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Section 1.0

ABSTRACT

TITLE: MAGNETISM AND TOPOLOGICAL FEATURES IN THE NOVEL 2D SYSTEMS

OF OSMIUM-BASED HALIDES OsX3(X:Cl,Br,I) *

AUTHOR: ANDRÉS FELIPE GÓMEZ BASTIDAS **

KEYWORDS: electronic structure, 2D magnetism, topological materials

DESCRIPTION: The recently discovered 2D magnetic van der Waals crystals, pos-

sess novel physical characteristics and the potential of being topological materials.

Advances in experimental techniques for synthesizing and characterization of mono-

layer materials have demonstrated the theoretically predicted magnetic properties,

disproving the applicability of the Mermin-Wagner theorem. Also, allows the design

of innovative devices. There is a great interest in the theoretical prediction of topolog-

ical materials such as the Chern insulator due to the promising applications of these

systems in areas such as spintronics and quantum computing. Theoretical studies

of transition metal tri-halide compounds have shown the presence of both proper-

ties, inherent magnetic ordering and non-trivial topology. Therefore we focused our

efforts on the theoretical exploration of the electronic, magnetic and topological fea-

tures of the compound family OsX3 with (X: Cl, Br, I) from the density functional

theory (DFT) framework. The selection was taken based on the characteristics of this

new condensed matter system: a break of time reversal symmetry due to intrinsic

* Bachelor Thesis

** Faculty of Sciences. School of Physics. Supervisor: Andres Camilo Garcia Castro, Ph.D. Co-
supervisor: Oleg Rubel, Ph.D.
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CHAPTER 1. ABSTRACT

magnetism, hexagonal symmetry and high spin-orbit coupling. With these conditions

the emergence of non-trivial topological properties are expected, such as protected

metallic edge states and the quantum anomalous Hall effect. We demonstrate the

importance of the electronic structure description for an accurate study of these prop-

erties and the high sensitivity of the theoretical prediction of these characteristics to

the treatment of electronic correlation. Moreover, the development of a topological

characterization tool CHERN from DFT calculations is presented.
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Section 2.0

INTRODUCTION

The study of two-dimensional materials has generated great interest in the con-

densed matter field due to the emergence of unusual phenomena compared to the

presented in the three-dimensional case1. A fundamental advance in this area was

the successful exfoliation of graphene in 2004, an event which allowed the transition

from a purely theoretical study to the experimental realm2. Consequently, the search

for other monolayer exfoliable materials started, with the expectation to encounter

novel properties as in the graphene case. For example, the exfoliation of monolayers

has been successful in mono-elemental materials such as silicine3 and germanene4

and bi-metallic compounds of h-BN type5. 2D materials properties comprehend a

broad spectrum of functionalities, such as insulators, semiconductors, metals, super-

conductors and topological phases6. Nevertheless, a fundamental material property

was absent in this systems: intrinsic magnetism. This was not surprising since the

Mermin-Wagner theorem from the isotropic Heisenberg model for magnetic systems

states the impossibility of long-range magnetic orderings, as the ferromagnetic (FM)

and antiferromagnetic (AFM), at a finite temperature in 2D systems due to thermal

1 Xu et al. 2013; Gupta, Sakthivel, and Seal 2015; Mas-Ballesté et al. 2011; Butler et al. 2013.

2 K S Novoselov et al. 2004.

3 Zhao et al. 2016.

4 Bianco et al. 2013.

5 Dean et al. 2010.

6 K. S. Novoselov et al. 2016.
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INTRODUCTION

fluctuations7. Notwithstanding, 2D magnetism has been recently demonstrated by

experimental means in multiple materials8.

Is appropriate to mention that the study of 2D magnetism has a long story9, origi-

nating from the Ising theoretical model in 194410 for which magnetic orderings in 2D

systems with a critical temperature Tc > 0 . However, this formulation was considered

a ’toy model’ as it assumes a spin dimension of n = 1, in other words, all magnetic

moments on the crystal are oriented along only one axis. As finding this magneto-

crystalline condition on real materials has been uncommon the usual formulation for

describing magnetic systems is the Heisenberg model which lacks angular anisotropy

(n = 3)11. Despite this, the experimental proving of 2D materials with intrinsic mag-

netism indicates an Ising-like behaviour, and therefore, the Mermin-Wagner theorem

is not applicable in this type of system. So that is evident that magnetic anisotropy

plays a fundamental role in suppressing the thermal fluctuations, which originates

from the quantum-relativistic effect of the spin-orbit coupling (SOC)12.

Subsequently, after the discovery of 2D magnetic systems various methodologies were

utilized for inducing magnetism in materials such as graphene and MoS2
13. These

methodologies were the introduction of defects, proximity effects, straining, electric

fields, etc. Nevertheless, the magnetic ordering generated through this methods is

7 Mermin and Wagner 1966.

8 B. Huang, Clark, Navarro-Moratalla, et al. 2017; Lee et al. 2016; Gong, Lin Li, et al. 2017; Fei
et al. 2018.

9 Cortie et al. 2020.

10 Onsager 1944.

11 Gibertini et al. 2019.

12 Shabbir et al. 2018.

13 Miao and Z. Sun 2021; Cortie et al. 2020.
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INTRODUCTION

usually weak, short-ranged and hard to control in practice. The theoretical focus

shifted towards materials with intrinsic 2D magnetism, taking as an approach the re-

duction of dimensionality of 3D magnetic materials. This proved fruitful as this led to

the discovery of 2D van der Waals crystals which retained the magnetic ordering. As

a result, this type of material has received great attention14, as the presence of a weak

interlayer interaction is beneficial for the exfoliation process. The first experimental

demonstration was on the CrI3 monolayers which hold an intrinsic ferromagnetic or-

dering15 and belongs to the transition metal halide (TMH) family, which along the

transition metal chalcogenides constitute the principal groups of compounds of this

kind of materials16.

The main aspects in the study of this family of crystals have been: material synthetiza-

tion, magnetic characterization, modification methods, development of applications,

ab initio calculation modelling and topological properties.

In the first place, advances in experimental techniques such as micromechanical ex-

foliation (CrI3, CrCl3, Cr2Ge2Te6), chemical vapour deposition (Fe3GeTe2) and molec-

ular beam epitaxial growth (VSe2) have allowed the synthetization of magnetic 2D

crystals17. Even so, there still are multiple obstacles to the preparation of this type

of material, such as the synthesis speed control, stability under ambient conditions

and obtainment of a more superficial area. Therefore, advances in this area are still

needed.

14 Cortie et al. 2020; X. Jiang et al. 2021; Shabbir et al. 2018; Gong and X. Zhang 2019; Gibertini
et al. 2019; Samarth 2017; Park 2016; Sethulakshmi et al. 2019; Kin Fai Mak, J. Shan, and Ralph
2019; Miao and Z. Sun 2021; Burch, Mandrus, and Park 2018.

15 B. Huang, Clark, Navarro-Moratalla, et al. 2017.

16 X. Jiang et al. 2021; Kin Fai Mak, J. Shan, and Ralph 2019.

17 P. Huang et al. 2020; Lee et al. 2016; B. Huang, Clark, Navarro-Moratalla, et al. 2017; Gong, Lin
Li, et al. 2017; Fei et al. 2018.
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INTRODUCTION

In the second place, magnetic characterization of crystals has been possible by em-

ploying optical and electronic techniques, where it is necessary to use alternative

methods to the commonly utilized for the case of 3D materials. The latter are the

superconducting quantum interference devices (SQUID) or neutron diffraction meth-

ods, nevertheless, the needed samples for this kind of methods are too big in contrast

to the ones obtained from exfoliation which are of micro-metrical order in area and

width. In this manner, the optical techniques employed are those which allow a local

measurement: spin-polarized scanning tunnelling microscopy (SP-STM), which takes

advantage of the magneto-optical Kerr effect (MOKE)18 and the x-ray magnetic cir-

cular dichroism. Additionally, techniques such as the measurement of the anomalous

Hall effect (AHE) and anisotropic magneto-resistance are employed too, although,

the necessity of contacts makes them more invasive19.

In third place, for the application of this type of materials is essential to study the

different methods of controlling and modifying their physical properties. Primarily,

one important characteristic is the critical temperature of transition, for which values

above ambient temperature are desirable20. The main modifications for this type of

materials are through strain application21, electric fields22, magnetic fields, intercala-

tion23, the introduction of defects and optical control24.

18 Gibertini et al. 2019.

19 Kin Fai Mak, J. Shan, and Ralph 2019.

20 Hu et al. 2018; Zhong, Seyler, Linpeng, Cheng, et al. 2017; X. Jiang et al. 2021.

21 Iyikanat et al. 2018; Webster and J. A. Yan 2018; Zheng et al. 2018.

22 Nguyen et al. 2021; B. Huang, Clark, Klein, et al. 2018; S. Jiang, J. Shan, and Kin Fai Mak 2018.

23 H. Wang et al. 2016; S. Jiang, Lizhong Li, et al. 2018.

24 Y. Tian et al. 2019.
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INTRODUCTION

In the fourth place, concerning application development, due to the 2D nature of the

systems the idea of piling up multiple monolayers of different materials in a single

system to couple their properties arose. This type of system is called a van der Waals

hetero-structure, which has found a place in multiple devices such as transistors,

diodes, sensors and transmitters25. For this reason, the discovery of 2D magnetic vdW

crystals is opportune, as it introduces magnetic phenomena, as well as, the possibility

to develop spintronic devices26. Spintronic devices actively manipulate an intrinsic

property of electrons, the spin, in order to transport and store information. Multiple

devices based on CrI3 monolayers have been proposed: spin filters, spin valves and

multiferroic heterostructures27.

In the fifth place, the theoretical study of these materials can be approached through

ab initio 28 calculations. They constitute a powerful tool as they allow the modelling

of materials and the prediction of their physical properties without the need of syn-

thesizing them firsthand29. For example, the prediction of ferromagnetism in the CrI3

in 201530 was presented 2 years before its synthetization and magnetic probing in

201731. In particular, a theory that has been demonstrated to be extremely useful

25 K. S. Novoselov et al. 2016; Yuan Liu et al. 2016.

26 Choudhuri, Bhauriyal, and Pathak 2019; P. Huang et al. 2020; W. Zhang et al. 2019; Gong and
X. Zhang 2019.

27 S. Jiang, Xie, et al. 2020; Zhong, Seyler, Linpeng, Wilson, et al. 2020; Lu et al. 2020.

28 In this context first principle calculations are those for which there is no need to introduce empirical
parameters but from the physical fundamental laws.

29 Miao and Z. Sun 2021.

30 W. B. Zhang et al. 2015.

31 B. Huang, Clark, Navarro-Moratalla, et al. 2017.
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and as a consequence is broadly utilized is the density functional theory (DFT)32.

This allows us to solve directly approximate forms of the many-body Schrödinger

equation, and as a result, obtain solutions for which derived physical observables are

well suited to the experimental measurements. Additionally, intending to expand the

list of suitable 2D magnetic materials, the use of DFT has been the systematization

of calculations through database filtering or high throughput, which has allowed the

prediction of multiple compounds33.

Finally, the last topic is a novel field of condensed matter physics, the study of topo-

logical materials. These are new phases of matter which present unique electronic

transport where spin-orbit coupling and breaking of symmetries are required con-

ditions. Particularly, in topological insulators (TI) the emergence of metallic edge

states, and simultaneously, an insulating bulk is observed34. The discovery of this

class of materials led to the expansion of the band theory of solids, to include con-

cepts such as the Berry phase and curvature, which originate from the non-trivial

topology of the electronic state space. This paradigm shift was needed to explain

the appearance of physical observable phenomena, such as the quantum anomalous

Hall (QAH) conductivity which is quantized in terms of a topological invariant and

is not related to a quantum mechanical operator. Materials in which this last effect

is presented are known as QAH topological phases or Chern Insulators and are 2D

systems with broken time-reversal symmetry (TRS) associated with the presence of a

dissipationless single spin conducting channel at the edge; characterized by a global

32 Hohenberg and Kohn 1964; Kohn and Sham 1965.

33 Hang Liu et al. 2018; Zhu et al. 2018; Z. Jiang et al. 2018; Mounet et al. 2018; “High throughput
computational screening for 2D ferromagnetic materials: The critical role of anisotropy and local
correlations (2D Materials 6 (045018)” 2020.

34 Hasan and Kane 2010; Moore 2010; Ren, Qiao, and Niu 2016; Ando 2013; Qi and S. C. Zhang
2011; Klitzing, Dorda, and Pepper 1980.
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INTRODUCTION

property of the electronic structure, the Chern topological invariant (see Fig. 1).

Figure 1. Chern Insulator topological phase illustration. In yellow is presented the
hexagonal lattice, the density charge represents the ferromagnetic ordering, and the
purple edge represents the edge state where only electrons with the same spin flow.

Consequently, the Chern Insulator phase due to the exhibition of robust filtered spin

edge states in the absence of an external magnetic field presents itself as a promising

candidate for novel applications in areas such as quantum computing and spintron-

ics35. The search for this system has as starting point the theoretical model of Haldane

in 198836. This consists of a hexagonal honeycomb crystal lattice with SOC and intrin-

sic magnetism, such that this condition leads to a TRS breaking and the QAH effect is

presented. Engineering of materials by inducing a magnetic field has been proposed,

such as in graphene, germanene, stanene and silicene37 through magnetic adatoms

and surface functionalization, nevertheless, these conditions are hard to control in

practice. The only experimental realizations of a Chern Insulator up to the present

35 Qi and S. C. Zhang 2011.

36 Haldane 1988.

37 S.-C. Wu, G. Shan, and B. Yan 2014; Zhiyong Wang et al. 2015; X.-L. Zhang, L.-F. Liu, and W.-M.
Liu 2013.
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have been in V and Cr doped (Bi, Sb)2Te3
38 and MnBi2Te4

39, but the needed temper-

atures were low: T < 100 mK and T < 6.4 K respectively. In this manner, research for

appropriate candidates is required to advance this field forward.

Therefore, in this research, we focused our efforts on the study from the DTF frame-

work of the electronic, magnetic and topological properties of the osmium-based fam-

ily of transition metal halides OsX3 with X = Br, Cl, I. This selection was taken as they

present the adequate properties for fulfilling a Chern insulator phase, it is, an hexag-

onal honeycomb lattice for the transition metal atoms, as in the Haldane model, and

broken time-reversal symmetry originating from the intrinsic magnetism. Addition-

ally, as the spin-orbit interaction is related to the atomic number with ∝ Z4, and for

Os: Z=76 the SOC effect is significant; which would contribute to both the crystalline

anisotropy and topological features. Other materials belonging to the transition metal

halide compounds have been studied for their magnetic properties in recent years40.

Concerning the topological properties the Chern insulator phase has been theoreti-

cally predicted in materials such as FeX3 with X = Br, Cl, I41, AX3 with A = Pd, Pt and

38 Chang et al. 2015.

39 Deng et al. 2020.

40 Cai et al. 2019; Lee 2016; P. Liu et al. 2017; J. Liu et al. 2018; Q. Sun and Kioussis 2018; J. Yan
et al. 2019; Lado and Fernández-Rossier 2017; Xingzhi Wang et al. 2016; O’Hara et al. 2018; W. B.
Zhang et al. 2015; W. X. Zhang et al. 2019; Nguyen et al. 2021; Bonilla et al. 2018; Webster and
J. A. Yan 2018; McGuire 2017.

41 L. Tian et al. 2019.
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X = I, Br42, VBr3
43, NiBr3

44, NiCl345, ReX3 with X = Br, I46 and PdCl347.

For this research, we utilized the crystalline structures obtained through a collabora-

tion with prof Aldo H. Romero from West Virginia University, predicted through the

Minima Hopping method. An algorithm that explores the minima of the potential

energy surface to determine the stable configuration of a crystalline solid48. Initially,

the structural relaxations were performed and the magnetic ordering configurations

as well as lattice properties were found. We found that the theoretical approach, and

therefore, the representation of the exchange-correlation into the calculations, is cru-

cial to correctly reproduce the electronic states close to the Fermi level. Therefore,

we focused deeply on the precise electronic structure description. The methodology

carried out was through the utilization of Hybrid calculations, that although they in-

volve a greater computational cost, are accurate for calculating strongly correlated

materials49. Next, through a mapping of the electronic states to the Wannier func-

tion representation for the collinear case the exchange constants were calculated as

well as a Curie temperature estimation. Finally, the topological properties were ex-

plored employing the CHERN software, an open-source contribution implemented by

the author through a collaboration with prof Oleg Rubel from McMaster University.

42 You et al. 2019; Jiaxiang Sun et al. 2020.

43 Jiaxiang Sun et al. 2020.

44 Jiaxiang Sun et al. 2020.

45 J. He et al. 2017.

46 e. a. Sun Q. 2019.

47 Ya ping Wang et al. 2018.

48 Goedecker 2004.

49 Heyd, G. Scuseria, and Ernzerhof 2003.
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INTRODUCTION

The program was utilized on known materials that present topological features for

validation purposes as well as in the OsX3 family for computing the Chern number

and Berryflux maps, and the results were compared to the obtained with the Z2PACK

software.
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Section 3.0

OBJECTIVES

3.1. GENERAL OBJECTIVE

Study the structural, electronic, magnetic and topological features of the Osmium

based halide monolayers OsX3 (X : Cl,Br, I) through ab initio calculations based on

the Density Functional Theory (DFT) framework.

3.2. SPECIFIC OBJECTIVES

1. To perform calculations to determine the minimum energy magnetic configura-

tion for the structures from collinear magnetism.

2. To study the electronic structure of the materials and once included, the effect

of Spin-Orbit Coupling (SOC).

3. To verify the GGA electronic structure with respect to the Hybrid functional

results by determining the appropriate Hubbard U value.

4. To check the topological features, such as the Chern number and Berry curvature

for the compounds.
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Section 4.0

THEORETICAL FRAMEWORK

Condensed matter physics studies the theoretical models that predict the behaviour

and properties of materials. to make a complete description of these is necessary to

start from their fundamental components that require a quantum mechanical descrip-

tion. In the framework of this theory all the information of the physical systems is

stored in the quantum states (wave functions ψ(r) in the position representation),

obtained from the solution of the Schrödinger equation. This equation governs their

time evolution, but if we restrict our study to stationary states it is possible to find an

equation only for the spatial coordinates: the time-independent Schrödinger equa-

tion. However, the analytical solution to this equation is limited to simple physical

systems, in contrast to a material which can be considered as a collection of a large

number of nuclei and electrons whose interactions are of a Coulombian nature. For

this motive to theoretically describe the physics of materials it was necessary to de-

velop theories and mathematical tools to deal with these complex systems.

Having said the above, the theory necessary to have carried out this work is presented

in the following manner: Firstly, the Hamiltonian of the solid and the physical approx-

imations required to arrive at a solvable form of the Schrödinger equation. Then, the

density functional theory and its usefulness in finding the crystal wave functions,

from which it is possible to determine the electronic structure50. Next, the exchange

and correlation functionals51 and the DFT+U correction52. Finally, the topology of

50 Kaxiras and Joannopoulos 2019; Giustino 2014; Martin 2020; Vanderbilt 2018.

51 Martin 2020; Jianwei Sun, Ruzsinszky, and J. Perdew 2015.

52 Himmetoglu et al. 2013; Floris et al. 2020.
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the electronic band structure, the concepts of phase, curvature and Berry connection,

as well as their relationship with the Wannier functions53. Additionally, some top-

ics related to the research but not central to it will be presented in the appendices,

which are: the physical approximations taken to study a material 8.1, the spin-orbit

coupling effect8.2, the crystal electronic wavefunctions 8.3, the quantum anomalous

Hall effect 8.4 and the Wannier functions8.5.

4.1. HAMILTONIAN OF THE SOLID

The energy physical observable is associated with the Hamiltonian operator, whose

form depends on the particular system and determines the wave functions |ψ⟩, solu-

tions of the time-independent Schrödinger equation

Ĥ|ψ⟩ = Etot|ψ⟩, (1)

An eigenvalue equation for the stationary states, with total system energy Etot. Now,

to find the wave function Ψ(r,R) of a solid is necessary to consider all possible con-

tributions to the energy 54; so, the total Hamiltonian of the system can be written

as

Ĥ(r,R) = T̂N(R) + T̂e(r) + V̂NN(R) + V̂ee(r) + V̂eN(r,R), (2)

here, a dependence on the position of the nuclei R and electrons r is presented. The

first two terms of Eq. (2) correspond to the kinetic energy operators of the electrons

53 Martin 2020; Vanderbilt 2018; Kaxiras and Joannopoulos 2019; Marzari et al. 2012.

54 Contributions related to relativistic or fine structure corrections are neglected.
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(T̂e) and nuclei (T̂N), and are given by

T̂e(r) = − ℏ2

2me

∑
i

∇2
i , (3)

T̂N(R) = −ℏ2

2

∑
I

1

MI

∇2
I , (4)

Taking into account that the coordinates I,J refer to the nuclei with mass MI and

i, j to the electrons with mass me. On the other hand, the remaining three terms

are the interaction potential energies Coulombian of the electrons with charge −e in

a position ri and of the ions 55 with charge eZI in the position RI, which are the

interactions of: ion-electron attraction (V̂eN), electron-electron repulsion (V̂ee) and

ion-ion repulsion (V̂NN), given by.

V̂eN(r,R) = −e2
∑
i,I

ZI

|ri −RI|
, (5)

V̂NN(R,R) =
e2

2

∑
I ̸=J

ZIZJ

|RI −RJ|
, (6)

V̂ee(r, r) =
e2

2

∑
i ̸=j

1

|ri − rj|
. (7)

So, replacing in the expression (2) and then Ĥ in the Schrödinger equation Eq. (1)

gives

[
−
∑
i

ℏ2

2me

∇2
i −

∑
I

ℏ2

2MI

∇2
I +

1

2

∑
i ̸=j

e2

|ri − rj|
+
1

2

∑
I ̸=J

e2ZIZJ

|RI −RJ |
−
∑
i,I

e2ZI

|ri −RI |

]
Ψ = EtotΨ, (8)

55 An ion is made up of the nucleus and the electrons closest to it, the separation is taken with
the justification that the valence electrons are the ones that participate strongly in the interaction
between atoms.
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called the time-independent many-body Schrödinger equation, which contains every-

thing necessary to study the behaviour of materials in equilibrium without consider-

ing the interaction with external electromagnetic fields. It should be noted that, in

this equation the only external parameters are the atomic numbers ZI and the atomic

masses MI .

4.2. DENSITY FUNCTIONAL THEORY (DFT)

This theory’s fundamental premise is that any property of a system of many inter-

acting particles can be described as a functional56 of the density n(r) of the ground

state, i.e., that all the information of the wave functions is determined by the scalar

function n(r) which depends only on the position. This hypothesis was demonstrated

by Hohenberg and Kohn57, and a scheme for applying this theory was developed by

Kohn and Sham58.

Starting from the definition of the total electron density n(r) for a system with N

electrons

n(r) = N

∫
|Ψ(r, r2, . . . , rN ;R1, . . . ,RM)|2 dr2 . . . drNdR1 . . . dRM , (9)

and represents the probability of finding any electron at the r position. Therefore,

if the relationship in Eq. (55) is inverted, the dependence of Ψ on the density n(r)

becomes evident, i.e., Ψ = F [n], which is a significant idea, since it suggests that it

is possible to find the wave functions by defining a functional of the electron den-

sity, reducing the 3N variable problem to only the r position. Likewise, looking at

56 A functional is a function that maps a function to a number.

57 Hohenberg and Kohn 1964.

58 Kohn and Sham 1965.
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Eq. (53), since Ĥ does not depend on a particular material, any variation of E must

be associated with changes in the wavefunction Ψ, so that

Ψ = F [n] y E = F [Ψ] −→ E = F [n].

As stated in the theorem of Hohenberg and Kohn:

Theorem: The ground state energy of the Schrödinger equation is a unique functional

of the electron density59.

This can be proved by reductio ad absurdum, by proposing that there is a one-to-

one relationship between the electron density and the external potential to which

the electrons are subjected60. However, the Hohenberg and Kohn theorems do not

indicate the exact form the functional must possess, which is unknown up to now.

This problem was addressed by Kohn and Sham61, whose idea was to construct the

functional from the mapping to a system of non-interacting fictitious particles, taking

the approximation of a single particle, as in Eq. (51). So the functional for the energy

F [n] was redefined from (53), such that

F [n] =

∫
drn(r)Vn(r) + ⟨Ψ[n]|T̂ + Ŵ |Ψ[n]⟩, (10)

obtaining by replacing the terms

F [n] =

∫
drn(r)Vn(r)−

∑
i

∫
drϕ∗

i (r)
ℏ2∇2

2m
ϕi(r)+

1

2

∫∫
drdr′

n(r)n (r′)

|r− r′|
+Exc[n]. (11)

Here, the first term represents the potential energy, the second the kinetic energy,

59 Hohenberg and Kohn 1964.

60 Hohenberg and Kohn 1964.

61 Kohn and Sham 1965.
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the third the Hartree energy and the last is called the correlation and exchange term.

The latter contains all the information concerning these two electron interactions.

In summary, Eq. (11) constructs the functional from the known contributions, taken

from the independent electron approximations and an unknown contribution, the

correlation and exchange term.

Now, to find the equations to be solved the Hohenberg-Kohn variational principle62

is employed, which indicates that the electron density of the ground state, no, is the

function that minimizes the total energy E = F , i.e.

δF [n]

δn

∣∣∣∣
n0

= 0. (12)

Therefore, starting from the expression (12), it is possible to obtain an equation for

the wave functions ϕi(r), for which the condition of orthonormality can be imposed

through a Lagrange multiplier (see appendix B of reference63), and as a result, the

obtain the expression

[
− ℏ2

2m
∇2 + Vn(r) + VH(r) + Vxc(r)

]
ϕi(r) = εiϕi(r), (13)

where the terms Vn, VH are identical to those found in Eq. (50) and Eq. (52), respec-

tively; and the term Vxc is given by.

Vxc(r) =
δExc[n]

δn

∣∣∣∣
n(r)

, (14)

Called the exchange and correlation potential 64. The set of equations (14) are known

62 Hohenberg and Kohn 1964.

63 Giustino 2014.

64 This is the only non-exact term in DFT, the cost of simplifying the equations to be solved is to find
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as the Kohn-Sham equations, which must be solved through a self-consistent iterative

method; and are the basis for performing material property calculations in DFT. It

is worth mentioning that, although there is no formal mathematical justification for

relating these wave functions to the quantum states of the electrons, experimental

evidence has shown that the properties calculated with them fit to a reliable extent

so that they can be considered reasonable descriptions of the electronic states.

4.2.1. EXCHANGE AND CORRELATION FUNCTIONALS

The accuracy of the density functional theory depends on a properly constructed

correlation and exchange functional. For this reason, since the introduction of the

Kohn-Sham theory, abundant efforts have been devoted to developing functionals

that properly represent the physical systems under study. The importance of the term

Exc(n) is the fact that all interactions associated with the many-body nature are em-

bodied in it, making it depend on multiple positions, i.e., to be non-local. However,

this would imply introducing more complexity to the solution of the system, so it has

been seeking to develop local functionals that best describe these effects.

Initially, the local density approximation (LDA) was developed and uses the calcu-

lated value of the correlation and exchange energy of a homogeneous electron gas
65 to describe this energy in materials; this is by the calculation in regions where the

density varies slowly and finding the final value by summing all the contributions.

After this, the generalized gradient approximation (GGA) was developed, whose func-

tional takes into account the magnitude of the density gradient |∇n|, as well as the

value of n at each point in space, leading to better results in the obtained electron

density.

a sufficiently precise functional for the description

65 Consists of the free electron gas, but taking into account the interactions. The exchange term can
be calculated analytically, while the correlation term parameterized numerically.
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Next, one notch higher in the hierarchy of approximations66 are the meta-GGAs;

which are functionals of the kinetic energy density of non-interacting particles, as

well as of the particle density67.

Finally, one of the most accurate exchange and correlation functionals are the Hybrid

type. They are a mixture of density-dependent functionals and the Hartree-Fock (HF),

which is orbital dependent. The advantages given by these methods is an improve-

ment of the band gap estimation, as LDA and GGA methods tend to underestimate

them. The general form of the Hybrid functionals exchange and correlation energy is

Exc = αEHF
x + (1− α)EDFT

xc , (15)

here, EDFT
xc refers to the density-dependent functional, and α is the mixing parameter,

which varies from full Hartree-Fock interacting (α = 1) and non-interacting electron

system (α = 1). Multiple forms for the hybrid functionals have been developed, such

as the B3LYP68 which is adjusted to fit atomic and molecular data and the PBE069

which employs a non-linear form

EPBE0
xc = EPBE

xc +
1

4

(
EHF

x − EPBE
x

)
(16)

and uses the PBE density functional and is widely used. Particularly, the hybrid Heyd-

Scuseria-Ernzerhof exchange and correlation functional HSE0670, utilizes a screen

66 In this context the hierarchy is called ’Jacob’s ladder’, a term introduced by J.P Perdew (John P.
Perdew 2001)

67 Jianwei Sun, Ruzsinszky, and J. Perdew 2015.

68 A D Becke 1988; Axel D Becke 1993.

69 John P Perdew, Ernzerhof, and Burke 1996.

70 Krukau et al. 2006; Heyd, G. E. Scuseria, and Ernzerhof 2003.

34



CHAPTER 4. THEORETICAL FRAMEWORK

Coulomb potential. This starts from the exchange portion of the PBE0 Eq. 16 and

there is a separation of terms into short (SR) and long range (LR) components, ob-

taining

EPBEO
x = a

[
EHF,SR

x (ω) + EHF,LR
x (ω)

[
+(1− a)

[
EPBE,SR

x (ω) + EPBE,LR
x (ω)

]
. (17)

This method is based on the idea that the Coulomb screening is a function of the

distance being weak at short and larger as distance increases. In this case ω is an

adjustable parameter which dictates the contribution between SR and LR interactions.

4.2.2. DFT + U

In systems with highly localized orbitals (d or f electrons), the description of the

electronic structure found by employing DFT is not very accurate, due to the lack

of specification of the correlation and exchange energy. Consequently, the idea of

DFT+U is to describe these highly correlated electronic states using the Hubbard

model, while treating the other valence electrons with the standard DFT functionals.

In this case, the total energy of the system is written in the following way

EDFT+U[n(r)] = EDFT[n(r)] + EHub

[{
ρlσmm′

}]
− Edc

[{
nlσ

}]
. (18)

Here, EDFT represents the functional for the total DFT energy to be corrected and

EHub is the term containing the Hubbard Hamiltonian to describe the correlated

states. Additionally, it is necessary to remove the energy portion of the ’original’

functional EDFT , which will be characterized by the EHub; is done employing the

double counting term Edc that models the contribution of the correlated electrons to

the DFT energy. Lastly, ρlσm are the occupancy numbers of the localized orbitals.
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4.3. TOPOLOGY OF THE ELECTRONIC STRUCTURE

The Born rule in quantum mechanics indicates that the probability of measurement

of an eigenvalue associated with an observable is given by the square of the norm of

the corresponding quantum amplitude, in a manner that the phase does not affect the

measurement. Likewise, in electronic structure theory, a large number of properties

of interest can be found as expected values of the Bloch states (total energy, charge

densities, strengths, etc.); which when calculated, the total phase multiplying each

Bloch state cancels. For this reason, the phase of the electronic states was not con-

sidered to be relevant. However, through the investigation of multiple phenomena,

such as electric polarization, it has been found that the phase plays a fundamental

role. Whereas the general phase of a Bloch function is not that which has utility, but

the relative phase between states at close time intervals or for close wave vectors.

Thus, it is necessary to introduce the formalism of a geometric or Berry phase and

related quantities such as the Berry curvature which embody the underlying topology

of the Bloch bands. Additionally, they are directly related to physical phenomena in

which there is a quantization of certain observables that cannot be associated with

any operator, such as the quantum anomalous Hall effect (see 8.4).

4.3.1. BERRY PHASE, CONNECTION AND CURVATURE

In general, the Berry phase is a phase angle between 0 and 2, which describes the

evolution of the phase of a vector in a complex vector space as a function of some

parameter or set of parameters as it is transported through a closed trajectory in its

vector space. In the particular case of solid-state physics, it arises when the vectors
71 are the occupied Bloch states |ϕ(n)

k ⟩ and the parameter space corresponds to the

71 The first postulate of quantum mechanics is that the quantum states of a system are described
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components of the wave vector k in the Brillouin zone (which as mentioned forms a

closed space) for a band n. To define this phase we will then perform the analysis of

the adiabatic evolution of a general physical system, and from this, we will present

the expressions for the case of the electronic states in a crystal.

By defining a parametric Hamiltonian such that

Ĥ(q) |ψq⟩ = Eq |ψq⟩ , (19)

where q is some parameter that can be associated with multiple characteristics of a

system. We know that when solving the Schrödinger equation for the wave function

of the system, an arbitrary phase φ of the form eiφ appears, assuming we deal with

the system in the ground state, it is generally chosen equal to zero, for simplicity.

Considering that this phase for two base states of the system, identified by different

values of the parameter q, takes the values φ1 and φ2 for the values of the parameter

q1 and q2, respectively; if one wanted to eliminate the phase for each case it would

be necessary to multiply each wave function by e−iφi, with the corresponding i, i.e.

|ψqi
⟩ → |ψ̃qi

⟩ = e−iφi |ψqi
⟩ , (20)

this process is called ’selecting a gauge’. Then, the overlap of the wave functions with

the corrected phase would be.

〈
ψ̃q1 | ψ̃q2

〉
= ei(φ1−φ2) ⟨ψq1 | ψq2⟩ , (21)

In this expression any dependence on an arbitrary phase has been eliminated, there-

fore, the term on the left must be the magnitude of the overlap: |⟨ψq1 | ψq2⟩|; which al-

entirely through vectors belonging to a Hilbert space (Cohen-Tannoudji, Diu, and Laloe 2020)
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lows us to find a convenient expression to define the relative phase ∆φ12 = (φ1 − φ2)

as

e−i∆φ12 =
⟨ψq1 | ψq2⟩
|⟨ψq1 | ψq2⟩|

. (22)

then, by separating the real and imaginary parts, it is possible to obtain the phase of

the expression

∆φ12 = − Im [ln (⟨ψq1 | ψq2⟩)] , (23)

that in the limit of a differential ∆q between q1 and q2, corresponding to a change in

the phase ∆φ, we obtain the expression

dφ = i ⟨ψq | ∇qψq⟩ dq. (24)

Such that, with Eq. (24), it is possible to calculate the total change in phase (Berry’s

phase γ) along a closed trajectory C in q parameter space as

γ =

∮
C

dφ = i

∮
C

⟨ψq | ∇qψq⟩ dq (25)

This expression is invariant under gauge transformations (such as the one performed

in Eq. (20)), in contrast to the integrand that does depend on the chosen gauge, which

demonstration is beyond the scope of the thesis but can be found in the references.

Now, from the expression found is possible to define the integrand

A(q) = i ⟨ψq | ∇qψq⟩ , (26)

as Berry’s Connection, which is a three-component vector, and from this, define the

tensor

Ωαβ(q) =
∂Aβ(q)

∂qα
− ∂Aα(q)

∂qβ
= −2 Im

〈
∂ψq

∂qα
| ∂ψq

∂qβ

〉
(27)

whose elements can be associated with the components of a vector Ω, known as the
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Berry Curvature, by using the Levi-Civita tensor ϵαβγ. So that, this can be written as

the rotational of A, i.e.

Ω(q) = ∇×A(q). (28)

Then, with these definitions, it is possible to rewrite the expression for the Berry phase

(25) by making use of Stokes’ theorem

γ =

∮
C

A(q) · dq =

∫
S
∇q ×A(q) · dS =

∫
S
Ω(q) · dS (29)

where, S is the surface enclosed by the curve C and dS is a surface differential ele-

ment. So, the Berry curvature Ω is the Berry phase γ per unit area in the parameter

space q; and is obtained as the rotational of the Berry connection A.

Finally, from the Berry curvature Ω, it is possible to obtain the topological invariant

associated with the states |ψq⟩ defined on the surface S, known as the first Chern

number C; which is consigned in Chern’s theorem:

∮
S

Ω · dS = 2πC. (30)

The calculation of the Chern topological invariant given by the integration over the

occupied bands, determines a global property of the bulk bands, expressed in terms of

the Berry curvature which is a local property related to the geometry of the electronic

states across the BZ.

4.3.2. TOPOLOGICAL FEATURES OF THE CRYSTAL ELECTRONIC STATES

As already mentioned, the parameter that characterizes the Hamiltonian of the system

and the states is the wave vector k, so by using the definitions [(25),(26) y (28)] for

the periodic Bloch states |u(n)k ⟩ presented in Appendix. 8.3, we obtain the following

expressions
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A(n)(k) = i
〈
u
(n)
k | ∇ku

(n)
k

〉
, (31)

Ω(n)(k) = ∇k × i
〈
u
(n)
k | ∇ku

(n)
k

〉
, (32)

γ(n) =

∮
C

i
〈
u
(n)
k | ∇ku

(n)
k

〉
dk, (33)

where the closed trajectory is taken in reciprocal space. These properties are intrinsic

to the band structure since they depend on the electronic states. Moreover, as in the

general case, one is free to perform gauge transformations such as

∣∣∣ũ(n)k

〉
= e−iβ(k)

∣∣∣u(n)k

〉
(34)

where, β(k) is a real function, the Berry connection

Ã(n)(k) = A(n)(k) +∇kβ(k) (35)

if it depends on the gauge; and the Berry curvature Ω(n)(k) being the rotational of the

Berry connection is invariant. Likewise, for the 2D case, the first Chern number for

the n-band is invariant under this gauge and can be calculated as

C(n) =
1

2π

∫
BZ

Ω(n)
xy d

2k. (36)

Thus, since the Chern number is an integer then the Berry phase for a trajectory along

the Brillouin zone is an integer multiple of 2π, which yields an invariant of the wave

function. Additionally, some properties of the Berry curvature Ω(n)(k) for an n-band,

which is a well-defined function in the Brillouin zone, are

• If the crystal has symmetry inversion (SI), then Ω(n)(k) = Ωn(−k).
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• If the crystal has time-reversal symmetry (TRS), then Ω(n)(k) = −Ωn(−k) .

• If the crystal has both IS and TRS, then Ω(n)(k) = 0.

From this, it is inferred that Berry curvature is of interest in systems that exhibit spon-

taneous time-reversal symmetry breaking, as in the case of a ferromagnetic system.
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Section 5.0

RESULTS AND DISCUSSION

5.1. STRUCTURAL PROPERTIES

In Fig. 2(a) is presented the crystalline structure of the OsX3 monolayer family. It is

a honeycomb lattice found to belong to the P31m(162) space group. The Os atoms

present a hexagonal organization and are coordinated with six halide atoms at a

constant distance. Where a layer of Os atoms is in between two sheets of halide

atoms, and the unit cell consists of 2 Os atoms and 6 halides(Cl, Br, I).

Os

Cl, Br, I

(a)

(b)

Figure 2. The crystalline structure of the OsX3 monolayer. Yellow spheres represent
the Os atoms and the blue spheres the halide atoms (Cl, Br, I) (a) Top view and (b)
lateral view of the monolayer, the lines represent the unit cell.

Initially, to obtain the lattice parameters and atomic positions the structures were

optimized in the in-plane directions (x and y), taking into account a vacuum distance

of 20 Å to avoid interlayer coupling. The results obtained for the lattice constants

and Os-Os distance are presented in Fig. 3.b, where an increasing trend is observed

with respect to the atomic number ZCl,Br,I of the halide atom (see Fig. 3.a). This

tendency is also presented for the monolayer width as the corresponding values found
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are OsCl3:2.616 Å, OsBr3:2.788 Å and OsI3:3.024 Å. The obtained results for the

lattice parameters agree with other DFT studies on the OsI3 monolayer with a relative

difference of −1.72%72 and −0.23%73 and for the OsCl3 case 0.49%74.

(a)

(b)

Figure 3. (a)Halide atomic number and ionic radius (b) Visual representation of the
lattice parameter and Os-Os distance for the monolayer family.

Additionally, it can be seen that the results found via DFT mostly agree with the

geometric Pauling rules for possible coordinations of a cation by anions75. Whereof,

assuming that atoms are spheres in contact, the ratio between ionic radii implies

rc
ra
> 0.732 −→ cubic,

0.414 <
rc
ra
< 0.732 −→ octahedral,

rc
ra
< 0.414 −→ tetrahedral.

In this manner, taking into account that the ionic radius of the atoms are: Os(77pm),

72 L. Tian et al. 2019.

73 Fang et al. 2022.

74 Sheng and Nikolić 2017.

75 e. a. Bercioux 2018; Pauling 1929.
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Cl(181 pm), Br(182 pm) and I(206 pm)76, then the ratios for the compounds are

rOs

rCl

=
77

181
= 0.425,

rOs

rBr

=
77

182
= 0.423,

rOs

rI
=

77

206
= 0.373,

such that the compounds follow the empirical coordination rules except for the OsI3

case. Moreover, from the DFT ionic optimization results, it was possible to observe

an angle distortion from the octahedral coordination of the halides with the Os atom,

as presented in Fig. 4. For the case of OsCl3 and OsBr3 monolayers, there is a slight

change and similar behaviour, nevertheless, for OsI3 a more noticeable distortion from

the octahedra is evidenced.

90.98°
96°

82°

85.55° 92.42°

89.66°92.42°

90.98°

92.35°

89.67°
92.35°

85.67°

OsCl3

OsI3
OsBr3

Figure 4. Distortion from the octahedral coordination of the OsX3 monolayers

Finally, the energetic favorability of the monolayers was investigated through the

cohesive energy Ec per unit cell, given by

Ec = (ET − 2EOs − 6EX)/8, (37)

76 Shannon 1976.

44



CHAPTER 5. RESULTS AND DISCUSSION

which is the difference between ET , the total energy of the OsX3 monolayer, and EOs

and EX the free Os and halide atom energies per atoms in the unit cell, respectively.

For this calculation, the energies of the spin-polarized free atoms were found by em-

ploying an 8 × 8 × 8 Å
3

computational cell. The results for the monolayers cohesive

energies are presented in Table. 1. Here, the negative energies indicate a preference

for the condensed phase formation and are all lower than the theoretically calculated

for the CrI3:-2.30 eV case, which has already been synthesized77. An increasing trend

for Ec according to the halide atomic number ZCl,Br,I can be observed. This can be

explained by the electronic charge transfer trend found in Sec. 5.3, where a loss in

the ionicity was found following the same tendency. In other words, the cohesive

energy increases as the compounds are less ionic, therefore, being easier to dissociate

the electronic bonds. Lastly, the structural information is presented in Table. 1.

Material a(Å) dOs−Os(Å) dOs−X(Å) Width (Å) α Os-X-Os ° Ec eV/atom

OsCl3 6.02 3.48 2.37 2.616 94.45 -3.513

OsBr3 6.38 3.68 2.51 2.788 94.32 -2.879

OsI3 6.94 4.00 2.67 3.024 97.50 -2.486

Table 1. Structural properties of the OsX3 monolayers.

5.2. MAGNETIC PROPERTIES

To determine the magnetic ground state of the OsX3 monolayers the ionic relaxation

for the configurations presented in Fig. 5 were simulated. It was found that for the

three compounds the lowest energy case was the ferromagnetic (FM) ordering. The

stability difference between the configurations, found at the GGA+U PBSEsol level,

is given by the magnetic exchange energy, ∆E = EFM − EAFM , with the following

77 F. Zhang, W. Mi, and Xiaocha Wang 2020; B. Huang, Clark, Navarro-Moratalla, et al. 2017.
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obtained values: OsCl3:24 meV, OsBr3:11.9 meV and OsI3:173.5 meV.

(a) (b)

Figure 5. Initial magnetic moment configurations simulated for the OsX3

(a)ferromagnetic and (b) antiferromagnetic ordering

In Fig. 6 the spin and orbital magnetic moments per unit cell are presented as a

function of the Hubbard U parameter employing the PBEsol exchange and correlation

functional; for which the final values selection is justified in the following section 5.3.

For the case of the spin magnetic moments, in Fig. 6 the dashed lines represent the

value found for the Hybrid calculations taken as reference, and it is evident that

there is a good agreement for the PBEsol values by employing the U correction. It

is worth noting that in all the cases when there is a complete absence of correlation

adjustment, the values are far off and undergo a transition as U increases. Henceforth,

the U correction is vital for obtaining the correct magnetic properties. Finally, the

results obtained for the orbital magnetic moments are considerable, being larger than

the originating from spin. These results are due to the elevated value of the SOC for

the atoms in the monolayers.
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Figure 6. Values obtained for the magnetic moments for the PBEsol calculations as a
function of the U parameter. (a) Spin magnetic moments, where the dashed lines
represent the magnetic moments from HSE06 hybrid calculations (b) Orbital
magnetic moments

The valence electrons of the Os atom belong to the orbitals 5p66s25d6, such that for

the formula unit OsX3 the expected occupation would be 5d5. Taking into account

the geometrical organization of the atoms and the interaction of the d electrons with

the halide orbitals, given the octahedral coordination this results in a Crystal field

splitting which raises the energy degeneracy of the d electron states. The 5d orbitals

are separated into a higher energy doublet eg and a lower energy triplet t2g as shown

in Fig. 7.

(a) (b)

∆ cf

Figure 7. Crystal field splitting for the octahedral coordination. From the d orbitals,
the eg and t2g originate with a low spin configuration groundstate.

Now, in isolated atoms, Hund’s rule implies that the electrons occupy levels such that

they posses the largest possible total spin to minimize the interaction between them,

as given for the Pauli exclusion principle. For the case of t2g levels the first 3 electrons

occupy 3 parallel spin states, but for the 2 remaining electrons, there is a correlation
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problem. As the options are to occupy the eg levels with a parallel spin to the t2g states,

obeying Hund’s rule (high spin configuration). Nevertheless, this implies an energy

cost ∆cf as they must occupy the high energy eg levels. The alternative is to fill the t2g

levels with an opposite spin, and in this manner, gaining the ∆cf energy, but losing

Hund’s energy (low spin configuration). The low spin configuration is typical for 4d

and 5d compounds, due to the large extent of d orbitals and the greater hybridization

with the p orbitals (greater ∆cf value)78. Hence the expected electron occupation

given the found magnetic moments in Fig. 6 is the one given in Fig. 7. Additionally,

this non-symmetrical distribution of down-spin electrons in the t2g levels contributes

to the large orbital magnetic moments found in Fig. 6.

The Crystal field splitting originates both from the d-p orbital hybridization (co-

valency) and the tendency of the system to minimize the energy by reducing the

electron-electron Coulomb repulsion. This last contribution can be evidenced as the

most energetically favourable electronic states are those in which the overlapping of

charge density between Os electrons and the halide’s orbitals is reduced, by the po-

sitioning of the lobes in between the ligands (t2g). In contrast, the states with lobes

pointing directly to the p orbitals of the halide (eg) increase in energy, as presented

in Fig. 8.

78 Khomskii 2014.
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Figure 8. Illustration of the electron densities of orbitals (a,b) eg and (c,d,e) t2g.
Reference:79

On the other hand, in the covalency contribution case, for transition metals to the

crystal field splitting increases with the atomic number ZCl,Br,I
80. Therefore for the

Os (Z=76), it is expected to be important. Nevertheless, for the case of the anions,

the covalency tendency related to the ligand strength follows the spectrochemical

series81

I− < Br− < S2− < Cl− < NO−
3 < F− < OH− < O2−

< H2O < NH3 < NO−
2 < CN− < CO,

(38)

where it can be observed that the crystal field splitting contribution should be low for

our halides case as they are weak ligands (left side of the series).

Another important feature of ferromagnetic systems is the temperature dependence

of magnetization, which indicates the possibility of utilizing materials in realistic en-

vironments. The magnetization vanishes at the Curie temperature

TC =
2ZJ S(S + 1)

3kB
, (39)

80 Khomskii 2014.

81 Tsuchida 1938.
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here Z is the number of nearest magnetically active neighbours, S the spin quantum

number, kB Boltzmann constant and J the Heisenberg exchange constant from the

Heisenberg Hamiltonian

H = −2
∑
i>j

JijSi · Sj (40)

which generalizes the many-electron spins of atoms on lattice sites i, j as Si and Sj.
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Figure 9. Electronic band structures calculated with the PBEsol+U exchange and
correlation functional without SOC for the (a) OsCl3 (b) OsBr3 and (c) OsI3 case, the
dashed lines are the band structures obtained from the Wannier function
tight-binding model.

For determining the Curie temperature TC , the approach taken was to compute the

magnetic exchange constants. The electronic states from DFT collinear magnetism

calculations (VASP)82 were mapped to the Wannier function representation (WANNIER90),

obtaining the Hamiltonian for the computation of the magnetic interactions between

atoms from the rigid spin-rotation perturbation (TB2J) utilizing the Green’s function

method83. The electronic band structures from DFT along with the computed from the

82 Non-collinear calculations were not employed due to computational restrictions.

83 X. He et al. 2021.
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Wannier Hamiltonian are presented in Fig. 9, where the correct reproduction of the

electronic dispersion is evidenced. The values for the magnetic exchange constants

are presented in Fig 10, where a positive value in all cases confirmed the ferromag-

netic interaction. Additionally, an increasing trend as a function of the atomic number

ZCl,Br,I of the halide is presented. The corresponding Curie temperatures, Eq. (39),

obtained were OsCl3:45 K, OsBr3:98 K and OsI3:390 K. This indicates that the OsI3

monolayer may be a very good candidate for 2D magnets applications as the Curie

temperature is above room temperature. Nevertheless, for a more reliable predic-

tion, the SOC effect should be taken into account, due to its contribution to magnetic

anisotropy which may play a role in the stabilization of the magnetic ordering against

thermal fluctuations.

J
[m
eV
]

OsBr3OsCl3 OsI3

8

6

4

2

0

Figure 10. Values for the first magnetic exchange constant for the monolayers.

Finally, the large range magnetic ordering originates from the exchange interactions

between the magnetically active atoms in the lattice. This interaction comes from

the Coulomb repulsion of nearby electrons along with the Pauli principle of exclusion

(as Hund’s rules for intra-atomic interactions). Nevertheless, in a real material, there

is no unique interaction but multiple competing mechanisms. In transition metals,

such as Os, the magnetism comes from localized spins; therefore, the analysis of the

exchange interactions presented will be for the case of insulators (supported by the

results of section 5.3). For the monolayers is possible to take into account the contri-
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bution of two main mechanisms: the direct and super-exchange interactions84. In the

first case, taking into account the electron orbital occupancy for two Os atoms, each of

them posses 5 valence electrons which belong to the t2g as shown in Fig. 7. Therefore,

if an electron hops from one atom to another half-filled orbital it will complete the t2g

orbitals due to the Pauli principle and will lead to an AFM coupling. This interaction

mechanism is related to the wavefunction overlapping, as electrons prefer to delo-

calize to reduce the system total energy as by the Heisenberg uncertainty principle

∆x∆p ≥ ℏ, where p and x are the momentum and position respectively. Neverthe-

less, the results evidencing a ferromagnetic ordering show that this contribution is not

the principal one, as the dOs−Os distance in the monolayers is considerable (> 3.48Å).

Furthermore, as the distance dOs−Os increases (see Fig. 3) the electronic wavefunction

overlapping decreases, and the monolayers tend to a more ferromagnetic behaviour

as shown in Fig. 10. For the second case, the super-exchange mechanism involves

the virtual transfer of Os electrons mediated by the non-magnetic halide atoms. The

magnetic coupling is found by following the Goodenough–Kanamori rules85. For the

OsX3 monolayers case, given the symmetry of the lattice and the close to 90o Os-X-

Os angles, as presented in Tab.1, the exchange is ferromagnetic and is considered

to be the main contributor. The results presented agree with previous reports on

the ferromagnetic ordering presence in OsCl3 and OsI3
86. In the latter, the magnetic

properties agree qualitatively with the reported in Ref.87, nevertheless, the crystalline

space group differs and is not directly comparable. Lastly, a table summarizing the

magnetic properties is presented in Table. 2.

84 Coey 2010; B. G. Li et al. 2020.

85 Coey 2010.

86 T. Liu et al. 2019.

87 B. G. Li et al. 2020.
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Material ∆E meV Exchange Coupling meV TC K

OsCl3 23.99 1.0 44.93

OsBr3 11.92 2.2 97.64

OsI3 173.55 9.3 390.82

Table 2. Magnetic properties of the OsX3 monolayers.

5.3. ELECTRONIC PROPERTIES

To shed light on the electronic properties of the ferromagnetic OsX3 monolayers the

self-consistent field calculations from the DFT framework implemented in the VASP

package were carried out (see Sec. 7 for computational details). Once obtained the

electronic densities, the band structures were computed for the path Γ →M → K →

Γ in the hexagonal Brillouin zone, as shown in Fig. 11. It is worth mentioning that

calculations without including SOC employed the collinear magnetism approach and

the non-collinear when considering it.

Figure 11. Hexagonal Brillouin zone, the irreducible portion (blue coloured) and the
high-symmetry points: Γ, K,M .

The calculated electronic band structures for the three monolayers employing the

HSE06 exchange and correlation hybrid functional are presented in Fig. 12. First,

the results obtained without SOC for the OsCl3 and OsBr3 cases show a semicon-

ductor/insulator behaviour with a band gap of 1.011 eV and 0.934 eV, respectively.
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Moreover, the band features between these two materials are reasonably similar and

only defer noticeably on the last occupied band along the Γ → M path. In the case

of OsI3, there is a metallic behaviour given by the linear dispersion around the Fermi

level at the K high symmetry point of the Brillouin zone, by the appearance of a

Dirac cone. Additionally, the spin-projected electronic band structures are presented

in Fig. 13. Is evident that in all cases there is a 100% spin-polarization around the

Fermi level. Due to the ferromagnetic nature of the monolayers, which results in a

majority and minority spin channel. In this manner, for the OsCl3 and OsBr3 both

spin channels are insulating, but in the OsI3 case the majority spin channel is metallic

while the minority one presents a band gap.
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Figure 12. Electronic band structure calculated with the Hybrid exchange and
correlation functional HSE06, with SOC (yellow) and without (coloured) for the (a)
OsCl3 (b) OsBr3 (c) OsI3 monolayers.

On the other hand, the electronic band structures taking into account the SOC in-

teraction are presented in Fig. 12 (yellow coloured). As a consequence of the SOC

inclusion in all three compounds, there is an insulating behaviour. For the case of

OsCl3, the band gap increases to 1.779 eV and for OsBr3 to 1.621 eV. Notably, for

the OsI3 there is a degeneracy lifting at EF given by a gap opening of 1.018 eV. This
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gap opening is intriguing as this characteristic has been suggested as a marker of the

QAH topological phase from the theoretical approach88. Moreover, the large band

gap is beneficial from the practical point of view, as it could be maintained at room

temperature. Finally, as a general trend, it can be observed that there is an inverse

relation of the electronic band gap with the atomic number ZCl,Br,I of the halide.
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Figure 13. Spin projected electronic band structure without SOC calculated with the
Hybrid exchange and correlation functional HSE06 for the (a)OsCl3 (b)OsBr3 and
(c)OsI3 case, blue (spin-majority) channel and red (spin-minority)

To gain deeper insight into the electronic nature of the OsX3 monolayers, the Bader

charge analysis89 was employed through the software available from the Henkelman

Group90. The Bader charge is defined as the difference between the number of valence

electrons and the total charge computed by the Bader analysis; a non-zero value

88 Kong et al. 2018; J. He et al. 2017; L. Tian et al. 2019; Jiaxiang Sun et al. 2020; You et al. 2019;
Ya ping Wang et al. 2018; e. a. Sun Q. 2019.

89 Bader 1991.

90 G. A. Henkelman, Arnaldsson, and Jónsson 2006; Edward Sanville et al. 2007; Yu and Trinkle
2011; Tang, Sanville, and G. Henkelman 2009.
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signals the ionicity of the bonding91. The Bader charges obtained for the Os atom in

the monolayers are presented in Fig. 14. In the case of OsCl3, the Os atom has lost

0.91 electrons, and each Cl atom has attracted 0.31 electrons, indicating an elevated

ionic bonding. For the OsBr3 case, the Os atom forfeits 0.43 electrons, and each

Br atom gains 0.14 electrons, presenting considerable electronic transport. Finally,

for the OsI3 monolayer, the Os atom yields 0.11 electrons, and the I atom attracts

0.04 electrons. In this manner, from the Bader charge analysis is evident a decrease

in the electronic charge transfer as the atomic number ZCl,Br,I increases, which could

be explained by the cell expansion and Os-X distance increment observed in Sec. 5.1.
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Figure 14. Bader net atomic charges for Os in the OsX3 monolayers, the non-zero
values imply an electronic transfer from Os atoms to the halides.

Another aspect to take into account is the electronegativity difference between the

transition metal and the halides. This property gives a measure of the tendency of

an atom to attract electrons when forming a bond92. For the atoms in question, the

91 H. Zhang et al. 2018.

92 Linus 1932.
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Pauling electronegativity values are93

χOs = 2.2, χCl = 3.16, tBr = 2.96, χI = 2.66,

therefore, the differences are

∆Os−Cl = 0.96, ∆Os−Br = 0.76, ∆Os−I = 0.46.

This tendency is in accord with the observed reduction in electronic charge transfer.

Moreover, in Fig. 15 is presented the electronic band structure of the OsX3 monolayers

projected by atom. Here, the electronegativity difference effect can be evidenced as

there is a direct relationship with the band gap size. This band gap trend is supported

as well from the spectrochemical series analysis, presented in (38) of Sec. 5.2, as the

ligand strength is related to the ligand-field splitting parameter ∆ of d orbitals. It can

also be observed that the halides (more electronegative) are seen to contribute to the

bands below the Fermi energy, in contrast, the Os (less electronegative) are present in

the conduction bands. This is supported by the crystal field discussion from Sec. 5.2,

where the bonding orbitals (mainly p) are filled before the non-bonding (d orbitals).

Additionally, it can be seen that there is a tendency for hybridization to increase

around the Fermi level, due to electronic charge retention.

93 Allred 1961.
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Figure 15. Electronic band structure with SOC calculated with the PBEsol+U
exchange and correlation functional taking into account the projection by atom Os
(yellow) halide(coloured) for the OsX3 monolayers.

For the electronic structure description, the Perdew-Burke-Ernzerhof for solids (PBEsol)

exchange and correlation functional was initially employed due to presenting lower

computational cost. Nevertheless, due to the important electron correlation effect for

the transition metal atoms, owing to the localization of their d electrons, the PBEsol

functional fails to reproduce accurately the physics of the system. Therefore, the cho-

sen methodology was to make use of the Hubbard94 correction for the PBEsol case

until a good agreement with the HSE06 results; as the later functional is regarded

as more precise and closer to the expected experimental results95. We found that for

the three monolayers, the U=4.0 eV was the appropriate value to correct the elec-

tron correlation, as presented in Fig. 16. Here, a good agreement between the band’s

behaviour around the Fermi level can be evidenced, as well as a difference of 10%

(OsCl3), 7% (OsBr3) and 0.7 % (OsI3) in the electronic band gap.

94 Dudarev et al. 1998.

95 Heyd and G. E. Scuseria 2004.
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Figure 16. Electronic band structure calculated with the Hybrid HSE06 (yellow) and
the PBEsol+U:4.0 (coloured) exchange and correlation functionals, taking into
account the SOC for the (a) OsCl3 (b) OsBr3 (c) OsI3 monolayers.

The description of the electronic structure of these compounds was found to be highly

sensitive to the correlation treatment. This can be seen in Fig. 17, in the case of

OsCl3, initially without correcting the correlation a band crossing can be observed at

the Fermi level between Γ and M ; but as U increases it vanishes and there is a gap

opening. Henceforth, being fundamentally different in nature from the SOC-induced

gap opening. For the OsCl3 case, a small gap was found in the first place, along

with a crossing between Γ and M between conduction bands. Once U is taken into

account, the crossing disappears and the band gap increases. Finally, the OsI3 case

is notable as the Dirac cone found at the K high symmetry point is preserved under

the Hubbard correlation treatment. In view of the above, as there is a change from

metallic to insulating behaviour not protected by the crystal potential periodicity,

the nature of these compounds is of a Mott insulator. In this type of insulator, the

electronic transport behaviour comes from the correlation between electrons96. This

96 Khomskii 2014.
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electronic state is characterized by electron localization, and correspondingly there is

an appearance of localized spins-magnetic moments as was evidenced in Sec. 5.2.
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Figure 17. Electronic band structure without SOC calculated with the PBEsol
exchange and correlation functional taking into account the Hubbard U correction
for the (a) OsCl3 (b) OsBr3 (c) OsI3 monolayers

Finally, to verify the gap opening of the OsI3 monolayer as a consequence purely of

the SOC inclusion (as the electron correlation was discarded), a non-collinear mag-

netism calculation without including SOC was performed97, see Fig. 18. From this

result, is evident that the magnetism formalism results in the same electronic band

structure, and the crossing remains. The reasons for this difference even though the

compounds present a very similar chemical environment (same periodic table group),

could be explored from the change in electronic charge transfer shown by the Bader

analysis. Moreover, another factor to take into consideration is the SOC effect, which

is comparable in magnitude to the crystal field energy ∆cf , and increases for heavier

atoms98. Finally, another difference of the OsI3 monolayer is given from the structural

97 VASP is implemented in such way that calculations including SOC by default imply the utilization
of non-collinear magnetism and the spinors formalism.

98 Khomskii 2014.
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point of view, as presented in 4 from Sec. 5.1. The octahedral distortion could also

contribute to the difference in the band structure, as the crystal field is modified. This

change in angle implies a change in the overlapping of the d orbitals of Os and the

p halide orbitals, which could affect the splitting as the antibonding levels are less

energetic, and the band gap is reduced.
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Figure 18. Electronic band structure calculated with the PBEsol exchange and
correlation functional for the OsI3 monolayer, with non-collinear magnetism but not
taking into account the SOC.

5.4. SOFTWARE IMPLEMENTATION: CherN

Given the characteristics presented by the OsX3 monolayers the expected topological

phase was the QAH phase, characterized by the total Chern number (C) given by99

C =
1

2π

occ.∑
n

∫
BZ

Ω(n)(k) · dS. (41)

Nevertheless, the Berry curvature Ω(k) is not directly available in practical density

functional theory (DFT)100 calculations. This constraint prevents straightforward

99 Thouless 1983; David 2018, chap. 3.2.2.

100 W. and S. L. J. 1965; H. P. and W. 1964.
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computation of Eq. (41). Instead, the tracking of the evolution of hybrid Wannier

charge centers (HWCCs) from one boundary in the BZ (k = 0) to its periodical image

(e.g., k = 2π/ai) was proposed to evaluate the Chern number101. Available numer-

ical implementations for computing the Chern topological invariant are Z2PACK102

and WANNIERTOOLS103. Z2PACK accepts physical models based on an analytical

Hamiltonian, a tight-binding Hamiltonian, or as an input from ab initio pseudopo-

tential, plane-wave basis family DFT codes, such as VASP, QUANTUM ESPRESSO,

and ABINIT. WANNIERTOOLS, on the other hand, requires construction of a Wan-

nier function tight-binding model based on the results obtained from an ab initio

code via the WANNIER90 package104. To the best of our knowledge, only one nu-

merical implementations for computing the C and Z2 topological invariants based on

the all-electron full-potential DFT code has been reported so far105. Nonetheless, the

program is not publicly available for use.

In this manner, the implementation of a open-source program that broadens the capa-

bility of the all-electron full-potential DFT package WIEN2K106 to the characterization

of topological phases by computing the C invariant was carried out. In addition to

computing the topological invariant, this contribution allows us to generate a map

of the Berry curvature Ω(k) in an arbitrary plane of the Brillouin zone, which can

be employed for identifying regions with inhomogeneous Ω(k) values. The latter

101 Soluyanov and Vanderbilt 2011.

102 Gresch et al. 2017.

103 Q. Wu et al. 2018.

104 al. 2020.

105 Feng, Wen, et al. 2012.

106 Blaha et al. 2020; B. P. et al. 2018.
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functionality complements the growing interest to direct experimental reconstruc-

tion of the Berry curvature in reciprocal space, which becomes a target for measur-

ing an underlying topology of Bloch bands107. The program employs the programs

WIEN2WANNIER108 and BERRYPI109 for the calculation of overlap matrix elements and

the Berry phase, respectively (both codes are implemented in WIEN2K). This imple-

mentation does not require construction of Wannier functions thereby making char-

acterization of topological materials more straightforward.

5.4.1. METHOD

We consider the electronic ground-state for a periodic crystal, which is described by

a single-particle mean-field Hamiltonian H(k), a smooth function of the k crystalline

wave vector. The eigenstates of this Hamiltonian are found through the solution of

the Kohn-Sham equations given by the DFT110.

For the calculation of the Chern number as per Eq. (41) it is necessary to perform

an integration of the Berry curvature Ω(k) over the whole 2D BZ. In this context, the

BZ is not taken as the Wigner-Seitz cell of the reciprocal space, but a primitive cell

consisting of the parallelepiped formed by the reciprocal lattice vectors as in Fig. 19.

This integration can be performed by subdividing the 2D BZ (S) into patches (Si) such

that the total Chern number is given by the sum of Berry phases γ(n)∂Si
of occupied states

accumulated on the boundary of each patch as originally proposed by111. The Berry

107 Mikitik and Sharlai 1999; Y. Liu et al. 2011; M. G. P. and V. 2004; K. F. Mak et al. 2014; Hanzhe
Liu et al. 2017.

108 Kuneš et al. 2010.

109 Ahmed et al. 2013.

110 H. P. and W. 1964; W. and S. L. J. 1965.

111 Fukui, Hatsugai, and Suzuki 2005.
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Figure 19. (a) Discretization of the BZ for the calculation of the Chern topological
invariant. For each loop Si the Berry phase is calculated counterclockwise
(k1, .., k4, k1) and all the contributions are summed. The phase calculation direction
consistency implies that the internal contributions from the loops cancel each other,
and the Berry phase for the boundary ∂S is obtained. One of the Berry phase
unwrapping schemes (horizontal) for adjacent k point loops is presented. The
unwrapping starts from γ2 with respect to γ1 and follows the direction of the black
arrow (a vertical scheme is also performed and a tolerance requirement is checked
for both). (b) Boundary (light blue) discretization of the BZ (light gray) at the
selected plane with height λ.

phase is a 2π gauge-invariant quantity which represents a rotation in the complex

phase of the cell-periodic part of the Bloch state |u(n)k ⟩ as it traverses adiabatically

a closed path over the BZ. It is defined in terms of the Berry potential A(k) and is

related to the Berry curvature via Stoke’s theorem as

γ
(n)
∂S =

∮
∂S

A(n)(k) · dk =

∫
S

Ω(n)(k) · dS, (42)

where S is the vector of area normal to the surface, S and ∂S are the surface and

its boundary, respectively. The calculation of the Chern number directly from ‘raw’

γ∂S values is hindered by the gauge uncertainty. For instance, if we were to com-
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pute the Berry phase on the whole boundary ∂S of the BZ, it would not be possible

to differentiate between the phase of 0 and 2π, or equivalently between the Chern

number of 0 and 1. Therefore, an alternative approach involves dividing S into sub-

spaces Si sufficiently small, so that the obtained change in phase between adjacent

loops ∂Si is smooth enough in comparison to the gauge uncertainty of 2π. Thus, for a

patch Si(Fig. 19a) we can compute the Berry phase γ∂Si
by means of the eigenvalues

λi = eig(M) of the Wilson loop

M =
J−1∏
i=1

S (ki,ki+1) , (43)

which is comprised of discrete k points112( k1 ≡ kJ due to periodicity of the BZ).

Here, Smn (ki,kj) are the overlap matrix elements between the cell-periodic term of

two eigenstates

Smn (ki,kj) =
〈
u
(m)
ki

| u(n)kj

〉
m,n ∈ [bin, bfin] , (44)

and the eigenvalues of the Wilson loop are related to the total Berry phase by

γ∂Si
=

occ.∑
v

arg(λv) ≡ Φi. (45)

This quantity is also referred to as a flux of Berry curvature (or the Berry flux) Φi

through the patch. For a discrete grid, the magnitude of the Berry curvature projec-

tion normal to the plane Si can be approximated as

|Ω(k)| ≈ Φi

Si

. (46)

112 M 2020.
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Finally, the Chern number is computed as113

C =
1

2π

BZ∑
i

γ∂Si
. (47)

Since the Chern number is defined as the total flux of Berry curvature in the BZ,

Eq. (47) can be viewed as a sum of locally calculated Berry fluxes through each patch;

where the i index runs over ∂Si in such way that the whole surface S is covered. The

BZ constitutes a vectorial manifold, for the 2D case a T 2 torus, owing to the periodic

boundary conditions of the crystal. Hence, the Chern number can be comprehended

as the winding number of the Berry phase around this torus114.

5.4.2. IMPLEMENTATION

CHERN is a PYTHON script that divides a plane S in the BZ into subsets Si and evalu-

ates the Berry phase for each boundary ∂Si following the method described in section

5.4.1 by recursively invoking the main BERRYPI program. The script must be executed

in the case directory after performing the standard WIEN2K self-consistent field cal-

culation. For this purpose, the program receives as input: the band’s range [bin, bfin],

the plane normal direction and height, the boundary range [binitial
1 , bfinal

1 , binitial
2 , bfinal

2 ] (if

b3 is selected as the plane normal direction) and finally, the discretization parameters

n1 and n2. For example, Fig. 19b presents a scenario for a plane in b3 direction with

height λ and a boundary [0, α, 0, β]. It is worth noting that for the computation of

the Chern number the boundary should cover the BZ, i.e, [0, 1, 0, 1] (or any equivalent

selection). Moreover, it is possible to switch the spin-polarized, parallel, and orbital

potential (DFT+U) calculation flags. SOC is implied by default.

113 M 2020; Fukui, Hatsugai, and Suzuki 2005; Palyi, Asboth, and Oroszlany 2016; Blanco de Paz
et al. 2020.

114 D. Bercioux et al. 2018.
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Sample of CherN.py input:

bands= [1,70]

n_1 = 10

n_2 = 10

plane_dir = 3

plane_height = 0.0

boundary = [0,1.0,0,1.0]

parallel = False

spinpolar = True

orbital = False

The script generates a mesh-grid discretization of (n1 − 1) × (n2 − 1) for the chosen

boundary at a plane perpendicular to the selected direction and located at the con-

stant height (see Fig. 19b). Following this, the program generates the appropriate

case.klist file for each loop ∂Si in the discretized grid and invokes the BERRYPI

code with the specified flags. As the Berry phase calculation inherently carries a 2π

uncertainty, two phase unwrapping schemes are utilized (the python numpy.unwrap

function) for all the calculated phases (see fig 19b) to ensuring a smooth evolution

of the Berry flux between adjacent patches. The acceptable criterion for smoothness

is ∆γ < π/2. If the smoothness criterion is not fulfilled, a warning message will be

displayed at the end of the run.

Finally, the program calculates the total Chern number C by employing Eq. (47)

and stores the result, as well as the Berry curvature projection data (image matrix

with values in units of rad bohr2 separated by comma) obtained from Eq. (46) in the

berrycurv.dat file. This methodology differs from that chosen in the previously men-

tioned codes (Z2PACK and WANNIERTOOLS) where the calculation of the polarization

is employed, which implies the discretization of the Brillouin zone in a set of strings
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along the direction of one of the reciprocal lattice vectors. The two methods are

equivalent from the Chern number perspective. In our case, however, the selection of

loops also allow us to generate a map of the Berry curvature Ω(k) (46) as the Berry

phase is computed in each loop for the discretized grid. If the MATPLOTLIB library is

installed, a Berry curvature map is saved in .png and .pdf format. The source code

of CHERN is available in the BERRYPI GitHub repository115. The execution of CHERN

requires WIEN2K116 and BERRYPI117 (along with its dependencies) installed, as well

as the NUMPY library.

5.4.3. VALIDATION

5.4.4. CHERN NUMBER OF FeBr3

2D magnetic materials are profiled as appropriate systems to host the AHC topological

phase. The intrinsic magnetic ordering fulfills the time-reversal symmetry-breaking

condition and, as a result, conductive edge states are expected to appear in materials

with non-trivial Chern numbers. Therefore, we validate our CHERN module by em-

ploying it on the FeBr3 monolayer, reported as a hypothetical Chern insulator with a

topological invariant value |C| = 1118.

First, for obtaining the FeBr3 monolayer structure we performed the ionic relaxation

employing the VASP DFT package119. The projector augmented wave pseudopoten-

115 Oleg 2022.

116 Blaha et al. 2020.

117 Ahmed et al. 2013.

118 Olsen et al. 2019; P. Li 2019; S.-H. Zhang and B.-G. Liu 2017.

119 G. Kresse and J. Hafner 1993; Kresse and Furthmüller 1996.
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tial (PAW) method120 was utilized with cut-off energy of 500 eV for the plane-wave

basis, the valence electrons selected were: Fe(8) and Br(7). The exchange and corre-

lation functional used was the Perdew-Burke-Ernzerhof (PBE)121 and the Γ-centered

Monkhorst-Pack k-mesh grid122 of 13× 13× 1 was selected. Both the cell parameters

and internal atomic positions were fully relaxed with a force criterion of less than

1 × 10−2 eV Å
−1

on all atoms. Additionally, a vacuum of 20 Å was set to avoid inter-

layer coupling. The obtained structure belongs to the P31m (162) space group and

the optimized parameter found was a = 6.297 Å in good agreement with Ref.123.
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Figure 20. Monolayer FeBr3: (a) crystal structure, (b) BZ and high-symmetry points,
(c,d) electronic band structure (spin-up:red, spin-down:blue) without and with SOC,
respectively, (e) Berry curvature map in reciprocal space, (f) Berry curvature
distribution in the primitive BZ (fractional coordinates).

Taking the obtained structure, the self-consistent field electronic structure calculation

120 Bloch 1994; G. Kresse and Joubert 1999.

121 John P. Perdew, Burke, and Ernzerhof 1996.

122 Monkhorst and Pack 1976.

123 S.-H. Zhang and B.-G. Liu 2017.
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was performed in WIEN2K, within the spin-polarized and second-variational SOC

framework, a parameter min(RMT)Kmax = 7, and a k-point mesh grid of 15 × 15 × 1

were taken. Here Kmax is the largest reciprocal-lattice vector size (plane wave cut-off)

and RMT= 2.26, 2.15 bohr for Fe and Br, respectively, which refers to the smallest of

all atomic sphere radii. The energy cut-off separating the core from valence states was

such that 14 and 17 electrons were considered as valence for Fe and Br, respectively.

The calculation was initialized with a magnetic moment value of 1µB per formula

unit, with Fe as the magnetically active atom, and the ground state found was ferro-

magnetic with a magnetic moment of 0.99µB per formula unit, henceforth, breaking

the time-reversal symmetry of the system. Figure 20a,b shows the FeBr3 monolayer

structure and the BZ, respectively. In Fig. 20c the electronic band structure with-

out SOC is presented, where a crossing at the Fermi level (between bands 130 and

131) can be observed at the K high-symmetry point. A SOC-induced gap opening of

47 meV can be evidenced in Fig. 20d, which lifts the degeneracy at EF and indicates

the Chern insulator phase124.

The projected Berry curvature map for FeBr3 is presented in Fig. 20e along with the

detailed map in the primitive BZ (fractional coordinates) shown in Fig. 20f. It can be

observed that the source of Berry curvature comes from the high symmetry point K

where the SOC gap emerged. The calculation was performed with the spin polar and

parallel flags, the range of occupied bands [1,130] was selected, and the discretiza-

tion parameters n1 = n2 = 33 were used. It should be noted that for obtaining reliable

results this parameters must be increased until the tolerance criteria is achieved, in

this case for values higher than n1 = n2 = 21. Moreover, the lattice vector perpendic-

ular to the monolayer (a3) was selected as the plane_dir parameter, and the plane

height was set to 0. The obtained Chern number given by Eq. (47) is |C| = 1, which

124 Olsen et al. 2019; P. Li 2019; S.-H. Zhang and B.-G. Liu 2017.
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agrees with prior theoretical studies125.

5.4.5. BERRY CURVATURE OF MoS2

For the validation of the Berry curvature maps, the MoS2 monolayer was selected

due to its characteristic behaviour, the opposite Berry curvature at the corners of the

hexagonal Brillouin zone (K and K ′ high symmetry points as in Fig. 21b) Feng, Yao,

et al. 2012; Xiao et al. 2012. For this reason this material has attracted great attention

due to the potential uses in electronics and emerging fields such as valleytronics and

spintronics Xiao et al. 2012; Lembke, Bertolazzi, and Kis 2015; Zhongying Wang and

B. Mi 2017; H. Li et al. 2014. Nevertheless, as this is a non-magnetic monolayer the

TRS breaking condition is not met, and it cannot be a Chern Insulator (C = 0).
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Figure 21. Monolayer MoS2: (a) crystal structure, (b) BZ, (c) calculated electronic
band structure with SOC, (d) Berry curvature map in reciprocal space, (e) Berry
curvature distribution in the primitive BZ (fractional coordinates).

The self-consistent field calculations were carried out with the full-potential linearized

augmented plane-wave DFT method implemented in WIEN2K. The experimental

125 Olsen et al. 2019; P. Li 2019; S.-H. Zhang and B.-G. Liu 2017.
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data from Ref.126 were utilized for the crystal structure, fixing the lattice parameter

of the monolayer to a1 = 3.16 Å, which belongs to the P6m2 (187) space group, as

presented in Fig. 21a. To avoid interlayer coupling, a vacuum of a3 = 9.11 Å was

employed, which corresponds to the triple value of interlayer bulk distance. The PBE

generalized gradient approximation127 was selected for the exchange and correlation

functional. For the electronic ground states the parameter min(RMT)Kmax = 7 was

utilized (muffin tin radii RMT = 2.44, 2.10 bohr for Mo and S, respectively) with a

k-mesh grid of 16 × 16 × 3. The energy cut-off separating the core from valence

states was such that 14 and 6 electrons were considered as valence for Mo and S,

respectively; the charge leakage was checked. The spin-orbit coupling was taken into

account.

The calculated ground state was found to be nonmagnetic (resulting in |C| = 0), and

the electronic band structure is presented in Fig. 21c. Here it can be seen that mono-

layer MoS2 is a semiconductor with a direct band gap of 1.8 eV128. For calculation

of the Berry curvature map, the k-parallel flag was employed, the selected range of

occupied bands was [1, 26], the selected plane_dir parameter corresponded to the

lattice vector perpendicular to the monolayer (i.e., a3), and the plane height was set

to 0. The discretization parameters n1 = n2 = 51 were selected, while the continuity

of Berry curvature was achieved starting from n1 = n2 = 32. The inherent inversion

symmetry breaking due to the monolayer configuration combined with the strong

SOC result in appearance of opposite sign contributions to the Berry curvature with

peaks at the K and K ′ high symmetry k-points. Moreover, Ω(k) vanishes at the Γ

and M high symmetry points. These features of the Berry curvature map are in good

126 Villars and Cenzual n.d.

127 John P. Perdew, Burke, and Ernzerhof 1996.

128 Xiao et al. 2012.
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agreement with prior theoretical studies by Ref.129.

5.5. TOPOLOGICAL PROPERTIES

To study the topological properties, particularly, determining the Chern topological

invariant of the OsX3 monolayers, two methodologies were employed: the utilization

of the CHERN module discussed in Sec. 5.4 and the use of the Z2PACK130 software.

For the CHERN case, as it is available for the WIEN2K DFT package, the relaxed

crystal structures calculated from VASP were employed and the self-consistent field

calculations were carried out. The correct reproduction of the results was verified

through the comparison of the obtained electronic band structures, see Appendix. 8.6,

and the computational details for the WIEN2K package are provided in Sec. 7. In the

Z2PACK case, there are two input options available for the Chern number calculation:

a tight-binding Hamiltonian and interfacing from ab initio codes such as VASP. Both

approaches were explored, the first by the construction of the MLWF through the

WANNIER90 code. Nevertheless, the results obtained in this case were too sensitive, as

different Chern numbers were obtained for the same compound by a variation of the

convergence parameters provided by Z2PACK. Therefore, the results presented from

this software are obtained by interfacing with the VASP code, utilizing the calculated

electronic charge densities from Sec. 5.3.

129 Feng, Yao, et al. 2012.

130 Dominik et al. 2017.

73



CHAPTER 5. RESULTS AND DISCUSSION

 Ω
(r

ad
 b

oh
r 

 )2

0.75

0.50

1.00

1.25

0

-0.25

0.25

(a)

b1

b2 K 

Γ

(b)

1.5

1.0

2.0

2.5

0

-0.5

0.5

b1

b2K 

Γ

(c)

0

2

4

6

8

10

b1

b2 K 

Γ

Figure 22. Berry curvature map in reciprocal space with U=4.0 eV for (a) OsCl3 (b)
OsBr3 and (c) OsI3.

The CHERN calculations were performed with the spin polar, parallel and orbital flags.

The lattice vector perpendicular to the monolayer (a3) was selected as the plane_dir

parameter, and the plane height was set to 0. The discretization parameters employed

for the three monolayers were n1 = n2 = 21, which achieved the convergence toler-

ance. The band ranges taken were the set of occupied bands: OsCl3 [1,98], OsBr3

[1,158] and OsI3 [1,158]. The computed Chern numbers for the three cases were

|C| = 0 and the Berry curvature maps obtained are presented in Fig. 22. In all cases

a non-null Berry curvature Ω can be observed in reciprocal space, where the posi-

tive contribution originates mainly from the Γ high symmetry point; decaying as you

move away from Γ to negative values in the M and minimums in the K high symme-

try points. Moreover, as the atomic number ZCl,Br,I of the halide increases a trend can

be observed such that there is an increment of Berry curvature values, in conjunction

with a sharper behaviour around the Γ and K points in reciprocal space.
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Figure 23. Tracking of the HWCC for the occupied states with U=4 eV for (a) OsCl3
(b) OsBr3 and (c) OsI3.

In the Z2PACK case, the obtained results support the previous findings, as the cal-

culated Chern number in all OsX3 compounds is |C| = 0. This can be observed in

Fig. 23, where the summation of the hybrid Wannier charge centers as a function of

ky is presented. In this manner, as this quantity is proportional to the Berry phase,

γ = 2π
a

∑
n x̄n, where a is the lattice parameter, and taking into account the interpre-

tation of the Chern number (see Sec.5.4.2) as the winding of the number of the Berry

phase along the Brillouin zone, the behaviour is consistent with a null-winding and a

trivial Chern topological invariant.
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Figure 24. Berry curvature map in reciprocal space with U=0 eV for (a) OsCl3 (b)
OsBr3 and (c) OsI3.

Moreover, the calculations for the U = 0 case were carried out, motivated by previous
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reports of the topological features of the OsCl3 and OsI3 monolayer131, both predict-

ing a non-null Chern number in them without taking into account the Hubbard U

correlation correction and from the PBE exchange and correlation treatment132. The

CHERN calculations were performed without the orbital flag as U = 0, and the same

plane direction and value as those taken in the last section. The discretization param-

eters employed were n1 = n2 = 21, 31, 33; for the OsCl3, OsBr3 and OsI3, respectively,

and the band ranges taken were the occupied bands. The calculated Chern numbers

were |C| = 0 for the OsBr3 and OsI3 cases and |C| = 2 for OsCl3, consistent through

the employment of both the PBE and PBEsol functionals. In Fig. 24 are presented the

Berry curvature maps. Here, for the OsBr3 case, Ω is found to be negligible over recip-

rocal space. For the OsI3, there is significant Berry curvature presence in the BZ. The

behaviour is such that there is both a positive and negative contribution around the

Γ high symmetry point and a localized negative contribution at the K point, similarly

to the FeBr3 case of Sec. 5.4.3. Finally, in the OsCl3 case, the Berry curvature presence

has entirely the same sign, therefore, the integration over the Brillouin zone is not-

null, as given by the calculated Chern number. In this case, it originates mainly from

the region between the Γ and M high symmetry points; where the band crossing was

observed in Fig. 17. Nevertheless, as discussed in Sec. 5.3, this degeneracy is lifted

purely from the correlation correction, and as a result is not observed in Fig. 22.

In view of the foregoing, it can be evidenced that the theoretical study of topological

features is a complex phenomenon that presents great susceptibility to the electronic

structure description, particularly, the correlation treatment133. This is a natural con-

131 Sheng and Nikolić 2017; Fang et al. 2022.

132 The results presented here were using the PBEsol functional both in VASP and WIEN2K.

133 Olsen et al. 2019.
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sequence, as the change in the electronic interaction description results in a modifi-

cation in the crystal wave functions and therefore an alteration in the band structure;

from which topology the Berry curvature Ω is obtained. Based on the magnetic 5.2

and electronic 5.3 results from the OsX3 monolayers the expected candidate for the

Chern Insulator phase was the OsI3 as it presented a strong ferromagnetic ordering,

breaking the TRS, and a SOC-induced gap opening of the band crossing. Neverthe-

less, the computation of the Chern topological invariant indicates a trivial topology.

Improvements in the methodology taken could be avoiding the transition from VASP

to WIEN2K, by an implementation of the CHERN program in the former. Additionally,

the possibility of calculating the Berry curvature for the HSE06 case could be optimal,

nonetheless, due to computational restrictions is not yet an available option.
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Section 6.0

CONCLUSIONS

From the presented developments and results from the DFT ab initio calculations of

this work, is possible to state the following conclusions:

1. It was possible to find the relaxed crystal structures of the OsX3 (X: Cl, Br, I)

monolayer family, finding that they belong to the P31m(162) space group. Em-

ploying the simulation package it was possible to determine the structural prop-

erties, such as the lattice constants, widths of the monolayer and the distances

and angles between the atoms in the structures. An expansion trend of the

monolayers and Os-Os distance was observed as a function of the halide atomic

number. Finally, the monolayer condensed phase formation was energetically

favourable as the cohesive energy Ec in all cases was negative, and a tendency

related to the ionicity loss could be evidenced.

2. For all the OsX3 (X: Cl, Br, I) monolayer family it was found a ferromagnetic

ordering is the ground state of the system. It was possible to determine the

spin and orbital magnetic moment, corresponding to the low spin configuration

for the octahedral field splitting for the crystalline environment. The Hubbard

correction was probed to be crucial for determining the magnetic properties of

the PBEsol calculations. Additionally, large orbital magnetic moments were en-

countered, originating from the elevated SOC effect and the electron occupancy

configuration. Moreover, the origin of the crystal field splitting was analyzed,

such as the minimization or electron repulsion and the covalency contribution.

The latter is expected to be not as significant because even though the high Z

Os atom is present, the halide atoms (Cl, Br, I) are weak ligands given by the

spectrochemical series. It was possible to carry out an estimation of the criti-
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cal temperature TC for the ferromagnetic ordering of the monolayers through

the computation of the magnetic exchange constants. The OsI3 monolayer was

considered the most suitable candidate, due to the above room temperature

calculated value. Lastly, the interaction mechanisms between magnetically ac-

tive atoms in the lattice were reviewed. From this analysis, in conjunction with

the structural features, the super-exchange interaction was considered the main

contributor, benefiting FM behaviour.

3. The electronic band structure was determined from the HSE06 level, finding

the monolayers as Mott insulators. Through SOC inclusion in the calculations,

it was possible to observe a degeneracy lifting for the Dirac cone presented

in the OsI3 monolayer. Moreover, the electronic band structures projected by

spin and atom contribution were examined. The former evidenced a 100% spin

polarization around the Fermi level; and the latter, on the other hand, was dis-

cussed from the electronegativity difference and electronic charge transfer. In

this manner, the basis taken to study the bonding behaviour was employing the

Bader charge analysis. This technique allowed us to determine a decrease in

the charge transfer between the Os atom and the corresponding halides as the

atomic number increased ZCl,Br,I , losing ionicity. Additionally, the appropriate

Hubbard U value for calculations employing the PBEsol functional was found

to be U=4.0 eV, determined by a fitting to the HSE06 results. In addition, the

great susceptibility of the electronic structure of the monolayers to the corre-

lation effect was assessed, encountering a degeneracy lifting by the correlation

correction for the OsCl3 case. The OsI3 monolayer band-crossing proved robust

to these changes, and the gap opening was demonstrated to be purely from

the SOC effect. Finally, the possible causes for this difference were discussed,

such as the electronic transfer behaviour, the elevated SOC and the octahedral

distortion.
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4. We introduced the CHERN software module for computing the Chern topological

invariant implemented in the all-electron full-potential package WIEN2K. The

method of characterization was presented and relies on computing the Berry

phase for a multitude of Wilson loops that discretize a 2D Brillouin zone. Addi-

tionally, the program implementation was described. Validation of the program

was confirmed by testing on the well-known materials with topological features:

monolayer FeBr3 as a Chern insulator and monolayer MoS2 with a distinct Berry

curvature map. The results agree with the available experimental and com-

putational data. The analysis of topological characteristics can be performed

directly after performing a self-consistent field calculation without constructing

maximally localized Wannier functions. This feature makes these computational

tools attractive for the study and prediction of topological materials.

5. The topological features of the monolayers were explored from the implemented

CHERN program and the available software for computing topological invari-

ants. The Berry curvature maps and Chern numbers were computed for both

Hubbard-corrected and not corrected cases. With this, the Berry curvature pres-

ence on reciprocal space was reviewed. The study of the topological features

was found to be non-trivial as a careful description of the electronic correlation

is needed. Therefore, even though the OsI3 monolayer presented itself as a pos-

sible candidate to present the Chern insulator topological phase, once taking

into account the U parameter the result was a null Chern number, as well as

a similar Berry curvature distribution as the other monolayers. These results

were corroborated by the zero Chern number found employing the Z2PACK

program.

6. We expect that the study of these new systems might awaken the interest and fu-

ture efforts to the experimental synthesizing and magnetic probing of the OsX3

monolayers. Likewise, the properties presented by the materials could position
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them as building blocks for devices in emerging fields, such as spintronics and

hetero-structures.
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COMPUTATIONAL DETAILS

The density functional theory (DFT)134 framework calculations were performed on

the software implementations: VASP135 and WIEN2K136. For the topological charac-

terization: In the case of the VASP results the Z2PACK137 software was utilized and for

the WIEN2K case the program used was the CHERN module, part of the BERRYPI138

software. Additionaly, for the exchange constants calculations the WANNIER90 soft-

ware was employed for constructing the Wannier function tight binding model139.

7.1. VASP

For reproducing the interaction between the ion + core electron system with the va-

lence electrons, the projector augmented wave pseudopotential (PAW) method was

utilized with cut-off energy of 600 eV for the plane-wave expansion140. The valence

electrons selected were: 5p66s25d6 (Os) and s2p5 (Cl,Br,I). Concerning the exchange

and correlation treatment, the selected functionals were the generalized gradient ap-

proximation (GGA) and Hybrid calculations with the Perdew-Burke-Ernzerhof for

134 Hohenberg and Kohn 1964; Kohn and Sham 1965.

135 G. and H. J. 1993; G. Kresse and J. Furthmüller 1996; G. Kresse and Furthmuller 1996.

136 Peter et al. 2020.

137 Dominik et al. 2017.

138 Rubel 2022.

139 Pizzi et al. 2020.

140 G. and D. 1999; Kresse and Hafner 1994.
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solids (PBEsol) and Heyd-Scuseria-Ernzerhof (HSE06) respectively. The Brillouin

zones were sampled with a 9 × 9 × 1 Γ-centered Monkhorst-Pack mesh grid. For

the self-consistent field calculations the convergence tolerance selected was 1× 10−8

eV and for the ionic optimization, the force criterion was 1 × 10−4 eVÅ
−1

. Moreover,

due to the significant correlation effects due to the highly localized d electrons of

Os, the Hubbard correction141 was taken into account with a U = 4 eV value for all

compounds. Moreover, for the orbital occupancy around Fermi smoothing Gaussian

smearing with 0.02 eV was selected. Finally, as the studied systems were mono-

layers to avoid inter-layer interaction a vacuum greater than 15 Å was set between

them for all the structures. The cut-off energy and k-points mesh grid selection was

taken based on the convergence tests performed for the OsBr3 monolayer presented

in Fig.25, the selection made took into account finding the best values for equilibrium

between accuracy and computational cost. Finally, for the Bader charge calculations,

the NG(X,Y,Z)F grid employed was 128 × 128 × 64 which is two times finer than the

employed in the self consistent field calculations.
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Figure 25. Convergence tests for (a) cut-off energy for the plane wave expansion (b)
k-points meshgrid.

141 Dudarev et al. 1998.

83



CHAPTER 7. COMPUTATIONAL DETAILS

7.2. WIEN2K

For the exchange and correlation treatment, the Perdew-Burke-Ernzerhof for solids

(PBEsol) GGA functional was selected. A reduction of 3% muffin-tin radii RMT , the

product min(RMT )Kmax = 8, the separation energy of -6.0 Ry and a 15 × 15 × 1

k-point mesh-grid. For the self-consistent field calculation the energy convergence

of 10−6Ry, and charge convergence of 10−3 e. For the Hubbard correction, a U =

0.367 Ry was selected. Finally, a Fermi temperature smearing was taken for the

orbital occupancy with a broadening parameter of 0.0015 Ry. For the OsCl3 case the

RMT values selected were 2.37,1.94 bohr for Os and Cl, respectively; and the number

of valence electrons were 28 and 7 for Os and Cl, respectively. For the OsBr3 the RMT

values employed were 2.40,2.17 bohr, for Os and Br, respectively; and the number of

valence electrons were 28 and 17 for Os and Br, respectively. Finally, for the OsI3 case

the RMT values used were 2.49,2.37 bohr, for Os and I, respectively; and the number

of valence electrons were 28 and 17, for Os and I, respectively.

7.3. CHERN

For the Chern number and Berry flux calculations, the discretization parameter n

selected was such that the continuity criteria for the phase unwrapping were verified,

for all the cases n > 21. For the band selection, the occupied set of bands for each

case was selected. The selected plane was the kxy plane with a kz = 0 value and a full

Brillouin zone boundary selection. Finally, the calculations were performed with the

spin-polarized option and additional orbital potential (for the U-corrected cases).

7.4. Z2PACK

For the Chern number calculation, the selected method was through the linkage with

VASP. The surface selected was at kz = 0 and the Wannier charge centers were calcu-
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lated on lines along the ky direction. The tolerance for the change in Wannier charge

centers positions selected was pos_tol = 0.01, the iterator along lines selected was

iterator = range(8, 50, 2), the tolerance for the distance between the largest gap and

neighbouring WCC used was gap_tol = 0.3, the minimum distance between neigh-

bouring lines selected was min_neighbour_dist = 0.001 and the initial number of

lines utilized was num_lines = 51.

7.5. WANNIER90

For the DFT crystal electronic states mapping to the Wannier function representation

the methodology employed was to find the maximally localized Wannier functions.

For the disentanglement process, the limit of the frozen window was taken as 4 eV

over the Fermi energy EF , and with a tolerance of 10−6 for the fractional change of

ΩI . In the case of the wannierization the convergence tolerance of 10−9 for Ω was

used. Finally, the projection was taken for the s, p, d electrons in the Os case and s, p

for the halide atoms (Cl, Br, I).
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APPENDICES

8.1. APPENDIX A: PHYSICAL APPROXIMATIONS

To find solutions to Eq. (8) is necessary to make some approximations of physical

character, that is, the assumption of behaviours of the system or form in the solu-

tions; to simplify the equation to be solved without losing accuracy. The first of these

approximations have the purpose of both specifying the behaviour of the ions and

decoupling the electronic system from the ionic one; it is the Born-Oppenheimer or

adiabatic approximation. Based on the fact that the mass of the ions MI is much

larger than the mass of the electrons mi, the electronic system always ’perceives’ the

static ions and their effect as an effective potential. Thus, if the lattice ions move,

the electrons evolve from energy ground-states based on the initial ionic positions to

energy ground-states based on the final positions. In other words, they immediately

adjust to the new configuration through minimum energy states. From the perspec-

tive of the ionic system, the electrons move at high speed, and the effect on the ions is

to ’perceive’ them as a homogeneous electric charge density that generates an effec-

tive potential. Additionally, once the ionic system decouples, based on the fact that

the mass of the ions is considerable they can be treated as classical particles.142 Then,

to determine the equilibrium positions of the ionic system is only necessary to know

the types of atoms in the lattice and the electron density and calculate the forces on

the ions to perform the minimization process of the potential energy surface.

The result of this approximation in the equation Eq. (8), is that the kinetic energy

142 An approximation that works well for the study of the equilibrium structure of materials as long
as the atoms are not very light.
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term of the ions tends to zero and the repulsive potential between them is a constant

energy, i.e., the Madelung energy. Therefore, the ionic coordinates are transformed

into parameters and the dependence of the wave function is only on the electronic

positions: Ψ(ri). This makes physical sense since in a solid the nuclei do not travel

long distances, but remain in fixed positions. Then the equation to be solved is[∑
i

−ℏ2

2m
∇2

i − Vn(r) +
1

2

∑
i ̸=j

e2

|ri − rj|

]
Ψ = EΨ, (48)

with

E = Etot −
e2

2

∑
I ̸=J

ZIZJ

|RI −RJ |
, (49)

and

Vn(r) = −
∑
I

e2ZI

|r− RI |
. (50)

On the other hand, the single-particle approximation is performed, which consists

of assuming a solution of the many-body wave function Ψ(r1, r2, ...) as a function

composed of the ϕi wave functions obtained by solving the Schrödinger equation for

one electron only. This represents a great simplification since it goes from the problem

of solving the 3N-dimensional Schrödinger equation to solving N three-dimensional

equations. [
− ℏ2

2m
∇2 + Vn(r) + VH(r)

]
ϕi(r) = εiϕi(r), (51)

here, this approximation implies assuming a system of independent electrons. But, for

which it is possible to incorporate the effect of repulsion between electrons through

the mean-field approximation, in which the effective potential VH , known as the

Hartree potential, is found, given by the expression

VH(r) = e2
∫
dr′

n (r′)

|r− r′|
. (52)
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So, from the solutions obtained for Eq. (51), it is possible to construct a wave function

Ψ(r1, r2, ...) that satisfies the conditions required to represent a quantum mechanical

system; that is, it must be normalized (⟨Ψ | Ψ⟩ = 1) and it must be antisymmetric

under two-electron exchange, as indicated by the Pauli exclusion principle. Thus,

observables such as the energy of the system can be calculated as

E = ⟨Ψ|Ĥ|Ψ⟩ =
∫
dr1 . . . drNΨ

∗ (r1, . . . , rN) ĤΨ(r1, . . . , rN) , (53)

with

Ĥ = T̂ + Vn + Ŵ = −
∑
i

ℏ2

2m
∇2

i +
∑
i

Vn (ri) +
1

2

∑
i ̸=j

1

|ri − rj|
, (54)

and the electron density as

n(r) =
∑
i

|ϕi(r)|2 . (55)

88



CHAPTER 8. APPENDICES

8.2. APPENDIX B: SPIN ORBIT COUPLING (SOC)

The spin-orbit coupling is a physical phenomenon of relativistic origin, which mod-

ifies the energetic states of the atom and, consequently, the electronic structure ob-

tained for a material143. Moreover, this is the main contributor to crystalline mag-

netoanisotropy, which can be understood from the effect that this has in lifting the

degeneracy of the energy states in the atom, the orbitals, which generally have a

directional character. Spin-orbit coupling arises from the interaction between the or-

bital angular momentum of the electron and its intrinsic angular momentum: the

spin.

In addition to the analysis presented here, it is possible to derive the same result

from the Dirac equation in the non-relativistic limit of this interaction to estimate the

energy contribution as follows:

Initially, considering a hydrogen-like atom, in which, from the electron frame of ref-

erence, the nucleus is orbiting around the electron at a velocity v; thus, a current is

generated and gives rise to a magnetic field

B =
v × E

c2
, (56)

where

E = −∇V (r) = −r

r

dV (r)

dr
, (57)

is the electric field corresponding to the electron due to the nucleus and V (r) =

−rϕ(r) the corresponding potential energy. It is necessary to mention the origin of

Eq. (56) from relativistic electromagnetic theory144. It represents the magnetic field

143 Vanderbilt 2018; Blundell 2001; Giustino 2014; Coey 2010.

144 Griffiths 2013.
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experienced by the electron, produced by the nucleus due to the relative motion

between them; which interacts with the electron spin giving rise to a term in the

Hamiltonian

Hso = −1

2
m ·B =

eℏ2

2mec2r

dV (r)

dr
S · L, (58)

where the orbital angular momentum is given by

L =
mer× v

ℏ
, (59)

and the magnetic moment m = (geℏ/2me)S. Furthermore, the factor of 1
2

has as its

origin the relativistic correction due to the ’Thomas precession’ which occurs when

performing a velocity transformation to an inertial frame of reference. Note that

this is necessary since the electron accelerates as it orbits the nucleus. Then, for a

Coulombian field we have that

1

r

dV (r)

dr
=

Ze

4πϵ0r3
, (60)

and taking into account the result from quantum mechanics for the expected value of

⟨r−3⟩ 〈
r−3

〉
=

Z3

a30n
3l
(
l + 1

2

)
(l + 1)

, (61)

it is obtained that, the energy contribution due to spin-orbit coupling is

⟨Ĥso⟩ =
Z4e2ℏ2⟨S · L⟩

4πϵ0a30n
3l
(
l + 1

2

)
(l + 1)

, (62)

for which a quartic dependence on the atomic number Z is evident, which indicates

that this effect is significant for heavy atoms.

EFFECT ON KOHN-SHAM EQUATIONS
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The development presented for the Kohn-Sham equations Eq. 13 is such that the

spin has not been considered, which we know does not fully describe the physics of

the system. Thus, we must treat the electrons as spinors. For materials that do not

contain heavy atoms it is possible to neglect the SOC and make the approximation

that the spins can only be oriented along one direction, in which the electronic system

is divided into two independent ones: those with spin up and those with spin down.

The calculations performed under this approximation are called collinear magnetism,

and in this case, the Kohn-Sham equations can be generalized by adding the spin-

related indices to the wave functions, potentials and densities, such that one obtains

(
−ℏ2∇2

2m
+ Vext + VH + VXC↑,↓

)
|ϕi↑⟩ = Ei↑,↓ |ϕi↑,↓⟩ , (63)

where the Hartree potential VH Eq. (52) is unchanged, the total density is, n(r) =

n↑(r) + n↓(r) with

n↑(r) =
∑
i↑

|ϕi↑(r)|2 , n↓(r) =
∑
i↓

|ϕi↓(r)|2 , (64)

Moreover, the chosen correlation and exchange term must also be adapted. For non-

magnetic systems the spin-up and spin-down systems are identical, so they can be

treated as spinless electron systems and this can be considered ’by hand’ by introduc-

ing a factor of 2 into the equation (55).

On the other hand, when the SOC is considerable, it entangles the electronic states in

such a way that the collinear approximation is not possible. As mentioned, this is a

relativistic phenomenon, and it occurs as the electrons travel at very high velocities in

the central region of the atom145. When this is considered, the Kohn-Sham equations

take the form

145 Blundell 2001.
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[
−ℏ2∇2

2m
+ Vext + VH + VXC +WXC · σ + hSOC

] ψi↑

ψi↓

 = Ei

 ψi↑

ψi↓

 , (65)

Here, the corresponding spinorial treatment is to be performed, Vcx and Wcx are

the spin-dependent scalar and spin-dependent correlation and exchange potentials,

respectively, σ the vector of Pauli matrices

σx =

 0 1

1 0

 , σy =

 0 −i

i 0

 , σz =

 1 0

0 −1

 , (66)

finally, the term hSOC is the contribution to the Hamiltonian due to the spin-orbit

interaction, which rewriting (58) is given by

hSOC =
ℏ

4m2c2
σ · ∇V (r)× p. (67)
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8.3. APPENDIX C: CRYSTAL ELECTRONIC WAVE-FUNCTIONS

Crystalline materials are idealized as periodic structures with long-distance order-

ing. Their atomic arrangement is described by the crystal lattice, which defines the

allowed positions for the base elements (atoms or molecules). Therefore, to give a

complete description of the crystal it is necessary to specify all the R vectors connect-

ing equivalent atoms in the crystal and the basic unit containing all the non-equivalent

distinct atoms, not linked by a R vector. The latter is known as the primitive unit cell,

which consists of the minimum volume in space that translationally reproduces the

crystal. The lattice vectors

R = n1a1 + n2a2 + n3a3, (68)

are constructed as linear combinations of the primitive lattice vectors ai, which are

the 3 shortest linearly independent vectors connecting equivalent atoms, so that they

form the primitive unit cell. If the condition of translational periodicity is imposed

on the lattice, then a Bravais lattice is obtained, a set of equivalent points in space

(not only the nodes of the lattice) connected by R vectors. This definition is conve-

nient because for the study of a material is only necessary to find the r-dependent

wavefunctions within the primitive unit cells. Since the equivalent points in space are

connected by R, this implies that the potential to which the electrons are subjected

has the property

V(r+R) = V(r). (69)

Now, a useful tool to study the properties of periodic functions is the Fourier trans-

form, so from the direct lattice it is possible to construct a lattice of allowed k values,

under the condition of translational periodicity; this is defined analogously to the

93



CHAPTER 8. APPENDICES

direct lattice, with the primitive vectors of the reciprocal space

b1 =
2π (a2 × a3)

a1 · (a2 × a3)
, b2 =

2π (a3 × a1)

a2 · (a3 × a1)
, b3 =

2π (a1 × a2)

a3 · (a1 × a2)
, (70)

which satisfies the relation

ai · bj = 2πδij (71)

and with these it is possible to define the G vectors connecting equivalent points in

the reciprocal space

G = m1b1 +m2b2 +m3b3, (72)

by definition, it follows that

R ·G = 2πl, (73)

implying that

eiG·R = 1. (74)

With this in mind, it is possible to apply the condition of translational periodicity to

wave functions, an idea consigned in Bloch’s theorems:

Theorem 1: If one considers the Hamiltonian for a particle, of the form

Ĥ =
ℏ2∇2

r

2me

+ V(r), with V(r+R) = V(r), (75)

then, a vector k = (k1, k2, k3) can be chosen to differentiate the eigenfunctions and

the wave functions are of the form:

ϕk(r+R) = eik·Rϕk(r), (76)

Here, the ϕk states are called Bloch states. It can be seen that ki and ki + 2π corre-
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spond to the same eigenvalue 146 e−iki of ϕ, so that they refer to the same state. This

implies that in 2D the index set (k1, k2) has the topology of a toroid and in 3D the set

(k1, k2, k3) of a 3-toroid, being closed spaces.

Theorem 2: The eigenfunctions of the Hamiltonian Eq. (75) must have the form

ϕk(r) = eik·ruk(r) with uk(r+R) = uk(r), (77)

that is, the wave functions ϕk(r) can be expressed as the product of a phase factor

eik·r (plane wave) and the functions uk(r) (modulating function), which incorporate

the periodicity of the Bravais lattice.

Then, the time-independent Schrödinger equation for these states is such that

Ĥϕ
(n)
k = Enkϕ

(n)
k , (78)

it is necessary to introduce the index n to describe the set of eigenfunctions ϕk and

eigenvalues En; so that the energy values corresponding to the same value of n are

continuous functions of k and are called energy bands.

The functions ϕ(n)
k (r) for different values of k obey different boundary conditions,

due to the Eq. (76). For this reason, it is convenient to work with the periodic Bloch

functions

u
(n)
k (r) = e−ik·rϕ

(n)
k (r), (79)

which obey the periodic conditions in Eq. (77) and satisfy with

u
(n)
k+G(r) = e−iG·ru

(n)
k (r), (80)

In this manner, they belong to the same Hilbert space of periodic functions defined on

146 Of the translation operator Taj |ψnκ⟩ = e−iκj |ψnκ⟩, equivalent to Eq. (76).
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the primitive unit cell, which can be taken into account when solving the Kohn-Sham

equations. For this we replace the Bloch states Eq. (77) in the Eq. (13), so that

−e−ik·r ℏ2

2m
∇2

[
eik·ru

(n)
k (r)

]
+ Vtot(r)u

(n)
k (r) = E

(n)
k u

(n)
k (r), (81)

where the potential terms have been grouped into

Vtot(r) = Vn(r) + VH(r) + Vxc(r), (82)

so that, it is possible to obtain the Kohn-Sham equations as

[
− h2

2m
(∇+ ik)2 + Vtot(r)

]
u
(n)
k (r) = E

(n)
k u

(n)
k (r), (83)

in which the exponential factor e−iG does not appear and the only function to be

determined is the periodic function u
(n)
k , which can be normalized to the unit cell of

the crystal

∫
UC

∣∣∣u(n)k (r)
∣∣∣2 dr = 1, (84)

so that each function can only accommodate one electron per unit cell. This result

implies that to study electrons in crystals it is only necessary to solve the Schrödinger

equation(Kohn-Sham in DFT) within a unit cell primitive and apply periodic boundary

conditions. Once determined u(n)k (r), by the periodic conditions Eq. (77), the solution

in any other cell of the crystal is identically the same. Finally, the electron density can

be obtained by integration over the n and k indices,

n(r) =
∑
i

∫
BZ

dk

ΩBZ

f
(n)
k

∣∣∣u(n)k (r)
∣∣∣2 (85)

Here, the integral is taken only for the first Brillouin zone (Wigner-Seitz cell in the

reciprocal space) and f (n)
k are the occupancy numbers, whose value is 1 for occupied
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states and 0 for others.
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8.4. APPENDIX D: QUANTUM ANOMALOUS HALL EFFECT (QAHE)

To understand the quantum anomalous Hall effect147 a brief review of the family of

’Hall effects’ is in order. First, the ordinary Hall effect (OHE) indicates the presence of

a potential difference across the direction transverse to the current being transmitted

through a conductor in the presence of a perpendicular magnetic field. This arises

due to the deflection of electrons by the Lorentz force. In this case, the Hall voltage

is proportional to the applied magnetic field and the Hall resistance, defined as the

transverse voltage over the current, has a linear dependence.

Secondly, the anomalous Hall effect (AHE) is presented in ferromagnetic materials,

in which the dependence of the Hall resistance presents a large slope at low magnetic

field values, originated by the magnetization of the material; so that the (AHE) can

be measured for a case of zero external magnetic cases.

Thirdly, the quantum Hall effect (QHE) is that presented in a two-dimensional elec-

tron gas in which Landau levels arise under the application of a large electromagnetic

field. In this case, the dependence of the Hall resistance is linear up to certain points

for which they take constant values. In these constant regions, the Hall conductivity

takes the value ce2/h, with c integer or fractional, i.e., it is quantized. Likewise, there

is a zero resistance in edge dissipation, which is topological in nature, which will be

seen below through the connection between the Hall conductivity and the first Chern

number.

Finally, the quantum anomalous Hall effect as its name suggests exhibits the charac-

teristics of the (QHE) with the conditions of the (AHE); that is, a topological phase

with conducting edge states without the need for an external magnetic field.

Now, to show the connection between the topological characteristics of the band

147 Vanderbilt 2018; Bernevig 2013; Zang, Cros, and Hoffmann 2018; K. He, Yayu Wang, and Xue
2013.
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structure of a material and the Hall conductivity it is possible to start from the ex-

pression for the expected value of the velocity of electrons subjected to an electric

field E, in terms of the Bloch states |u(n)k (see Ref.148)

〈
v
(n)
k

〉
=

1

ℏ
∇kϵ

(n)
k +

e

ℏ
E×Ω(n)(k), (86)

where Ω(n)(k) is the Berry curvature of the band. The first term in the expression to

the right of equality is the group velocity and the second is known as the ’anomalous

velocity’ and is transverse to the electric field, leading to a Hall current for the case

where the Berry curvature is non-zero. Then, if we analyze a 2D system (x,y plane)

with a field E = Exx̂, the electronic wavefunctions have no kz component, and the

expression (86) in this case takes the form

〈
v
(n)
k

〉
=

1

ℏ
∇kϵ

(n)
k − e

ℏ
ExΩ

(n)
xy (k)ŷ, (87)

which would be the contribution of the n band in the k value of the wave vector; so,

to find the total current per unit volume it is necessary to multiply by the charge −e

and integrate for all values of the wave vector. Therefore, the contribution of the first

term is zero due to the symmetry criteria of the electronic bands and the second term

results in

jy =
e2Ex

ℏ

∫
BZ

Ω(n)
xy (k)

dkx dky
(2π)2

, (88)

then, if Ohm’s law is considered, the conductivity is given by

σxy = jy/Ex =
e2

(2π)2ℏ

∫
BZ

Ω(n)
xy (k)dkx dky (89)

148 Kaxiras and Joannopoulos 2019.
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and taking into account the definition of the first Chern number Eq. (36), we find that

σxy =
e2

2πℏ
C

(n)
1 =

e2

h
C

(n)
1 . (90)

Hence, the Hall conductivity is quantized and is characterized by the first Chern num-

ber associated with the electronic structure topology.
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8.5. APPENDIX E: WANNIER FUNCTIONS

Wannier functions are a complete basis of orthonormal functions for the space of

crystalline electronic functions. Unlike Bloch functions which are oscillating and de-

localized in direct space, Wannier functions can be adjusted 149 to have a large degree

of localization in real space. For this reason, they are a convenient tool both for

providing a way to visualize and interpret the physics of systems and for calculating

various physical properties.

The Wannier functions are defined as the Fourier transform of the Bloch wavefunc-

tions ψ(n)
k (r), and there is a one-to-one correspondence between these two. 150. These

are defined as

ϕ
(n)
R (r) =

∑
k

e−ik·Rψ
(n)
k (r), (91)

so that ϕ(n)
R (r) is the Wannier function located in the unit cell defined by the lattice

vector R. Likewise, we have the inverse linear transformation

ψ
(n)
k (r) =

∑
R′

eik·R
′
ϕ
(n)
R′ (r) (92)

where any of this set of functions can be used to describe the electronic states. Also,

as mentioned, the Wannier functions to fulfill the orthonormality condition, which

can be verified, starting from the expression

〈
ϕ
(m)
R′ | ϕ(n)

R

〉
=

∑
kk′

e−ik·Re−ik′·R′
〈
ψ

(m)
k′ | ψ(n)

k

〉
(93)

149 It is possible to construct the maximally localized Wannier functions, by taking advantage of the
gauge invariance of Bloch functions (Marzari et al. 2012)

150 The results and formulation for degenerate states are similar, and can be found in Ref. (Vanderbilt
2018; Marzari et al. 2012)
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and taking into account that the Bloch functions are eigenfunctions of the Hermitian

operator (Ĥ) and are normalized, then

〈
ϕ
(m)
R′ | ϕ(n)

R

〉
=

∑
kk′

e−ik·Reik
′·R′

δkk′δmn = δ (R−R′) δmn (94)

Now, some of the properties of Wannier functions are as follows:

• They are localized functions in real space, i.e., ϕ(n)
R (r) → 0 when |r−R| is large.

• They are translational images of themselves: ϕ(n)
R (r) = ϕ

(n)
R (r−R).

• They generate the same subspace of the Hilbert space that the Bloch functions

generate, so it is possible to construct a completeness relation and its respective

projection operator:Pn =
∑

R |ϕ(n)
R ⟩⟨ϕ(n)

R |

Additionally, it is possible to calculate the electron density from the Wannier functions

as follows.

n(r) = ⟨r |Pn| r⟩ =
Vcell

(2π)3

∫
BZ

∣∣∣ψ(n)
k (r)

∣∣∣2 d3k =
∑
R

∣∣∣ϕ(n)
R (r)

∣∣∣2 . (95)

On the other hand, the Wannier functions are connected to the topological properties

of the electronic bands through the elements of the position matrix, so these are.

⟨ϕ(n)
0 (r)|r|ϕ(n)

R (r)⟩ = A
(n)
R , (96)

where A
(n)
R are the Fourier coefficients of the Berry connection transform A

(n)
k , i.e. 151

A(n)(k) =
∑
R

eik·RA
(n)
R . (97)

151 It can also be seen from the Berry connection introduced in Eq. (32), which is the expected value
of the position operator in the unit cell, in the momentum representation.
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Likewise, an important quantity is the load centre of the Wannier functions

rn = ⟨ϕ(n)
0 (r)|r|ϕ(n)

0 (r)⟩ (98)

which by Eq. (96) is equal to A(0)(n), such that taking into account Eq. (97) we obtain

that it is the average of Berry’s connection A(k)(n).

rn =
Vcell

(2π)3

∫
BZ

A(n)(k)d3k =
Vcell

(2π)3

∫
BZ

〈
u
(n)
k | i∇ku

(n)
k

〉
d3k, (99)

and therefore the charge center of the Wannier functions is proportional to the Berry

phase. Finally, a fundamental property is that the matrix elements of the Hamilto-

nian between Wannier functions are diagonal, and are the Fourier coefficients for the

energy expansion of the band n

⟨ϕ(n)
0 (r)|Ĥ|ϕ(n)

R (r)⟩ = EnR, (100)

result implying that the Wannier functions provide an accurate representation of the

dispersion E(n)
k .
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8.6. APPENDIX F: WIEN2k ELECTRONIC BAND STRUCTURES

The electronic band structure graphs calculated employing the WIEN2K DFT package

are presented along with the graphs obtained from VASP. The calculations details can

be found at Sec. 7. Results with and without SOC are presented, as well as the calcu-

lations performed with and without taking into account the Hubbard U correction.
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Figure 26. Electronic band structure for OsCl3 with U=0 eV employing the PBEsol
exchange and correlation functional, calculated with (a,c) VASP (b,d) WIEN2K,
without and with SOC, respectively.
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Figure 27. Electronic band structure for OsCl3 with U=4 eV employing the PBEsol
exchange and correlation functional, calculated with (a,c) VASP (b,d) WIEN2K,
without and with SOC, respectively.
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Figure 28. Electronic band structure for OsBr3 with U=0 eV employing the PBEsol
exchange and correlation functional, calculated with (a,c) VASP (b,d) WIEN2K,
without and with SOC, respectively.
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Figure 29. Electronic band structure for OsBr3 with U=4 eV employing the PBEsol
exchange and correlation functional, calculated with (a,c) VASP (b,d) WIEN2K,
without and with SOC, respectively.
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Figure 30. Electronic band structure for OsI3 with U=0 eV employing the PBEsol
exchange and correlation functional, calculated with (a,c) VASP (b,d) WIEN2K,
without and with SOC, respectively.
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Figure 31. Electronic band structure for OsI3 with U=4 eV employing the PBEsol
exchange and correlation functional, calculated with (a,c) VASP (b,d) WIEN2K,
without and with SOC, respectively.
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