, the amplitudes are slightly attenuated according to the

radiation pattern.
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Figure 94. Propagation of the electromagnetic wavefront where the first row refers to the time at
30 (ns) and the second row at 60 (ns): a) and c) with radiation pattern at 0° of inclination, b) and
d) without radiation pattern, and e) comparison of the modeled data with and without the radiation
pattern (blue considering the radiation pattern and orange not considering the radiation pattern).

7.4.4. FWI including the radiation pattern. The same SEAM model is used here,
and the forward and inversion model includes the radiation pattern of the antenna with an incli-
nation angle of 0° is taking into account. We use the previously estimated radiation pattern of the
antenna to simulate the acquisition of GRP data of a single-offset antenna on the surface. The

shielded antenna at 400 MHz emits significant energy between 100 and 800 MHz. The radiation
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patterns depends on the frequency, but it is not easy to include them in the FDTD scheme in the
time domain. Considering this limitation, we are assumed that the radiation patterns are frequency-
independent for the antennas of 30, 50, and 100 MHz. The spatial step in both dimensions is 0.05
(m), a time step of 0.06 (ns) with a total of 3000-time samples. The model is 30 (m) in distance di-
rection and 15.05 (m) in depth-direction. Three frequencies are used in a multi-scale methodology.
260 scans are distributed equispaced in the model and they are located at 25 (cm) from the surface.
The receiving antenna is located at 15 (cm) from the transmitting antenna. The observed data is
obtained using the radiation pattern presented in Figure 03}b), which is centered according to the
position of each source. Figure 95| presents the results of performing the multi-scale approach on
both scenarios: with and without the radiation pattern. The first row in Figure[95]is the relative con-
ductivity parameter, and the second row is the relative permittivity parameter. In Figure[95] the first
column presents the original models; the second column shows the initial models; the third column
presents the results obtained using the radiation pattern, and the last column presents the results of
the inversion process without taking into account the radiation pattern. When the radiation pattern
is not taken into account, we can see that the estimation of the electromagnetic parameters is not
correct and the conductivity parameter is the most affected in the inversion process.

Measuring the PSNR in the initial models, we have 24.29 (dB) for permittivity and 24.56
dB for conductivity. The results including the radiation pattern (Figure[95]-c)) reach PSNR values
of 25.66 (dB) for permittivity and 25.59 (dB) for conductivity. The results where the radiation
pattern is not included (Figure (93) -d)) reaches a PSNR of 25.59 (dB) for the relative permittivity

and 22,87 (dB) for conductivity. The PSNR values obtained from including the radiation pattern
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are lower compared to the 260 scans experiment outlined in section 3.3.5 where PSNR values of
25.72 (dB) for permittivity and 25.65 (dB) for conductivity. The radiation pattern directs the energy
between 120 degrees and 240 degrees, restricting a very short-offset of the energy that returns to
the subsurface. Due to this short-offset, the wavenumbers are restricted to high wavenumbers, as
it is shown in Figure Note that in Figure [91}-a) and Figure O1}b), the patterns are similar to a
dipole pattern (see Figure[89}b) and Figure[89}c)). However, given the antenna’s internal geometry,
it produces a small amount of energy between —60° and 60°. Based on these obtained radiation
patterns, we seek to include them in the propagation of the electromagnetic field, thus making it
closer to reality and reducing the error between the modeled and observed data.

According to the manufacturer, the GPR acquisition line must be located in areas without
topography for single-channel and short-offset acquisition. In the following experiment, the ra-
diation pattern, topography, and antenna inclination behavior are considered in FWI. The results
are presented in Figure [06] When the antenna inclination is considered, the FWT lost resolution in
areas where the topography are high, as it is shown in zone A and B. When the antenna inclina-
tion is not considered (the antenna is parallel to horizontal), the PSNR values reached are 25.66
(dB) and 25.59 (dB) for permittivity and conductivity, respectively. The PSNR values when the
antenna inclination is considered, are 25.41 (dB) and 25.44 (dB) for permittivity and conductivity,
respectively. Therefore, in a real scenario with a stron topography, it is recommended to include the
radiation patterns as well as the tilt of the antenna to have a better estimates of the electromagnetic
parameters of the subsurface.

Figure 97}a) shows the maximum energy trajectory when the radiation pattern and the
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Figure 95. FWI results taking into account the radiation pattern. The first row refers to the rela-
tive conductivity and the second column refers to the relative permittivity: a) original models, b)
initial models, c) Models obtained after FWI multi-scale using the radiation pattern and d) models
obtained after of FWI multi-scale without the radiation pattern.

antenna inclination are considered according to the topography. The trajectory of the maximum
energy is normal to the surface, and the reflected waves are not measured by the receiver antenna.
Figure 07}b) shows the maximum energy trajectory with the radiation pattern but the inclination
is not considered. When the antenna inclination is not considered, the receiver antenna sense more
reflected waves without attenuation by the radiation pattern and it allows obtained better results in
the electromagnetic parameters estimation of FWI. The results in the qualitative form show better

results in the conductivity when the PR is included in the electromagnetic propagation than without
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Figure 96. FWI results taking into account the radiation pattern and inclination. The first row refers
to the relative conductivity and the second column refers to the relative permittivity: a) original
models, b) initial models, ¢) Models obtained after FWI multi-scale using the radiation pattern

without topography inclination and d) models obtained after of FWI multi-scale with the radiation
pattern and topography inclination.

PR. The most affected electromagnetic parameter is the conductivity, which is associated with the
phenomenon of dissipation or attenuation, and attenuation is associated with the process of the

radiation pattern in electromagnetic propagation.
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Figure 97. Maximum energy trajectory considering the radiation pattern: a) with inclination, b)
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8. Future work
8.1. FWI-2D and Machine Learning

Colombia suffers from many post-conflict problems where civilians and soldiers lose their
life or upper/lower extremities due to antipersonnel mines. In this section, we seek to present
the possibility of using machine learning and FWI to accurately identify buried objects such as
antipersonnel mines. Machine learning is a tool capable of “learning” and extracting the images
characteristics and classified them according to some established labels.

Through a GPR with a drone, we can perform B-scans on a terrain where we suspect having
antipersonnel mines and then apply machine learning algorithms to classify possible buried objects.
The problem with applying FWI in a short-offset and single-channel scheme is that it has very little
information from the subsurface, so Machine Learning can be a complementary tool, providing a
starting point to FWI. With machine learning, we can also perform regression of the possible values
of material like permittivity or conductivity of the subsurface or its geometry like width, height or
depth. In this section, we use machine learning as a first approach to the buried object, and then
FWI to improves the resolution of the buried objects object.

This section presents a future line of research to improve the results obtained from the
traditional Full Waveform Inversion. As has been demonstrated, Full Waveform Inversion in a
single-channel, short-offset scheme presents a great challenge due to the lack of low wavenumber
information. In this project, FWI with regularizations such as TV or MTV allows mitigating the

lack of information in addition to converging to more robust solutions to noise. Figure 98| presents a
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diagram with a target of interest. For this experiment, four parameters are expected to be identified
using ML: height, width, depth, and relative permittivity. The background relative permittivity is
known and it is selected in 2. Sources are located 5 cm from the surface. A total of 301 sources are
uniformly distributed on the surface. The acquisition scheme is a single channel and short-offset
(B-scans). Three thousand and eight hundred B-scans in total are used, where 70 % of the data
is used in training, 15 % for validation and 15 % for test. The zone of interest has 30 (m) in x
-direction and 15 (m) in z-direction. The time step is 0.08 (ns) and the step size is 0.05 (m). The
central frequency is 100 (MHz). Figure[99|shows 20 B-scans, the air-wave is removed and a resize

of 64 x 64 has been performed with a normalization.
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Figure 98. Parameters used for the ML estimation: depth,relative permittivity, height, and width.
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Figure 99. 20 B-scans used for neural network training.

Figure shows that each parameter has a uniform distribution. A neural network is trai-

ned with the architecture shown in Figure [I01]
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Figure 101. Convolutional Neural Network (CNN) architecture

This network allows performing a regression for each of the parameters. The training results

are presented in Figure The statistical measure (R?) is used, which represents the proportion
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of a variance for a dependent variable, which is explained by an independent variable or by a

regression model. The coefficient of determination is computed by:

SSE

RP=1-—",
SST

(164)

where SSE is the sum of squared error, and SST is the sum of the squared total. The coefficient
of determination is 0.9836, 0.9551, 0.9642, and 0.9725 for the relative permittivity, depth, height,

and width, respectively.
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Figure 102. Linear regression for the parameters: relative permittivity , depth, height and, width.

Based on this network training, we have carried out two Full Waveform Inversion processes:
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in the first, the apriori information delivered by the neural network is used to build the starting
point, and in the second, we have not used any apriori information. Table [I2] presents the true
and obtained parameters using the neural network in the second and third row, respectively. Based
on the parameters of the table [I2] the starting point is built, where a smoothing filter is applied 40
times. Figures[103]-a) and[I04]-a)show the true relative permittivity model. Figures[I03]-b) and[104]
-b) show the initial models used in FWI, using the ML solution and a uniform model, respectively.
Figures [I103] -¢) and [TI04] -c) present the models obtained from applying the inversion process.
When using the apriori information obtained from ML, the PSNR is 29.64 (dB), and without MLL
information, the PSNR is 23.83 (dB). It is evident how the apriori information obtained from the
neural network significantly helps the estimation of the parameters. The depth object location has
an error of 1.48 % (or 0.1m) when the initial model is obtained from ML. On the other hand, the

error in the depth object location for a uniform initial model is 7.4 % (or 0.5m).

True | 6.32 29 8 163

ML | 6.59 28 9 167

Table 12. True and estimations parameters using ML for relative permittivity, height, width and
depth.
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9. Conclusions
= Single-channel and short-offset acquisitions are related to high wavenumbers in the solution,
as it is shown in section 3.3.4. This limitation requires better starting points than multi-offset
acquisitions. TV and MTV allow converging in a smoother model that not only reduce the
noise level while preserving the primary interfaces but also their regularization parameters
can be tuned to obtain a better starting point before starting an inversion process again. We
found that applying the Gaussian preprocessing in the direction of the samples does not af-
fect. However, when it is applied in scans-direction, we have found that we can reduce the
incoherent noise in the data, achieving a low-wavenumber version in the inversion parame-

ters.

= The regularizations TV, MTV, and Gaussian preprocessing must have tuning stages of the
regularization parameters such as yry in TV, K in MTV, or p2 at Gaussian. In this thesis,
we have found these parameters with many experiments in collected data and synthetic ex-
periments for the electromagnetic case in short-offset and single-channel acquisitions. We
propose to use data fitting as a protocol to tune these regularization parameters. In our synt-
hetic and collected tests, we have achieved a better data fit than traditional FWI. Furthermore,
as shown by the synthetic data in the annexes section or the real data, we found that the TV

and MTYV regularizations are more stable.

= Insection 3.3.5, we have analyzed the horizontal resolution in short-offset and single-channel
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acquisitions for different scans-samples. Based on many experiments, we have concluded
that a scan should be carried out for every two times the desired spatial resolution in the
model. According to our synthetic results, we adapt the horizontal resolution equation to

find the following expression:

(165)

With this expression we can reduce the execution time by a factor 2x.

= We have implemented a methodology that allows characterizing the internal parameters of
a shielded antenna. The internal parameters are the permittivity and conductivity of the ob-
servant barrier, the permittivity of the PCB, and the resistance of the antennas (Transmitter
and receiver). The PSO global optimization algorithm has been used together with the free
software gprMAX for its characterization. In this optimization process, we have used two
metrics: correlation and FFT. Based on the characterized parameters, we have obtained the
radiation patterns in planes E and H. The radiation patterns are included to allow us to know
the distribution of the energy in the medium and reduce the difference of energy between the
observed and modeled data. Including the radiation patterns in the electromagnetic propaga-
tion, we avoid a quick converge and unwanted artifacts in the first layers of the subsurface.
Figure [O1] shows that the angles of the highest attenuation for the shielded antenna at 400
(MHz) are between —60° and 60°, this limits the information obtained from objects outside

of these angles and also generates possible artifacts in the inversion process if it is not ta-
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ken into account in the modeled data. We have included these patterns in a two-dimensional

wavefront, and we have reached better electromagnetic parameters estimations.

= In section 4.1, we have proposed an alternative cost function that compensates the amplitude
of the modeled data making it comparable with the observed data. We show that when the
data have noise (11) and with an expected value equal to zero, the alternative cost function has
similar behavior with the traditional cost function. However, in the collected data or synthetic
case with WGN and expected value different from zero, the alternative cost function reaches

better results concerning to PSNR (synthetic data, see Figure 35)) or cost function (collected

data, see Figure [106).

= The 2D FWI algorithm has been implemented in short-offset and single-channel acquisitions
for synthetic and collected data. The implementation has been developed using a hybrid ar-
chitecture GPU-CPU using a cluster PE ProLiant XL.270d Gen10 with two Intel(R) Xeon(R)
Gold 6130 CPU @ 2.10GHz and eight NVIDIA Tesla V100, 16 GB. In this doctoral thesis,
we have taken advantage of the independence between scans to distribute the load in each
GPU using the MPI protocol, which manages to reduce its execution time by 8x, given that
it is the number of GPUs used. Our algorithm only stores the electric field’s volume, and the

magnetic field is computing from the electric field.

= We have implemented and developed a mathematical formulation for a new computational
strategy in FWI-3D in single-channel and short-offset acquisitions. The strategy is based

on that the gradient energy is located in a radius concerning the source location. Our synt-
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hetic tests show that we must keep the gradient update zone close to A /4 by taking the
lowest frequency in multi-scale methodologies. From our synthetic tests, we are reduced the
computational cost by 9.5x compared with the traditional FWI. The execution time in a 3D-
propagation increases 115 times compared to a 2D propagation, so implementing this type of

inverse problem is still a significant challenge in single-channel and short-offset acquisitions.

= We have developed a methodology that allows joining ML with FWI for GPR data, which
improves the estimation of electromagnetic parameters. The FWI results with ML informa-
tion improve by 5.81 dB. Furthermore, the FWI with ML information reduces the target
detection error by 5.92 %. We have found that removing the air-wave and normalizing the
data improves ML efficiency by 15 %. We propose future work to use more complex scena-

rios, where 3D propagation includes their radiation pattern and the artifact geometry.

= As future work, we have proposed including artificial intelligence to relate electromagnetic
parameters to seismic parameters. We suggest carrying out a 3D implementation in CPU-
GPU of the inversion process using energy compensation to reduce the error from 3D to 2D

conversion and include the near field effect.
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Annexes
We have divided the annexes section into four subsections: FWI algorithm, FWI results in
the collected data with the alternative cost function, FWI with Gaussian and TV regularization,
and FWI results with the parameter of scale  and noisy data. We showed other experiments with
combinations of regularization that we are eliminated in the main document for not saturated the

reader with more results.
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A. FWI algorithm
The following algorithm summarizes the use of FWI throughout the experiments in the
thesis using synthetic and collected data. Please consider that the cost function and its respective

gradient depend on the regularization used: no regularization, TV, MTYV, and Gaussian.

Algorithm 3 FWI algorithm

@y gy, e 1 6 e 1, o

1) Compute [d,;s] < Peprocessing(
Initialization : oy = 1

For( From k = 0 to Nj.){ comment: N;, is the number of iterations

Initialization: %) < 0, g(k)(sr(k)) <=0, g® (u( )) <=0, ¢g¥(or (e )) =05

For(From i = 0 to N;){ comment: N; is the total scans

2) Compute [E,, H,,H_, mod] < Forward_operator(Js, Sr(k) , ,ur(k) , Gr(k)) comment: see subsection
The forward problem

hy)  comment: see subsection Preprocessing.

3) Compute [Ag,, An,, An,] < Adjoint_operator(d,,,, mod,s,( e ),Gr(k)) comment: see sub-

section Adjoint operator for the inverse problem
4) Compute [g'(e),g/(u™), g/ ()] < gradients(E,, H,,H;, A , A, Ay, ); comment: see
subsection Gradients for the inverse problem for GPR

5) Compute Jal <: cost functlon(d,(nzj d,d((jgs)

RS f f
g(k)( ) ) (g k)) +g (er(k)) comment: Permittivity gradient
g(k)( ) (ur(k Y +g'(u (k )) comment: Permeability gradient
(k)( ) (Gr(k )+ (Gr(k)) comment: Conductivity gradient
} comment: End For N;
if(k=0){
gt = glh) k) - g (g k)) /1g%) (& k))||2 comment: Update permittivity
Mr(k+1) = ,,L,(k) Oty - g® (ur(k )/]|1g® (,ur(k )||3 comment: Update permeability
(kH) = Gr( ) Qi) - g(k)(cr(k )/ Hg(k)(crk )||3 comment: Update conductivity }
else{

Compute &/, 1"V 6/"] < L-BFGS(s9 (1Y), ¢® (1Y), s W (01 ) 1 01 )
} comment: End for N,
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B. FWI results for the collected data with traditional and alternative cost functions
This subsection introduces the use of regularization using the traditional cost function and
the alternative cost function. As in the synthetic data (see subsection @, the alternative cost
function better compensates for the differences in amplitudes between the observed and modeled
data. The alternative costo function reaches better fits beteen the data than the traditional cost

function. The results of FWI and the cost function are presented in the figures [105] and, [106]

respectively.
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Figure 105. FWI results where the first row is the relative permittivity and the second row is the
relative conductivity. MTV regularization is applied in both parameters (relative permittivity and
conductivity). a) and e) initial parameters, b) and f) no regularization, c) and g) alternative cost
function; d) and h) traditional cost function.
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Figure 106. The behavior of the cost function for the data collected with MTV regularization with
traditional cost function and alternative cost function.

C. B parameter with regularizations and noisy data
This section presents the synthetic results obtained from modifying the B parameter on a
section of the SEAM model. For all the experiments, a multi-scale scheme with frequencies of 30,
50, and 100 MHz is used, where 30 iterations per frequency have been carried out. The  parameter
control the weight in the gradient for the conductivity parameter. We identify that the parameter
becomes important when it is included together with the restrictions. The 8 parameter is included

to scale the o parameter according with (Lavoué¢ et al., 2014) and is defined by:

o= L (166)
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and the definition for the conductivity gradient according to this modification would be:

Tend
2(0,(r)) = /0 B 0o A, (r, 1)y (r,)dt. (167)

For all experiments, the regularizations are applied on both parameters: relative permittivity
and relative conductivity. The observed data is contaminated with noise using a uniform distribu-
tion with an amplitude of 1 % of the maximum amplitude of the data. Figures and[I08] present
for the permittivity and relative conductivity, the original model, initial model, and the results of
FWI with and without being noise-constrained. As can be seen in Figure [[08}d) when including
noise in the data, the conductivity parameter is the most sensitive in the FWI. In the document,
we have explored different regulations such as TV and MTYV, but in this section, we include the
regularizations together with the B parameter, which allows us to improve the achieved PSNR
values. Figures [I09] and [I10] present the qualitative results achieved in each inversion process by
including the regularizations and changing the 8 parameter. The Tables and [15|present the
results achieved in PSNR, where the best PSNR value is obtained for o, and &, and using MTV
and B = 2.0.

With both regularizations, the noise level is reduced and the FWI are stable. However, these
regularizers require a tuning process, which can increase execution times. According to all the

experiments carried out, it is recommended to use a § = 0.5 for TV and a § = 2.0 for MTV.
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Figure 107. Relative permittivity: a) True model, b) Initial guess, c) FWI results without WGN and
d) FWI results with WGN.
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Figure 108. Relative conductivity: a) True model, b) Initial guess, ¢c) FWI results without WGN
and d) FWI results with WGN.
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Figure 109. First row, FWI results for relative permittivity without regularizations: a) = 2.0,
b) B =1.0,¢) B =0.5,d) B =0.25. Second row, FWI results for relative permittivity with TV
regularization: e) B = 2.0, f) B = 1.0, g) B = 0.5, h) B = 0.25. Third row, FWI results for relative
permittivity with MTV regularization: i) § =2.0,j) B =1.0,k) B =0.5,1) B =0.25.
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Figure 110. First row, FWI results for relative conductivity without regularizations: a) $=2.0, b)
B=1.0, ¢) B=0.5, d) f=0.25. Second row, FWI results for relative conductivity with TV regulari-
zation: e) $=2.0, f) B=1.0, g) B=0.5, h) f=0.25. Third row, FWI results for relative conductivity
with MTV regularization: i) $=2.0, j) B=1.0, k) f=0.5, 1) =0.25.



2D Full Waveform Inversion in time domain for Ground Penetrating Radar Data

Not regularization | €& PSNR (dB) | 6, PSNR (dB)
B=2.0 27.096103 19.269707
p=1.0 27.165063 19.151739
p=0.5 27.326458 20.925694

B=0.25 27.389384 20.913055
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Table 13. PSNR values reached for relative permittivity and realative conductivity without regula-

rization changing the B parameter.

TV Parameters ¢ PSNR (dB) | o, PSNR (dB)
Ts, = Te, = 0.001, %, = 0.01, 5. = 0.01, =2.0 27.882459 20.535970
Ts, = Te, = 0.001, %, = 0.01, 5. = 0.01, B=1.0 27.975319 20.963388
Ts, = Te, = 0.001, %, = 0.01, y5, = 0.01, B=0.5 28.090800 21.283203
Ts, = Te, = 0.001, %, = 0.01, v5. = 0.01, f=0.25 | 28.114301 21.604823

Table 14. PSNR values reached for relative permittivity and realative conductivity with TV regula-

rization changing the B parameter.
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MTYV Parameters & PSNR (dB) | o, PSNR (dB)

Lo = Mg =200, % = 0.1, yo. = 1.0, B=2.0 | 27.944586 22.616287

lo, = e, =200, %, = 0.1, 75, = 1.0, B=1.0 | 28.101673 | 22.448459

lo, = e, =200, %, = 0.1, 75, = 1.0, f=0.5 | 28.131485 | 22.513446

Lo = Mg, =200, %, = 0.1, 5. = 1.0, f=0.25 | 28.248285 22.497362

Table 15. PSNR values reached for relative permittivity and realative conductivity with MTV regu-
larization changing the B parameter.
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